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To Yoshi K. Sasaki



Preface

Since the 2007 Annual Meeting in Bangkok, the Asia Oceania Geosciences Society
(AOGS) has hosted a series of sessions on data assimilation (DA), named “Yoshi
K. Sasaki Symposium on Data Assimilation for Atmospheric, Oceanic and
Hydrologic Applications.” We started this symposium after the first DA session in
the 2005 AOGS meeting in Singapore to honor Dr. Yoshi Kazu Sasaki, the former
George Lynn Cross Professor of the School of Meteorology at University of
Oklahoma, for his lifelong contributions to DA. Yoshi was a pioneer in broaching
the use of variational method to produce optimal initial conditions for numerical
prediction. His approach is further developed and nowadays widely adopted in
various prediction systems in geosciences. Unfortunately and sadly we lost this
great scientist on March 12, 2015, and we decided to make this volume be a
memorial to Dr. Sasaki. Yoshi had contributed superior chapters to the previous two
volumes—both frontline works on tornado DA.

The first volume of this book was published in March 2009 with 27 chapters—a
collection of notable invited papers along with those selected from the previous
symposiums. Among many important chapters in the volume, John M. Lewis, one
of Yoshi’s Ph.D. students, contributed a chapter titled “Sasaki’s Pathway to
Deterministic Data Assimilation.” Milija Županski, the last Ph.D. student of Yoshi,
discussed theoretical and practical issues of ensemble DA. François-Xavier Le
Dimet, who was a postdoctoral scientist under Yoshi’s supervision, described
application of the variational approach to hydrologic DA. Yoshi himself proposed a
new theory based on the entropic balance, titled “Real Challenge of Data Assim-
ilation for Tornadogenesis.” I. Michael Navon provided a thorough review of DA
for numerical weather prediction, especially on 4D-Var, which became the most
cited chapter in this series (66 times as of April 2016 from Google Scholar).

The second volume was published in May 2013, again with 27 chapters, by
collecting both invited papers and selected papers from the previous symposiums
held in 2009 (Singapore), 2010 (Hyderabad) and 2011 (Taipei). Volume II included
excellent overviews of estimation theory, nudging and variational methods, and
Markov chain Monte Carlo methods. Most prominently, Yoshi extended his
entropy balance theory for tornado DA from the previous volume, and contributed a
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chapter titled “Entropic Balance Theory and Radar Observation for Prospective
Tornado Data Assimilation.”

We have felt a need to publish another volume because some new research
results had been presented at the symposiums since publication of the last volume.
When we heard about Yoshi’s passing, we immediately decided to publish a
memorial volume for him. Here we include a special dedication section, titled “In
Memory of Yoshi,” by collecting memories on and photos of Yoshi from some
authors. This volume includes excellent overviews of variational DA (François-
Xavier Le Dimet et al.), coupled system DA (Milija Županski), representer-based
variational DA (Boon Chua and Liang Xu), and soil moisture DA (Viviana Mag-
gioni and Paul Houser).

In this volume, theoretical and methodological aspects encompass inverse the-
ory, variational methods with/without adjoint model, representer-based variational
method, quantification of information and forecast uncertainty, sensitivity tools,
error representation modeling, the maximum likelihood ensemble filter, ensemble
forecast, conditional nonlinear optimal perturbation approach, etc., with applica-
tions to oceanic, atmospheric, and land surface DA; coupled atmosphere-chemistry
DA; stratospheric and mesospheric DA; terrestrial ecosystem; bottom topography
mapping; radar/lidar/satellite assimilation; adjoint sensitivity; and targeting obser-
vations. Operational 4D-Var applications are also included for the JMA Nonhy-
drostatic Model (NHM) and the US Navy Coastal Ocean Model (NCOM).

This book will be useful to individual researchers as well as graduate students as
a reference to the most recent progresses in the field of data assimilation. The
publication is partly supported by the Korea Environmental Industry & Technology
Institute through the Eco Innovation Program (ARQ201204015). We appreciate
Boon Chua at Naval Research Laboratory, Takeshi Enomoto at Kyoto University,
and François-Xavier Le Dimet at University of Joshep Fourier, who have served as
the co-conveners of the Sasaki Symposium. We are very honored to dedicate this
book to the late Yoshi Sasaki—our friend and mentor, for his monumental con-
tributions to the advance of data assimilation.

Seoul, Republic of Korea Seon Ki Park
Monterey, USA Liang Xu
April 2016
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In Memory of Yoshi

John M. Lewis

Yoshi, My Teacher

I came to University of Oklahoma (OU) in August 1963 to work on one of Pro-
fessor Yoshikazu Sasaki’s National Science Foundation (NSF) research projects.
I had no intension to work for a degree beyond M. Sc. in geophysics, I just received
from University of Chicago. A phone call from Professor George Platzman to
Professor Walter Saucier sealed the deal.

I taught a refresher course in math for the AFIT [Air Force Institute of Tech-
nology] students in August and then started the research. Instead of grinding out
some data analysis, Professor Sasaki gave me a problem based on current work by
two of his colleagues, Professor Platzman at U of C and Professor Akio Arakawa at
UCLA. It was a problem in numerical weather prediction (NWP). He took the
spectral form of Burgers’ nonlinear advection equation (Burgers 1939), a surrogate
for the barotropic vorticity equation, and introduced me to the yet unknown form of
Arakawa’s innovative physically based finite differencing scheme. Both works yet
unpublished (Platzman 1964; Arakawa 1966). He told me to go to Bizzell Memorial
Library and check out Methods of Mathematical Physics, Volume 2 (Courant and
Hilbert 1962). He said: “with the following long wave initial condition, find the
analytic solution to this problem by the method of characteristics.” All new to me—
spectral form of solution, truncation of the basis functions, a novel form of finite
differencing applied to the grid-point version of the model, and analytic solution via
the method of characteristics. Wow! I was excited. Then he laid the problem before
me: “You’ll find that the barotropic wave breaks and it will be your job to deter-
mine the limitations of Arakawa’s scheme near the point of breaking. When you get
some result come back and we’ll talk.” What a joyful feeling filled me: I am free, I
understand the problem, I have no idea of the result, but it looks interesting and
challenging, and if I can solve it, I’ll contribute to Professor Sasaki’s NSF project
and likely learn something myself.
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It took me about three and a half months to solve the problem—from late
September to early January. When I returned from my Christmas holiday in Cali-
fornia, I visited “Doc” (as all of us called him based on the revered term used by his
first doctoral student—Rex Inman). I laid out the analytic solution with the beautiful
breaking wave and the difficulty encountered by Arakawa’s innovative scheme near
the point of breaking (Lewis 1964). He was ecstatic. Neither before nor since have I
ever felt so filled with success.

I needed a break from academia and took a job with Shell Oil Company—oil
exploration in the Gulf of Mexico via seismic prospecting. I got married to Sherry
McDowell, the Mayo Clinic nurse who took part of her training at Lying-In
Hospital in Chicago. Although I was making money by the barrowful, I kept
contact with Professor Sasaki. I missed him so much that I asked Sherry if she
would consider leaving her job in Houston and moving to Norman where I could
work with him again. She encouraged me and back we went to Oklahoma. I learned
variational analysis from Doc and got my degree in 1969. Fleet Numerical Weather
Central (FNWC) in Monterey wanted to use Yoshi’s variational method to develop
an operational upper air analysis over the data-sparse Pacific Ocean to help direct
U.S. Navy ships and planes from the West Coast to the South China Sea during the
Vietnam War. I got that job and Yoshi became a hero in absentia after Tom
Grayson, USAF Colonel Bob Long, and I got the variational method to work over
the entire globe. It remained operational for nearly 25 years—unheard of in oper-
ations. It ran every 6 hours for all those years—so robust, hardly ever broke down,
and so efficient. This product, labeled the Global Band Analysis, was a favorite
of the Navy forecasters in places like Guam and Rota-Spain. When this operational
analysis was about to be “dethroned” in the early 1990s, Ed Barker, a Sasaki
protégé and a meteorologist at Naval Research Laboratory (NRL), told me the
forecasters in the field begged to have the Global Band retained. What a tribute to
Yoshi.1

As I look back at my apprenticeship under Professor Sasaki, I view him as a
philosopher as well as a scientist, a Socratic scholar-teacher who knew how to bring
out the best in every student. Questioning, no preaching, not telling, simply pre-
senting, and then let the student go. When I left OU, I truly felt there was no
problem I could not solve—maybe a little overconfident, but not full of myself.
Yoshi was self-effacing and I like to think I inherited some of that from him.

One of my great thrills was to get a Christmas card from Professor Sasaki a year
or two after I left OU. The writing inside the card is attached (Fig. 1). The spirit of
Yoshi’s words makes it clear how much we enjoyed learning together. It was
mostly a “one-way street” despite Yoshi’s compliments. But I never hesitated to
doubt his idea and his derivation and he accepted that. But his acceptance came

1Sasaki took sabbatical leave to NEPRF (Navy Environmental Prediction Research Facility) in
1973. NEPRF was collocated with FNWC and the Naval Postgraduate School (NPS). At the end of
his sabbatical year, he was offered the position of Director of Research at NEPRF. He declined and
returned to OU. Nevertheless, his influence of the U.S. Navy’s work in NWP has been long
lasting.
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with the admonition, “OK, so you don’t accept my idea and derivation; fine, work
on it tonight and present your idea to me tomorrow.” That was Socratic and that is
how I learned in part from the master. But most of my learning “came at his feet,” in
his office, and at the blackboard. I appreciated University of Chicago and University
of Oklahoma (Figs. 2–4) and their wonderful graduate programs, but I always felt
that I had some special training not associated with either institution; I was trained
at University of Tokyo, second generation, so I thought of myself as a scientific
Nisei. Forever, Thank You Doc.

John M. Lewis
Visiting Research Professor, Desert Research Institute
Ph.D. in Meteorology, University of Oklahoma, 1969

Protégé of Yoshikazu Sasaki
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Fig. 1 A Christmas card from Yoshi (ca 1972)
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Fig. 2 Yoshi at his office in the Engineering Lab in 1970, taken by Jim Heimbach, one of Yoshi’s
doctoral students

Fig. 3 Yoshi outside Felgar Hall, OU Campus (ca 1965)
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François-Xavier Le Dimet

In the 1980s, the numerical models for predicting the evolution of geophysical
flows were known to have spectacular improvements mainly due to the increase of
computational power. But a model, whatever be its quality, is not sufficient to carry
out a prediction: it is mandatory to provide an initial condition deduced from
dynamical observation of the flow. “Analysis” was the term used to build up the
initial condition and at that time it was the weak point of the prediction process.

I had read some papers written by Yoshi Sasaki and especially those published in
Monthly Weather Review in 1970, which were based on the Calculus of Variations
to mix the information provided by models and the information contained in
observations.

I was a former student of Jacques-Louis Lions and I had attended his courses on
Optimal Control for Partial Differential Equations at Université Pierre et Marie
Curie in Paris. Optimal Control is based on Calculus of Variations, if data assim-
ilation is considered from this viewpoint then the dynamics is easily introduced by
considering the initial condition as the control variable. The price to be paid is to
have to deal with a more complex Optimality System, because it will take into
account the evolution of the adjoint variables (Lagrange Multipliers). In 1981,
I wrote a report on how to use Optimal Control for Data Assimilation and sent it to
Yoshi. Several weeks later (no e-mail at that time!) I received an invitation from
Yoshi Sasaki. I arrived in Norman in May 1982 and I was received by Yoshi and
Koko Sasaki, their welcome was so warm and friendly! On OU campus I had an
office at the Cooperative Institute for Mesoscale Meteorological Studies (CIMMS),
headed by Yoshi. It was a small building close to the railway track. I stayed for

Fig. 4 Rex Inman and Yoshi (left) and Yoshi and Koko (right) (ca. 1965)
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4 months at OU, working on some developments in applications of Variational
Methods in meteorology. I introduced Luther White to Yoshi. Luther was at the
Math Department and he has been working with Lions during a stay at INRIA near
Paris. He was working on inverse problems a very close topic to DA. Cooperation
with Luther lasted many years and several papers have been published mainly on
applications of DA in hydrology. During my stay, Yoshi invited Roland Glowinski
from Université Pierre et Marie Curie and from the University of Houston and also
a former Lions student to give a talk at OU on inverse problem. I visited OU for
many years either at CIMMS or at the Math department or at NSSL with John
Lewis. I also had a strong cooperation with Baxter Vieux in hydrology; in this
domain there is a strong demand for DA and inverse modeling. Thanks to Yoshi a
solid link was created between OU and the universities of Clermont-Ferrand where
I had my position. Millie Audas in charge of the Office of International Affairs at
OU pushed for student exchanges and for more than a decade she informed me on
the number of marriages celebrated between students of our universities, then came
the first divorce!

With Yoshi and Luther we discussed about organizing a Symposium on Vari-
ational Methods in Geosciences: it was held at Norman in May 1985, with Jacques
Louis Lions as an invited speaker. It was the first meeting between Sasaki and Lions
and it has been followed by several other meetings in USA, France, and Japan when
Lions became the chairman of the French Space Agency (CNES). A few years later
Lions received the Japan Prize, a very high distinction in Japan. During the stay at
OU I wrote the first draft of a paper published in 1986 in Tellus, based on several
CIMMS scientific reports. The meeting in Norman was quite successful and 30
years after it remains in the air. I am still remembering Koko playing some Japanese
music instrument after the banquet.

Probably because of this event I was asked by World Meteorological Organi-
zation to co-organize the first WMO International Symposium on the Assimilation
of Observations in Meteorology and Oceanography; it was held in
Clermont-Ferrand in July 1990, and more than 250 scientists attended this meeting,
with Lions and Sasaki as invited speakers. We took advantage of the meeting to
have some sight seeing tour in Auvergne with Yoshi, he was very glad to taste the
typical cooking of Auvergne cheese and “tripoux.” A dozen of people from OU
came to the WMO meeting, we were helped by Emily Glasgow from OIP for
receiving our hosts (Fig. 5). Yoshi and Koko visited France several times and I have
been happy and proud to host them home (Fig. 6).

After moving to Université Joseph Fourier in Grenoble, I visited OU less fre-
quently nevertheless I have always been in touch with Yoshi, Luther, and Baxter.

For the last time I met Yoshi and Koko at the AMS annual meeting held in New
Orleans in 2012, Yoshi was accompanied by Koko and their son, Yoshi received
the title of Honorary Member of the American Meteorological Society and deliv-
ered a short talk on his scientific achievements.
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For me Yoshi was a great scientist, a mentor, and a friend. I will always
remember his kindness and warmness. Thanks to him I was opened to a new world.
All the people who had met Yoshi will not forget him.

Writing these lines I found that Lions and Sasaki were both born in 1928, both
had to suffer from WWII, Sasaki in a destroyed Japan and Lions joined the
“Résistance” when he was 15 years old; nevertheless both used their scientific aura
to promote peace and friendship in the world. May we follow their paths.

François-Xavier Le Dimet
Professeur Emérite, Lab. Jean-Kuntzman, Université Joseph Fourier

Postdoctoral Scientist, CIMMS/University of Oklahoma, 1982

Fig. 5 Yoshi at the 1st WMO Symposium on Data Assimilation in Clermont-Ferrand, France in
July 1990. Left: Yoshi on the first row, Akira Kasahara at the left end on the second row, and Regis
Juvanon du Vachat, Luc Fillion and Richard Ménard, from left to right, on the third row. Right:
From left to right Christian Pariset, Yoshi, and Werner Wergen
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Milija Županski

I have fond memories of Prof. Yoshi Sasaki. He was my principal advisor for both
M.S. and Ph.D. degrees at University of Oklahoma. Yoshi was very generous in
allowing me to find my own way in research, and helping me when I needed
help. I greatly appreciated this freedom. Yoshi was also very supportive of my
desire to go beyond standard variational applications in meteorology, eventually
leading to several one-to-one courses.

There was a time, however, which I remember in most vivid detail. I was at the
time a Ph.D. student with Yoshi and worked on Alpine lee cyclogenesis using
variational methods to solve a set of nonlinear equations. A conference related to
this subject was held in Sestola, Italy (near Parma) that we attended. Also, Koko
joined Yoshi on this trip. We rented a car from the airport in Rome, and he let me
drive a really nice Italian car. On our way to Sestola, we visited Florence and Pisa,

Fig. 6 François-Xavier Le
Dimet and Yoshi in
Clermont-Ferrand, France (ca.
1988). The cathedral of
Clermont-Ferrand is in the
background, which is black
because it was built with
volcanic stones

In Memory of Yoshi xvii



and talked about the Renaissance art, artistic details of old buildings, and many
other things. I enjoyed this trip very much, and still cherish the time I have got to
spend with Yoshi and Koko in a relaxed atmosphere outside the work.

Milija Županski
Senior Research Scientist, CIRA/Colorado State University

Ph.D. in Meteorology, University of Oklahoma, 1990

Jidong Gao

The paper in this volume is dedicated to the late Dr. Yoshi Sasaki who is the
founding father of the variational data assimilation in numerical weather prediction,
and its applications to radar meteorology. He also had a genuine personality and
treated any individual he met with respect. He proposed the initial idea for the
application of variational calculus in numerical weather prediction in 1955 in his
Ph.D. study. He published three important papers in 1970 when he was a professor
at the School of Meteorology, University of Oklahoma (OU). One of them, titled
“Some basic formalisms in numerical variational analysis,” laid the foundation for
the development of the four-dimensional variational data assimilation method in
late 1980s (so-called 4DVAR) which continues to be used operationally in the
world’s major meteorological centers to this day. In 1988, he was funded by NASA
for a project titled “Variational High-resolution Data Assimilation and Short-Range
Weather Forecasting” which focused on application of the variational analysis to
radar data—still a very hot research topic in the meteorological community. Per-
sonally, I learned a great deal from Dr. Sasaki and his many important publications.
When I joined the Cooperative Institute of Mesoscale Meteorological Studies/OU
as a visiting scholar in 1995, I could barely speak English. But I visited his office
many times from 1995 to 2004 in OU Sarkeys Energy Center and asked questions
about his research and discussed my research with him. He was always very kind
and friendly. He listened to my questions very patiently and carefully and tried his
best to make sure that I understood his answers. I gained a lot of knowledge about
variational data assimilation directly from him during that period of time. I will
always remember him as one of the greatest scientists I ever met in my life.

Jidong Gao
Research Meteorologist, National Severe Storm Laboratory/NOAA

Research Scientist, CIMMS/CAPS/University of Oklahoma, 1995–2010

S. Lakshmivarahan
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Reminiscences on Dr. Yoshi Sasaki

My name is S. Lakshmivarahan and I joined the then School of Electrical Engi-
neering and Computer Science (EECS), University of Oklahoma (OU) in the fall of
1978. Since day one, I had heard a lot about Professor Yoshi Sasaki and his
groundbreaking work in variational methods for data assimilation. While we shared
offices in different floors of the same building—the old Engineering Lab, it was
only in late 1980s I was introduced to him by one of his former student, John
M. Lewis, National Severe Storms Laboratory (NSSL) when John and I started
working in this area. John, Kelvin Drogemeier and I collaborated in designing and
offering a two level system of courses in Dynamic Data Assimilation for the first
time here at OU. It was offered as a graduate-level course at the School of Mete-
orology for the first two years and but these courses were moved over to the newly
formed School of Computer Science within the College of Engineering at OU
where it has been offered as Scientific Computing I and II. This effort culminated in
the publication of our book, Lewis et al. (2006). Dr. Sasaki has been our guiding
light and he had given total and unconditional support for our efforts and we shall
remain eternally grateful to him.

While all of Dr. Sasaki’s work were deeply entrenched in the classical deter-
ministic approach, he was curious to find out the underpinnings of stochastic
modeling. I had the pleasure of having him attend one of my courses on “Stochastic
Differential Equations and Its Applications to Finance.” He attended the first half
dealing with the exposition of the Stochastic Calculus as developed by K. Ito. He
later shared his immense joy of meeting Professor K. Ito at the Kyoto University
during one of his trips to Japan.

Professor Sasaki single handedly convinced the mighty Hitachi Corporation to
endow a Professorship—known as the Hitachi Chair, only the second of its kind
(the first of such chair was established at the Stanford University) at the School of
Computer Science, OU. Again thanks to generous support from the local Hitachi
corporation office in Norman, Oklahoma, the Hitachi Distinguished Lecture series
was established at our School. Dr. Sasaki never missed a lecture in this series and
had always interacted with the visiting scholars with his views and questions.
Continuing our spirit of great regard and admiration, we have dedicated our recent
monograph (Lakshmivarahan et al. 2016) to the memory of Professor Yoshi Sasaki.

S. Lakshmivarahan
George Lynn Cross Research Professor, Computer Science,

University of Oklahoma
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Kazuo Saito

Photos with Prof. Sasaki and JMA’s Condolences to His Wife

I visited the Center for Analysis and Prediction of Storm of Oklahoma University
and the National Weather Center of NOAA in March 2012 subsequent to the 11th
National Severe Weather Workshop held in Oklahoma City (Fig. 7). On the eve-
ning of March 6, after my seminar, I visited the laboratory of Prof. Sasaki. He was
very fine and he introduced me his post-doctoral student and his latest works. He
regretted that he would not be able to meet MRI’s recent invitation to visit Tsukuba
for health concern over the physical condition of his wife, Koko, and expressed his
hope to visit Japan at the next opportunity. I was impressed by his activity and
enjoyed discussion with Prof. Sasaki for about one hour.

In April 2016, at the sad news of loss of Prof. Sasaki, the then Director-General
of the Japan Meteorological Agency (JMA), Noritake Nishide, sent official con-
dolences to his wife regarding his tremendous contribution to the improvement of
Japanese meteorological service (Fig. 8). Prof. Sasaki mentored several visiting
scientists from Japan at Oklahoma University, and his leading came to fruition at
JMA as the operational mesoscale model and its variational data assimilation
systems. His supervision to JMA visitors about Doppler radar observations and
tornado nowcastings also significantly promoted their practical implementation.

Fig. 7 Photos taken by Kazuo Saito during his visit to OU in March 2012. Kazuo and Yoshi at
Yoshi’s office at OU (right)
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Kazuo Saito
Senior Director for Research Affairs

Meteorological Research Institute, Japan

Liang Xu

Yoshi’s NRL Monterey Connection

One of the important predecessors of the Marine Meteorology Division (MMD) at
the Naval Research Laboratory (NRL) in Monterey, California, USA is the Naval
Environmental Prediction Research Facility (NEPRF). There is a deep connection
between the data assimilation systems used at MMD in NRL and the late Professor
Yoshi Sasaki. It is not very widely known that Yoshi was instrumental in helping
laying the foundation of the numerical modeling and data assimilation for the US
Navy in Monterey, CA, USA. I would l like to take the opportunity to provide an
excerpt from “The Genesis of Numerical Modeling and Data Assimilation” by
Rosmond and Barker (http://www.nrlmry.navy.mil/MMD_History/text/index.htm).

Fig. 8 Official condolences by JMA to Yoshi’s wife
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In 1975-1976, Professor Yoshi Sasaki from the University of Oklahoma spent a year as
acting director of research of the new Naval Environmental Prediction Research Facility
(NEPRF). NEPRF was now co-located with Fleet Numerical Weather Central (FNWC) on
the airport annex, and had access to their computer systems and data bases. During this
time FNWC was running the Kessel-Winninghoff hemispheric PE model as their primary
NWP system. It was run in both hemispheres, but left a major void in the tropics. They had
an in-house effort to develop a global model, but were struggling to support it. The FNWC
commanding officer at the time, Capt. Ron Hughes, realized that they could not maintain
the long-term continuity of research effort needed to develop and maintain a large global
NWP system. He came to NEPRF and requested that the lab assume responsibility for NWP
operational forecast system development in support of FNWC. In response, Prof. Sasaki
and the NEPRF Commanding Officer, Capt. Cody Sherar, formed the Numerical
Modeling Department (NUMOD), with Tom Rosmond as the department head.

To jump start the NEPRF global modeling effort, in 1976 Tom Rosmond spent 2 weeks at
UCLA getting a crash course on the UCLA general circulation model, at the time con-
sidered one of the best global models in the world, under the guidance of Professor Akio
Arakawa. This model was the basis for the first generation NEPRF global forecast system.
The other components of the system were a Barnes successive corrections objective
analysis and a variational balance equation initialization scheme, both developed by Ed
Barker. Professor Sasaki’s expertise with variational methods was a contributing factor
in the development of these systems.

Figure 9 is an excerpt from “A History of the U.S. Navy’s Numerical Objective
Analysis and Data Assimilation Systems” presented by Dr. Edward Barker at the
Symposium on the 50th Anniversary of Operational Numerical Weather Prediction.

I first met Yoshi at the SIAM Conference on Mathematical and Computational
Issues in the Geosciences (GS03) on March 20, 2003, in Austin, Texas. Yoshi and I
were both in the session entitled “Data Assimilation in the Ocean and Atmosphere.”
After our session concluded, Yoshi, his wife Koko, Professor Andrew Bennett, and
I strolled the streets of downtown Austin. I enjoyed their company and had a great
time.

The last time I met Yoshi and Koko was in June 19, 2008 at the 2nd Sasaki
Symposium in Data Assimilation for Atmospheric, Oceanographic, and Hydrologic
Applications as a participant and a co-convener. I enjoyed Yoshi’s presentations
and scientific discussions during the symposium, and I equally enjoyed the time that
Yoshi and his wife Koko, Professor Seon K. Park and his Ph.D. student H. Kim,
Dr. H.-S. Lee, and I spent together at a beautiful Korean restaurant not too far from
the convention center. Figure 10 includes two pictures that I took at the restaurant.
I still vividly remember that Yoshi was very good at encouraging Ms. Kim, the
young Ph.D. student, to keep working in the data assimilation field. We also had the
opportunity to discuss and appreciate the Chinese, Japanese, and Korean cultures
among other interesting topics at the restaurant.

Liang Xu
Meteorologist, Naval Research Laboratory
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Fig. 9 The 500 hPa vorticity analysis based on the global variational nonlinear balancing algo-
rithm suggested by Yoshi (Sasaki 1958). The person on the right top of the picture is Dr. Edward
Barker who was responsible to implement the variantional algorithm. This figure was provided
through the courtesy of Dr. Edward Barker

Fig. 10 Koko and Yoshi (left) and, from left to right, Dr. H.-S. Lee, Ms. H. Kim, and
Prof. Seon K. Park (right) in a restaurant in June 2008 at Busan, Korea
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Sasaki Y (1958) An objective analysis based on the variational method. J Meteor Soc Japan,
36:738–742

Seon Ki Park

Yoshi, My Mentor

My memory with Yoshi dates back to the Fall Semester 1990, when I first met him
as a new Ph.D. student at OU School of Meteorology. I came to know him through
his course, Mesoscale Dynamics, during the first semester at OU. One day Yoshi
took me to Kelvin Droegemeier and asked if he could serve as my academic
advisor. I owe a debt of gratitude to Yoshi that allowed me to have such a won-
derful advisor as Kelvin.

I always enjoyed taking his courses, especially because his classes were full of
discussions between him and students. He always encouraged me to ask many
questions and initiate discussions in the classes. He invited me many times to the
teatime discussions in his office after classes. Through those teatime discussions, I
could grew up in many aspects. Yoshi not only was a good instructor but also
became my lifelong mentor. He also helped me a lot in completing my dissertation
as a member of the advisory committee.

After I came back to Korea with a faculty job at the Ewha Womans University,
I’ve never forgotten Yoshi’s pioneer spirit of establishing the Meteorology program
at OU. In 2007, my university’s first meteorology-related research institution, called
the Severe Storm Research Center, was established. In 2009, another institution,
named Center for Climate/Environment Change Prediction Research, was estab-
lished based on a grant from the Korean government. Finally the Department of
Atmospheric Science and Engineering was founded in 2012 and has accepted
students from meteorological centers from developing countries through the
Ewha-WMO Fellowship Program. All these achievements were inspired by Yoshi’s
pioneer spirit.

I started convening a session in the Asia Oceania Geosciences Society, titled
Yoshi K. Sasaki Symposium on Data Assimilation for Atmospheric, Oceanic and
Hydrologic Applications in honor of Yoshi for his lifelong contribution to data
assimilation in geosciences. Yoshi and Koko attended the second symposium at
Busan, Korea in 2008, and gave a special lecture. I have also hosted an event called
“Dinner with Yoshi” under the sponsorship of KMA, and we had joyful time with
about 50 invited scientists and students (see the photos Figs. 11–14).
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Liang Xu and I have published a series of editorial books under the same title as
the symposium with the Springer. The first volume was published in 2009 and was
dedicated to Yoshi and Koko. The second volume was published in 2013 with
dedication to Yoshi and Roger Daley. In these two volumes, Yoshi himself con-
tributed chapters on new directions in tornado data assimilation. Now at the sad
news of Yoshi’s passing, we hereby publish the third volume as the memorial
volume for Yoshi. The symposium and the book series will continue in memory of
Yoshi. I do appreciate everything that I have received from you, Yoshi, and I miss
you a lot.

Fig. 11 The AOGS poster announcing Yoshi’s Special Lecture on Data Assimilation (left), and
Yoshi, Koko and Seon K. Park in front of the poster (right) at Busan, Korea in June 2008
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Fig. 13 Seon K. Park, Koko and Yoshi (left), and Shigeo Yoden, Tieh-Yong Ko, Yoshi, Koko,
Seon K. Park and Hadi Tri Wahyu at the Dinner with Yoshi

Fig. 12 At the Dinner with Yoshi co-hosted by the Korean Meteorological Administration and
Ewha Womans University at BEXCO, Busan, Korea on June 18, 2008
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Seon Ki Park
Professor, Environmental Science and Engineering
Professor, Atmospheric Science and Engineering

Ewha Womans University
Ph.D. in Meteorology, University of Oklahoma, 1996

Fig. 14 Koko and Yoshi talking with François-Xavier Le Dimet and Oliver Talagrand (left), and
Yoshi giving a speech (right) at the Dinner with Yoshi

In Memory of Yoshi xxvii



Contents

Variational Data Assimilation: Optimization and Optimal Control . . . . 1
François-Xavier Le Dimet, Ionel M. Navon and Răzvan Ştefănescu

Data Assimilation for Coupled Modeling Systems . . . . . . . . . . . . . . . . . . 55
Milija Županski

Representer-Based Variational Data Assimilation Systems:
A Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
Boon S. Chua and Liang Xu

Adjoint-Free 4D Variational Data Assimilation
into Regional Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
M. Yaremchuk, P. Martin, G. Panteleev, C. Beattie
and A. Koch

Convergence of a Class of Weak Solutions to the Strong Solution
of a Linear Constrained Quadratic Minimization Problem:
A Direct Proof Using Matrix Identities . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
S. Lakshmivarahan

Information Quantification for Data Assimilation . . . . . . . . . . . . . . . . . . 121
Sarah King, Wei Kang, Liang Xu and Nancy L. Baker

Quantification of Forecast Uncertainty and Data Assimilation
Using Wiener’s Polynomial Chaos Expansion. . . . . . . . . . . . . . . . . . . . . . 141
Junjun Hu, S. Lakshmivarahan and John M. Lewis

The Treatment, Estimation, and Issues with Representation
Error Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177
Daniel Hodyss and Elizabeth Satterfield

Soil Moisture Data Assimilation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195
Viviana Maggioni and Paul R. Houser

xxix



Surface Data Assimilation and Near-Surface Weather Prediction
over Complex Terrain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219
Zhaoxia Pu

Recent Developments in Bottom Topography Mapping
Using Inverse Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241
Edward D. Zaron

The Impact of Doppler Wind Lidar Measurements on High-Impact
Weather Forecasting: Regional OSSE and Data
Assimilation Studies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259
Zhaoxia Pu, Lei Zhang, Shixuan Zhang, Bruce Gentry, David Emmitt,
Belay Demoz and Robert Atlas

A Three-Dimensional Variational Radar Data Assimilation
Scheme Developed for Convective Scale NWP . . . . . . . . . . . . . . . . . . . . . 285
Jidong Gao

Data Assimilation Experiments of Refractivity Observed by JMA
Operational Radar . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 327
Hiromu Seko, Ei-ichi Sato, Hiroshi Yamauchi and Toshitaka Tsuda

Assessment of Radiative Effect of Hydrometeors in Rapid Radiative
Transfer Model in Support of Satellite Cloud and Precipitation
Microwave Data Assimilation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 337
Peiming Dong, Wei Han, Wei Li and Shuanglong Jin

Toward New Applications of the Adjoint Sensitivity Tools in Data
Assimilation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 361
Dacian N. Daescu and Rolf H. Langland

GPS PWV Assimilation with the JMA Nonhydrostatic 4DVAR
and Cloud Resolving Ensemble Forecast for the 2008 August Tokyo
Metropolitan Area Local Heavy Rainfalls . . . . . . . . . . . . . . . . . . . . . . . . . 383
Kazuo Saito, Yoshinori Shoji, Seiji Origuchi and Le Duc

Validation and Operational Implementation of the Navy Coastal
Ocean Model Four Dimensional Variational Data Assimilation System
(NCOM 4DVAR) in the Okinawa Trough . . . . . . . . . . . . . . . . . . . . . . . . 405
Scott Smith, Hans Ngodock, Matthew Carrier, Jay Shriver,
Philip Muscarella and Innocent Souopgui

Stratospheric and Mesospheric Data Assimilation: The Role of Middle
Atmospheric Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 429
Saroja Polavarapu and Manuel Pulido

A Coupled Atmosphere-Chemistry Data Assimilation: Impact
of Ozone Observation on Structure of a Tropical Cyclone . . . . . . . . . . . 455
Seon Ki Park, Sujeong Lim and Milija Županski

xxx Contents



Adjoint Sensitivity with a Nested Limited Area Atmospheric Model . . . 467
Clark Amerault

On the Impact of the Diabatic Component in the Forecast Sensitivity
Observation Impact Diagnostics. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 483
Marta Janisková and Carla Cardinali

Application of Conditional Nonlinear Optimal Perturbation to Target
Observations for High-Impact Ocean-Atmospheric Environmental
Events . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 513
Qiang Wang and Mu Mu

Responses of Terrestrial Ecosystem to Climate Change: Results
from Approach of Conditional Nonlinear Optimal
Perturbation of Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 527
Guodong Sun and Mu Mu

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 549

Contents xxxi



Contributors

Clark Amerault Naval Research Laboratory, Monterey, CA, USA

Robert Atlas NOAA Atlantic Oceanographic and Meteorological Laboratory,
Miami, FL, USA

Nancy L. Baker Naval Research Laboratory, Monterey, CA, USA

C. Beattie Department of Mathematics, Virginia Tech, Blacksburg, VA, USA

Carla Cardinali European Centre for Medium–Range Weather Forecasts, Read-
ing, UK

Matthew Carrier Stennis Space Center, Naval Research Laboratory, Bay St.
Louis, MS, USA

Boon S. Chua Science Applications International Corporation, Monterey, CA,
USA

Dacian N. Daescu Portland State University, Portland, OR, USA

Belay Demoz University of Maryland, Baltimore County, Baltimore, MD, USA

François-Xavier Le Dimet Lab. Jean-Kuntzman, Université Grenoble-Alpes,
GRENOBLE Cedex 9, France

Peiming Dong Beijing Piesat Information Technology Co., Ltd., Beijing, China;
Numerical Prediction Center, Chinese Meteorological Administration, Beijing,
China

Le Duc Japan Agency for Marine-Earth Science and Technology, Yokohama,
Japan; Meteorological Research Institute, Tsukuba, Japan

David Emmitt Simpson Weather Associates, Charlottesville, VA, USA

xxxiii



Jidong Gao NOAA/National Severe Storms Laboratory, National Weather Center,
Norman, OK, USA

Bruce Gentry NASA Goddard Space Flight Center, Greenbelt, Maryland, USA

Wei Han Numerical Prediction Center, Chinese Meteorological Administration,
Beijing, China

Daniel Hodyss Naval Research Laboratory, Marine Meteorology Division,
Monterey, CA, USA

Paul R. Houser George Mason University, Fairfax, VA, USA

Junjun Hu School of Computer Science, University of Oklahoma, Norman, OK,
USA

Marta Janisková European Centre for Medium–Range Weather Forecasts,
Reading, UK

Shuanglong Jin Numerical Prediction Center, Chinese Meteorological Adminis-
tration, Beijing, China

Wei Kang Applied Mathematics Department, Naval Postgraduate School, Mon-
terey, CA, USA

Sarah King Naval Research Laboratory, Monterey, CA, USA

A. Koch Department of Marine Science, University of Southern Mississippi,
Hattiesburg, MS, USA

S. Lakshmivarahan School of Computer Science, University of Oklahoma,
Norman, OK, USA

Rolf H. Langland Marine Meteorology Division, Naval Research Laboratory,
Monterey, CA, USA

John M. Lewis Desert Research Institute (DRI), Reno, NV, USA; National Severe
Storm Laboratory (NSSL), Norman, OK, USA

Wei Li Numerical Prediction Center, Chinese Meteorological Administration,
Beijing, China

Sujeong Lim Department of Atmospheric Science and Engineering, Ewha
Womans University, Seoul, Republic of Korea; Korea Institute of Atmospheric
Prediction System, Seoul, Republic of Korea

Viviana Maggioni George Mason University, Fairfax, VA, USA

P. Martin Naval Research Laboratory, Stennis Space Center, Bay St. Louis, MS,
USA

xxxiv Contributors



Mu Mu Function Laboratory for Ocean Dynamics and Climate, Qingdao National
Laboratory for Marine Science and Technology, Qingdao, China; Key Laboratory
of Ocean Circulation and Wave, Institute of Oceanology, Chinese Academy of
Sciences, Qingdao, China; State Key Laboratory of Numerical Modeling for
Atmospheric Sciences and Geophysical Fluid Dynamics (LASG), Institute of
Atmospheric Physics, Chinese Academy of Sciences, Beijing, China; Institute of
Atmospheric Sciences, Fudan University, Shanghai, China

Philip Muscarella Stennis Space Center, Naval Research Laboratory, Bay St.
Louis, MS, USA

Ionel M. Navon Department of Scientific Computing, Florida State University,
Tallahassee, FL, USA

Hans Ngodock Stennis Space Center, Naval Research Laboratory, Bay St. Louis,
MS, USA

Seiji Origuchi Meteorological Research Institute, Tsukuba, Japan

G. Panteleev International Arctic Research Center, University of Alaska, Fair-
banks, AK, USA

Seon Ki Park Department of Environmental Science and Engineering, Ewha
Womans University, Seoul, Republic of Korea

Saroja Polavarapu Environment and Climate Change Canada, Toronto, Ontario,
Canada

Zhaoxia Pu Department of Atmospheric Sciences, University of Utah, Salt Lake
City, UT, USA

Manuel Pulido Department of Physics, FACENA, Universidad Nacional del
Nordeste and CONICET, Corrientes, Argentina

Kazuo Saito Meteorological Research Institute, Tsukuba, Japan

Ei-ichi Sato Meteorological Research Institute, Tsukuba, Japan

Elizabeth Satterfield Naval Research Laboratory, Marine Meteorology Division,
Monterey, CA, USA

Hiromu Seko Meteorological Research Institute, Tsukuba, Japan

Yoshinori Shoji Meteorological Research Institute, Tsukuba, Japan

Jay Shriver Stennis Space Center, Naval Research Laboratory, Bay St. Louis,
MS, USA

Scott Smith Stennis Space Center, Naval Research Laboratory, Bay St. Louis,
MS, USA

Innocent Souopgui Stennis Space Center, University of Southern Mississippi,
Hattiesburg, MS, USA

Contributors xxxv



Guodong Sun State Key Laboratory of Numerical Modeling for Atmospheric
Sciences and Geophysical Fluid Dynamics (LASG), Institute of Atmospheric
Physics, Chinese Academy of Sciences, Beijing, China

Răzvan Ştefănescu Department of Mathematics, North Carolina State University,
Raleigh, NC, USA

Toshitaka Tsuda RISH/Kyoto University, Uji, Japan

Qiang Wang Key Laboratory of Ocean Circulation and Waves, Institute of
Oceanology, Chinese Academy of Sciences, Qingdao, China; Function Laboratory
for Ocean Dynamics and Climate, Qingdao National Laboratory for Marine Science
and Technology, Qingdao, China

Liang Xu Marine Meteorology Division, Naval Research Laboratory, Monterey,
CA, USA

Hiroshi Yamauchi Japan Meteorological Agency, Tokyo, Japan

M. Yaremchuk Naval Research Laboratory, Stennis Space Center, Bay St. Louis,
MS, USA

Edward D. Zaron Department of Civil and Environmental Engineering, Portland
State University, Portland, OR, USA

Lei Zhang Department of Atmospheric Sciences, University of Utah, Salt Lake
City, USA

Shixuan Zhang Department of Atmospheric Sciences, University of Utah, Salt
Lake City, USA

Milija Županski Cooperative Institute for Research in the Atmosphere, Colorado
State University, Fort Collins, CO, USA

xxxvi Contributors



Variational Data Assimilation: Optimization
and Optimal Control

François-Xavier Le Dimet, Ionel M. Navon and Răzvan Ştefănescu

1 Introduction

In the last few years due to a constant increase in the need for more precise forecast-

ing and nowcasting, several important developments have taken place in meteorology

directed mainly in two different directions: modeling at either large scale or at smaller

scales to include an ever increasing number of physical processes and parametriza-

tion of subgrid phenomena and adding new sources of data such as satellite data,

radar, profilers, and other remote sensing devices. While this led to an abundance

of widely distributed data it also created difficulties since most of the information is

heterogeneous in space or time and present different levels of accuracy.

Therefore, a cardinal problem is how to link together the model and the data.

This problem induces several questions: (i) How to retrieve meteorological fields

from sparse and/or noisy data in such a way that the retrieved fields are in agreement

with the general behavior of the atmosphere? (Data Analysis); (ii) How to insert

pointwise data in a numerical forecasting model? This information is continuous in

time, but localized in space (satellite data for instance)? (Data assimilation problem)

(iii) How to validate or calibrate a model (or to invalidate it) from observational

data? The dual question in this case being how to validate (invalidate) observed data

when the behavior of the atmosphere is predicted by a numerical weather prediction

model.
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2 F.-X. Le Dimet et al.

For these questions a global approach can be defined by using a variational for-

malism.

1.1 Historical Perspective

Numerical weather prediction has started in the ’50 with Charney et al. (1950) when

an atmospheric forecast was obtained after an integration of a mathematical model

staring from an initial condition. In the early years of numerical meteorology this ini-

tial condition was determined by optimal interpolation i.e. an interpolation weighted

by statistics on the atmospheric fields. When Yoshi Sasaki arrived in Oklahoma, a

state frequently devastated by tornadoes, he worked on mesoscale meteorology; the

methods of large scale meteorology can not be directly applied at this scale due to

the lack of observations and of statistics on rare events. Interpolation methods tend

to regularize the fields at mesoscale level where the identification of discontinu-

ities such as squall lines is of great importance. To retrieve these fields, Sasaki, in

his pioneering basic papers has proposed to use the mathematical model itself as a

constraint in order to retrieve the atmospheric fields: variational methods applied to

meteorology were born. At the same period that the Optimal Control methods for

Partial Differential Equation were developed, Lions (1971) pioneered the theoretical

basic support of these methods, consisting of the Calculus of Variations in adequate

functional spaces.

Optimal Control makes the difference between a “State Variable” and a “Con-

trol Variable” and permits to alleviate the difficulties linked to the determination

of boundary and/or initial conditions in numerical models. The ’80 and ’90 have

witnessed important improvements in the computational tools with advent of high

performance and parallel supercomputers, the development of more precise numer-

ical weather prediction models along with a better understanding of the underly-

ing atmospheric physics and the coverage of networks of observations especially

with launching of dedicated satellites. A consequence was that of rendering obso-

lete the optimal interpolation methods, mainly because the retrieved fields where not

in agreement neither with the physics of the models nor with their dynamics. At the

end of this period variational methods were successfully introduced in many national

operational centers.

1.2 Variational Methods in Meteorology: A Perspective

There are two main approaches employed when modeling a system described by a

state variable, X. The first approach consists of finding a set of equations F such that

X is the unique solution of the state equation

F(X) = 0. (1.1)
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In most cases system F must have as many equations as X has components in

order to possess a unique solution—this is the problem of closure. In meteorology

this problem has often been solved by using various artifacts such as adding supple-

mentary equations. The second approach to the problem of closure is the variational

one consisting in findingX as the solution of a problem of optimization i.e. by finding

the extremum of some known functional J.

Such an approach was proposed in theoretical mechanics more than 250 years ago

by Euler (1952, 1766) and by Lagrange (1761, 1762). In the domain of numerical

analysis Sobolev or Galerkin type methods are also based upon variational principles

(Ritz 1908; Galerkin 1915).

In meteorology, using the most general terms, we assume the state of the

atmosphere to be described by the set of equations (1.1).

As mentioned, if this system possesses fewer equations than unknowns, the sys-

tem is said to be non-closed. However, one can still close it by introducing a varia-

tional approach.

If Xobs denotes an observation of a meteorological field, we will choose from

among all the solutions of the system F(W) = 0, the solution closest to the obser-

vation Xobs. The resulting solution will be the optimal solution. In this manner a

connection is established between the data and the observations.

In meteorology, the first application of variational methods has been pioneered

by Sasaki et al. (1955) and Sasaki (1958). Later on, Washington and Duquet (1963),

Stephens (1966, 1968) and Sasaki (1969, 1970a, b) have given a great impetus

towards the development of variational methods in meteorology.

In a series of basic papers Sasaki (1969, 1970a, b) generalized the application of

variational methods in meteorology to include time variations and dynamical equa-

tions in order to filter high-frequency noise and to obtain dynamically acceptable

initial values in data void areas. In all these approaches, the Euler-Lagrange equa-

tions were used to calculate the optimal X.

Numerous other manuscripts applying these ideas appeared in the meteorologi-

cal literature during the 70’s using the variational formulation. In parallel with the

introduction of variational methods in meteorology, starting in the 60’s and 70’s,

mathematicians in coordination with other scientific disciplines have achieved signif-

icant advances in optimization theory and optimal control, both from the theoretical

viewpoint as well as from the computational one. In particular significant advances

have been achieved in the development of optimization algorithms (Gill et al. 1981;

Fletcher 2013; Powell 1982; Bertsekas 1982; Lugenberger 1984 to cite but a few).

Optimal control methods have been introduced by Pontryagin et al. (1962), and

they have been generalized for systems governed by partial differential equations

(Lions 1971).

The application of an optimal control theory to meteorological problems has for

the first time supplied the correct framework for a unified approach to analysis, data

assimilation and initialization for meteorological problems.
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Other techniques strongly related to variational and optimization theory, such as

optimum interpolation, Kalman-Bucy filtering (Ghil et al. 1981), smoothing splines

(Wahba 1975, 1981a, b), Krieging, generalized cross-validation (GCV) (Wahba

and Wendelberger 1980) have also emerged. For a unified approach Lorenc (1986)

manuscript could be consulted.

1.2.1 Variational Methods: For Which Purposes?

The first applications of variational methods targeted the objective analysis of mete-

orological fields, i.e. to retrieve fields from pointwise distributed data in space. In

most of the important meteorological situations the temporal evolution of the fields

is crucial, therefore, some attempts were carried out towards extending variational

analysis to dynamic analysis. Introducing sparsity of data in time using variational

tools has led to 4-D data assimilation for numerical weather prediction models. To

perform a forecast a meteorological model requires an initial condition. This initial

condition must be as close as possible to the observations while remaining com-

patible with the model. The problem of initialization may be stated as a variational

problem and solved in this way.

A general formalism of variational problems has to deal with observations but

these observations may not necessarily be physical ones. For instance they may result

out of a numerical model (output of a numerical model). Furthermore, the constraints

imposed upon the analysis may have no physical origin and could only have been

introduced for numerical purposes.

Many applications were carried out in similar situations as mentioned above

resulting in a global approach of variational methods, such as for instance enforc-

ing conservation of integral invariants in numerical models (Navon 1981; Navon

and De Villiers 1983), or design of discretization schemes (Sasaki 1976). A major

difficulty for the classical approach to variational methods for meteorologically sig-

nificant problems, in particular for those where dynamics play a prominent part, is

the fact that the size of the discrete problem to be solved is prohibitive.

A way to circumvent this difficulty is to introduce optimal control methods per-

mitting a significant reduction of the problem size. These techniques, upon which we

will expand in a later section, introduce the adjoint of the numerical model. Knowl-

edge of the adjoint of the model turns out to be particularly useful, because it can

be applied towards a sensitivity analysis (Hall et al. 1982; Cacuci and Hall 1984) or

for environmental studies such as the estimation of the impact of industrial pollution

upon the environment (see Marchuk (1982)).

In this review paper we will present the most important contributions concerning

applications of variational methods using the general formalism of mathematical

programming.
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1.3 Variational Methods in Meteorology: The Optimization
Theory View Point

Numerical weather prediction is based on the integration of a dynamic system of

partial differential equations modeling the behavior of the atmosphere.

From a mathematical view point this approach is equivalent to the classical

Cauchy problem. Therefore discrete initial conditions describing the state of the

atmosphere have to be provided prior to the integration.

In order to retrieve a complete description of the atmosphere one can add infor-

mation to the raw data using one of the following families of several methods: (i)

Perform a simple interpolation, no information is added to the data. This procedure

is purely algorithmic; (ii) Add as information the statistical structure of the fields

and use an optimal interpolation type method. Unfortunately this information is not

always available or may be inadequate for instance as is the case with a paroxysmal

event; (iii) variational method.

Variational methods are based on the fact that a given meteorological observation

has not an intrinsic credibility. The same measurement of wind, to give just an exam-

ple, may be used to study the flow around a hill, or may be inserted in a mesoscale

model, or may be used in a global model of atmospheric circulation. According to

the particular framework where the data will be used, variable trust will be attributed

to the same data.

Variational methods try to achieve a best fit, with respect to some ‘a priori’ crite-

rion, of data to a model by placing the data into the most adequate framework where

it should be used, and permits us to link the data and the model.

In the first part of the paper we will show how variational methods can be defined

and which are the ingredients necessary to build a variational method, all this in

the perspective of the surveyed accumulated work. Then we will show how to solve

related variational problems in the framework of a systematic classification of the

reviewed work. This classification will permit us to review different variational meth-

ods as well as the context in which they were performed.

The last section will be devoted to future developments and potential applications

of variational methods in meteorology.

2 Ingredients of a Variational Method

2.1 Definition of a Variational Method

In the most condensed way a variational method may be defined as a search, amongst

all the possible solutions of a model, of the solution closest to a given observation.

Therefore a variational method will be defined by the following ingredients:
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∙ An atmospheric variable X, describing the state of the atmosphere.

∙ A model which may be mathematically written as:

dX
dt

+ A(X) = 0 (2.1)

where A is a linear or non-linear operator.

We suppose that system (2.1) is not closed by which we mean that in order to

obtain an unique solution to (2.1) some additional information has to be provided.

∙ A control variable U that may comprise the initial conditions, boundary condi-

tions, or both, the vector X itself or a part of it. Once U is defined—a unique

solution X(U) of (2.1) will be associated with it. The vector control variable U
must belong to some set of admissible control Uad. The definition of Uad may

include physical information which can be stated in the form of inequalities.

∙ An observation Xobs of the meteorological fields.

∙ J, a cost function measuring the difference between a solution of (2.1) associated

with U and the observations Xobs.

The variational problem is determined in terms of these last five items and it can

be stated as following problem:

Determine U∗
which belongs to Uad and minimizes the cost function J. (2.2)

The second stage of the solution of the variational problem will be to determine, or at

least to approximate U∗
(and therefore the optimal associated state of the atmosphere

X(U∗)).
In order to achieve this, we first have to set up an optimality condition and then

to perform an algorithm for solving problem (2.2).

2.1.1 The Optimality Condition

A general optimality condition is given by the variational inequality (see Lions

(1968))

(∇J(U∗),V − U∗) ≥ 0 for all V belonging to Uad, (2.3)

where ∇J is the gradient of the functional J with respect to the variable U.

In the case where Uad has the structure of a linear space, variational inequality

(2.3) is reduced to the equality

∇J(U∗) = 0. (2.4)

2.1.2 The Algorithm of Solution

As stated above—variational problems are problems of optimization with or without

constraints. There exist standard procedures (Le Dimet and Talagrand 1986; Navon

and Legler 1987) to solve them.
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A common requirement of these procedures is the need to explicitly supply the

gradient of J with respect to U to the code.

Moreover, the basic problem to be solved is always a problem of unconstrained

minimization for which the method of conjugate gradient may be used (see Navon

and Legler (1987)).

3 Variational Analysis

Basically, the problem of retrieving meteorological fields X from observations Xobs,

in such a way that X verify some model:

F(X) = 0 (3.1)

and are as close as possible, in the sense of a given functional J, to the observations

Xobs, is a problem of optimization with constraints.

Sasaki (1970a, b) in historical paper has introduced two formalisms. The weak
constraint formalism consists in minimizing without constraint the functional J
defined by

J1(X) = J(X) + K‖F(X)‖2. (3.2)

It is easily seen that for large values of K, F(X) has to be small for minimizing J1,

therefore, for a specified value of K, constraint (3.1) is only approximately verified.

In what followsK is a generic constant used as a coefficient of a weak constraint. This

is justified by the fact that Eq. (3.1) is not a perfect representation for the atmosphere

and therefore should not be satisfied with a greater precision than its own accuracy.

The optimal condition, which in the Euler-Lagrange equation gives the optimal

analyzed field X∗
, is the solution of the equation

∇J1(X∗) = ∇J(X∗) + 2K ⋅ F′(X∗) ⋅ F(X∗) = 0. (3.3)

In this equation ∇J1(respectively ∇J) is the gradient of J1(respectively J) with

respect to X, while F′
is the Jacobian matrix of F. No standard method exists for

solving (3.3). As such a method of solution has to be chosen in agreement with the

particular expressions for J and F. In the majority of cases, and even always when

F is non-linear, an iterative algorithm has to be carried out.

The second formalism is called strong constrained where the model has to be

exactly verified. In consequence we have to deal with a problem of optimization

under constraint and the approach by optimal control permits to alleviate to some

extent the difficulties linked to this formalism.
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4 Optimal Control Techniques

4.1 General Results

Optimal control methods for distributed systems have been extensively studied and

applied in many areas such as mechanics, economics, engineering, oceanography,

etc.

Due to the fact that the formalism of optimal control problems includes the mini-

mization of a functional, the cost function, they are variational methods and as such

their numerical solution requires the computation of the gradient of the cost func-

tional with respect to the state variable.

In many cases, the cost function is only an implicit function of the state variable

which may be an initial condition or a boundary condition. Therefore, more sophis-

ticated mathematical techniques must be used for estimating the gradient. One such

particular method, the adjoint model technique, was specially developed for this pur-

pose. A difficulty of this approach is the necessity to write well-posed problems and

to carefully specify the functional framework of the variational problem.

We assume that the state of the atmosphere is described by a variable X belonging

to some Hilbert space  (of finite or infinite dimension) and by a model written as

F(X) = 0 (4.1)

We suppose that X may be split into two parts, Y and U, each part belonging to

the Hilbert spaces  and  , respectively.

Therefore, (4.1) may be written as

F(Y ,U) = 0 (4.2)

where U is the control variable, chosen in such a way that for each given U, equation

(4.2) has a unique solution Y(U).
In this way we may define G by

G ∶  →  (4.3)

for each U belonging to  . Then

G(Y) = U (4.4)

has a unique solution in  .

Furthermore, we will assume that for each Y belonging to  ,
𝜕F
𝜕Y
(Y) is an isomor-

phism from  to  .
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Therefore, it is possible to define an inverse function Φ such that:

Φ ∶  → 

U → Φ(U) = Y

verifying:

Φ(G(Y)) = Y

Φ′(U) =
[
𝜕F
𝜕Y
(Φ(U))

]−1

Another Hilbert space has to be defined: the space of observations Θ in which

an observation Zobs is given. As pointed out, the observation is not necessarily a

physical one, and it is not supposed to verify the equations of the model.

Let C be an operator from the space of the state variable to the space of observa-

tions; for each value of the control U we associate a state of the atmosphere Y(U)
and a model observation

Z(U) = C(Y(U)). (4.5)

The cost function J(U) is a measure of the distance between the model observation

associated to the control U and the observation. It is defined by:

J(U) = 1
2
‖
‖C(Y(U)) − Zobs‖‖

2
Θ (4.6)

Therefore, the problem is to determine the optimal control variable U∗
defined by

U∗ = arg(MinJ(U)||u ∈  ). (4.7)

From a theoretical viewpoint, the system of optimality giving U∗
is dependent

upon the gradient of J with respect to U.

From a numerical viewpoint, U∗
may be estimated by an iterative method starting

from a first given U0. In the same way, the numerical implementation of the iterative

method requires the computation of the gradient of J with respect to U.

For deriving the gradient, a systematic method is the following:

∙ Let V be some variable belonging to  ; then the directional derivative of J in

direction V will verify:

J′(U,V) = ∇J(U) ⋅ V =
(
C′(Y) ⋅ V ,C(Y) − Zobs

)

Θ

= ⟨C′(Y)V ,ΛΘ
(
C(Y) − Zobs

)
⟩Θ′

,Θ
(4.8)

where ΛΘ is the canonical isomorphism between Θ and its dual space Θ′
, and ⟨⋅, ⋅⟩

denotes the duality between Hilbert spaces.

∙ Let R be a linear operator from  to  , we define its dual operator to be the

operator R∗
from  ′

to  ′
defined by:
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⟨
R ⋅  ,U′⟩


= ⟨Y ,R∗ ⋅ U′⟩



Using the dual operator of C′
in (4.8) gives:

∇J(U) ⋅ V = ⟨V ,C′(Y)∗ΛΘ
(
C(Y) − Zobs

)
⟩
 , ′

∙ Let us now define the adjoint system by:

(
𝜕F
𝜕Y

)∗
P = −C′(Y)∗ΛΘ

(
C(Y(U)) − Zobs

)
(4.9)

Then:

∇J(U) ⋅ V = ⟨V , (𝜕F
𝜕Y

)∗ ⋅ P⟩
 , ′

∇J(Y) ⋅ V = ⟨
𝜕F
𝜕Y

⋅ V ,P⟩
 , ′

(4.10)

J is a functional defined on the space  , so its gradient belongs to the dual space  ′
.

Theoretically, it is always possible to identify a Hilbert space to its dual. However,

in practical problems there exist inclusion relations between the spaces used here,

and when a space has been identified to its dual, it is no longer possible to identify

subspaces with their duals.

In the practical phase of optimal control methods we were always operating in

finite-dimensional spaces where no such problems exist.

Therefore Eq. (4.10) permits us to compute the gradient of J, applied to the direc-

tion V by determining P, the adjoint variable, as the solution of the adjoint system

(4.9).

From this abstract situation let us extract two more practical examples enabling

us to see how the gradient is computed. For an initial condition problem we will con-

sider the case where the control variable is the initial condition, while for a boundary

value problem we will see how to compute the gradient when the control variable is

the value on the boundary.

4.2 Control of the Initial Condition

After a spatial discretization, we will assume that the state of the atmosphere, mod-

eled by a vector Θ is verifying for the time interval [0,T] the equation:

dΘ(t)
dt

= H(Θ(t)) (4.11)

where Θ(t) belongs to a finite dimensional space.

With an initial condition Θ(0) = 𝜇, Eq. (4.11) has a unique solution Θ(𝜇, t).
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For the sake of simplicity, we will assume that a continuous observation ̃Θ, in

time, is given on the time interval [0,T]. The distance between a solution of (4.11)

and the observation is defined by

J(𝜇) = 1
2 ∫

T

0

‖
‖
‖
Θ(𝜇, t) − ̃Θ(t)‖‖

‖

2
dt (4.12)

where ‖ ⋅ ‖ is the Euclidean norm in finite dimensional space. With respect to the

general theory developed above the space of the state variable is the same as the

space of the observations. In practice, the observations are pointwise in both space

and in time, therefore, Dirac’s measures have to be introduced in the definition of J.

The derivation of the gradient of J with respect to 𝜇 is obtained as follows:

Let 𝜈 be some element belonging to the space of the initial conditions. The direc-

tional derivative of Θ in direction 𝜈 is defined by:

̂Θ(𝜇, 𝜈) = lim
𝛼→0

Θ[(𝜇 + 𝛼), t] − Θ(𝜇, t)
𝛼

(4.13)

where ̂Θ(𝜇, 𝜈) is the solution of the differential system:

d̂Θ(𝜇, 𝜈)]
dt

=𝜕H
𝜕Θ

[Θ(𝜇, t)] ⋅ ̂Θ(𝜇, 𝜈)

̂Θ(0) =𝜈
(4.14)

obtained by writing (4.11) with initial condition 𝜇, then with initial condition 𝜇

𝛼

𝜈

and by letting the scalar 𝛼 tend to zero. In (4.14) the expression
𝜕H
𝜕Θ

denotes the

Jacobian of H.

The directional derivative of J in direction 𝜈 is obtained by taking the derivative

of (4.12) leading to:

J′(𝜇, 𝜈) =
∫

T

0

(
̂Θ(𝜇, 𝜈, t),Θ(𝜇, t) − ̃Θ(t)

)

dt (4.15)

Let 𝜓 be the dual variable to Θ, 𝜓 is defined as the solution of the adjoint system

to (4.11) given by:

d𝜓
dt

(𝜇, t) +
[
𝜕H
𝜕Θ

Θ(𝜇, t)
]T

⋅ 𝜓(𝜇, t) =
(

Θ(𝜇, t) − ̃Θ(t)
)

𝜓(T) = 0 (4.16)

Let us write the scalar product of (4.15) with ̂Θ, then by integrating from 0 to T , we

obtain:
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J′(𝜇, 𝜈) =
∫

T

0

(
d𝜓
dt

+
[
𝜕H
𝜕Θ

Θ(𝜇, t)
]T

⋅ 𝜓(𝜇, t), ̂Θ(𝜇, 𝜈, t)
)

dt)

The time derivative in (4.16) is integrated by parts and then by using (4.14) we

obtain:

J′(𝜇, 𝜈) = ∇J(𝜇) ⋅ 𝜈 = 𝜓(𝜇, 0) ⋅ 𝜈 (4.17)

Therefore, the gradient of J is obtained as the value at time zero of the dual vari-

able. The backward integration of the adjoint system from T to 0 permits us to esti-

mate the gradient of the cost functional and to perform a descent-type method.

An important remark for potential applications of control methods is the fact that

with a different cost function only the right hand side of (4.16) has to be changed. The

main difficulty encountered for programming optimal control methods is to write the

left hand side of (4.16). This one is independent of the cost function and is intrinsic

for a given model. Once it has been written and derived it can be used for other

purposes such as data assimilation, initialization, sensitivity analysis, etc.

4.3 Control of the Boundary

For the sake of simplicity, we will suppose that on a domain Ω, of boundary Γ, some

field is verifying the Laplace equation

ΔU = f . (4.18)

Together with a boundary condition U∕Γ = V , Laplace equation (4.18) has a unique

solution, U(V).
Let  be a set of points belonging to Ω, where some observations ̃U of U are

performed.

 =
{
Z1,Z2,… ,ZN

}

The cost function is defined by

J(V) = 1
2

N∑

i=1

(

U
(
V ,Zi

)
− ̃U

(
Zi
))2

, (4.19)

while the directional derivative U of U in a direction H is the solution of

ΔU(H) = 0
U(H)∕Γ = H. (4.20)
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The directional derivative of J verifies

J′(V ,H) =
N∑

i=1

(

U
(
Zi
)
,U

(
V ,Zi

)
− ̃U

(
Zi
))

. (4.21)

The adjoint system to (4.19) is introduced with P the dual variable to U.

ΔP =
∑N

i=1 U
(
V ,Zi

)
− ̃U

(
Zi
)

P∕Γ = 0 (4.22)

As above, (4.22) is multiplied by U
(
H,Zi

)
integrated on Ω, and after an integra-

tion by parts we find

∇J(V) = 𝜕P
𝜕n

∕Γ, (4.23)

𝜕P
𝜕n

being the normal derivative of P on the boundary Γ. The estimation of the

gradient for carrying out a descent-method requires the estimation of the gradient of

J, which is obtained by solving the adjoint system (4.22).

Let us point out that this case is especially simple due to the fact that the Laplacian

operator is self-adjoint. Therefore, a Laplace’s equation solver may be used to solve

both the direct and the adjoint problem.

This problem could have been solved using a classical variational formalism, for

instance with a weak constraint formalism we would have to minimize the functional

J(U) = 1
2
∑(

U
(
Zi
)
− ̃U

(
Zi
))2

+ 1
C ∫Ω

(ΔU − f )2 dy. (4.24)

The Euler-Lagrange equation for (4.24) is a fourth order partial differential equa-

tion with complicated boundary conditions. From a numerical viewpoint the size of

the discrete problem associated with (4.24) is equal to the number of grid points in

the discrete point of view domain Ω.

By comparison, for the optimal control approach the dimension of the problem

to be solved is only equal to the number of points on the discrete boundary. In this

way we have obtained a significant reduction of the size of the problem.

5 Weak Constraints in Variational Data Assimilation

The canonical approach for variational data assimilation (VDA), based on Optimal

Control, implicitly assumes that the model is without error. This is not true because

of the physical errors due to approximation in the physics of the problem, for instance

in the parametrization of non linear interactions and also in the physical processes

and the mathematical error due to discretization of the equations and also to iterative

processes carried out to solve non linear problems or subproblems.
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To alleviate this problem Sasaki has introduced the concept of weak constraint
permitting to have a model that is only approximately verified.

5.1 Three Basic Methods in Constrained Optimization

Let us consider the constrained optimization problem:

Minimize J(X) subject to the constraint G(X) = 0, where X belongs to some space
 , J is a mapping from  to ℝ and G is a mapping from  to some linear space 

Here we assume the differentiability of J and G. There are three basic algorithms

to obtain a numerical solution to this problem:

5.1.1 Duality Methods

In this method we introduce a Lagrange multiplier Λ in the dual space  of and the

Lagrangian  defined by:

(X,Λ) = J(X) + (Λ,G(X)) (5.1)

Then optimal solution of the constrained optimization problem is a saddle point of

the Lagrangian and is characterized by:

𝜕

𝜕X
= ∇J +

[
𝜕G
𝜕X

]t
.Λ = 0 (5.2)

𝜕

𝜕Λ
= G(X) = 0 (5.3)

In Sasaki’s terminology this is the strong constraint formalism, it is worthwhile to

point pout that X is the state variable of the problem, Sasaki doesn’t make the differ-

ence between state variable and control variables that could be the initial condition

and/or boundary conditions. The equation above are the Optimality System (O.S.) it

can be solved by an iterative algorithm of the form:

Xn+1 = Xn − 𝜌n ⋅ Dn (5.4)

Λn+1 = Λn + 𝜂n ⋅Wn (5.5)

where Dn is a direction of descent, estimated from the gradient of J, Xn+1 realizes the

minimum of  along this direction. On the same token Wn is a direction of ascent and

Λn+1 realizes the maximum of along this direction. 𝜌n and 𝜂n are scalars. In practice
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some stopping criterion for the iterative algorithm has to be defined and therefore, at

the end of the process, the constraint is not exactly satisfied and, by this way, an error

is introduced, This error cannot be controlled. The Lagrange multiplier introduced

in this method is nothing else than the adjoint variable used in the terminology of

VDA problems stated as problems of Optimal Control. In practice the convergence

of this type of algorithms is slow.

5.1.2 Penalty Methods

In this approach we define a penalized functional J
𝜖

by:

J
𝜖

(X) = J(X) + 1
𝜖

‖G(X)‖2. (5.6)

X
𝜖

is the minimizer of J
𝜖

, when 𝜖− > 0 then X
𝜖

− > X∗
solution of the original con-

strained optimization problem.

X
𝜖

is the solution of the equation:

∇J
𝜖

(X) = ∇J(X) + 2
𝜖

[
𝜕G
𝜕X

]t
⋅ G(X) = 0. (5.7)

As above, the minimization of the penalized functional is solved by an iterative algo-

rithms of descent type. A major inconvenient of this method is to become quickly ill

conditioned when 𝜖 is small. This is the basic weak constraint formalism of Sasaki

with the difference that 𝜖 is fixed and doesn’t change with the iterations. A conse-

quence is that the constraint is not exactly verified, the choice of 𝜖 could permit some

control on the amplitude of the error on the constraint.

5.1.3 Augmented Lagrangian Methods

This algorithm is a combination of duality and penalization, it is defined by an Aug-

mented Lagrangian:


𝜖

(X,Λ) = J(X) + (Λ,G(X)) + 1
𝜖

‖G(X)‖2. (5.8)

(X
𝜖

,Λ
𝜖

), saddle point of the Augmented Lagrangian is a solution of the constrained

optimization problem. It is evaluated by a descent-ascent iterative method. The

penalty term added to the Lagrangian can be considered as a regularization term

in the sense of Tykhonov and make the problem well conditioned. This is exactly

the sense of the background term in the usual terminology of VDA.



16 F.-X. Le Dimet et al.

5.1.4 Remarks

For dynamical models if there is no difference between state variable and control

variable then all the evolution of the model as to be considered as the state variable

and we have to deal with huge numerical problems. At the present time, for oper-

ational models, the size of the variable, at a given time is of the order of 1 billion,

therefore if we want to carry out an analysis on 1000 time step, the dimension of the

variable will be of the order of 1012, this is out of the scope of numerical optimiza-

tion.

The weak constraint formalism permits to consider some error on the model but

the algorithms doesn’t permit neither to evaluate this error nor to identify its source.

In the next sections we will see how to alleviate this inconvenient.

5.2 Direct Control of the Error in VDA

5.2.1 General Formalism

Let’s go back to the general formalism of VDA with a dynamical model. In this

approach we introduce some state error Y in some space  as state variable,and the

model is now written as:

dX
dt

= F(X) + Π.Y (5.9)

X0 = U. (5.10)

Π is a linear operator from  to  , a priori Y depends on time but it can be steady

state. The cost function, we want to minimize with respect to U and Y is defined by:

J(U,Y) = 1
2 ∫

T

0
‖H[X(U,Y , t)] − Xobs(t)‖2dt +

1
2
‖U − U0‖

2 + 1
2
‖Y‖2, (5.11)

The last term in the definition of the cost function is to have the error Y as small

as possible, while H is the linear observation operator. In order to simplify notations

the covariances errors are the identity. Using more complex covariances is straight-

forward.

5.2.2 Optimality System

As usual, we introduce two directions to compute the directional derivatives. The

gradient of J has two components:

∇J =
(
∇UJ
∇YJ

)

.
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We introduce the adjoint variable P, the solution of the following system:

dP
dt

=
[
𝜕P
𝜕X

]T
⋅ P + Ht(HX − Xobs)

P(T) = 0.
(5.12)

Then we obtain:

∇J =
⎛
⎜
⎜
⎝

−P(0) + U − U0

ΠtP + Y

⎞
⎟
⎟
⎠

. (5.13)

For practical purposes Y has to be located in a space with a dimension comparable

to the dimension of the initial condition U, if the dimension of  were too large then

the problem would become numerically intractable. A way to alleviate this difficulty

is to discretize the error spaces of test functions, we will write Y under the form:

Y =
n∑

i=1

m∑

j=1
kij𝜙i𝜓j, (5.14)

where kij are the elements of matrix K, Φ is a time dependent vector with elements 𝜙i
and Ψ represents a vector of steady state elements 𝜓i. Therefore we have Y = ΦtKΨ
and the model becomes:

dX
dt

= F(X) + Π ⋅ΦtKΨ (5.15)

X0 = U. (5.16)

With a cost function:

J(U,K) = 1
2 ∫

T

0
‖H[X(U,K, t)] − Xobs(t)‖2dt +

1
2
‖U − U0‖

2 + 1
2
‖K‖2, (5.17)

The adjoint model is the same than above but the second component of the gra-

dient i.e. the gradient with respect to K becomes:

∇UJ =
∫

T

0
ΦΠtPΨdt + K. (5.18)

5.2.3 Control of the Error of Observation

By the same token we can consider an error of observation and try to identify it,

therefore we introduce a control variable Z belonging to space of observation. The

model remains the same only the cost function is going to change and becomes:
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J(U,Y) = 1
2 ∫

T

0
‖H[X(U, Y , t)] − Xobs(t) − Z(t)‖2dt + 1

2
‖U − U0‖

2 + 1
2
‖Z‖2, (5.19)

It’s easy to see that the adjoint model becomes:

dP
dt

=
[
𝜕P
𝜕X

]t
⋅ P + Ht(HX − Xobs − Z)

P(T) = 0.
(5.20)

and the gradient has a component with respect to U which is unchanged and we also

have a component of the gradient with respect to Z which is:

∇ZJ = (2Z + Xobs − HX) (5.21)

As we did above the error of observation can be discretized in an adequate base in

order to reduce the dimension of the system. In theory both observation errors and

model errors could be jointly controlled.

5.3 Weak Constraint: Control of Systematic Error

The error of the model could be a random error and/or a systematic error. To identify

a systematic error an additional term can be included in the model written as:

dX
dt

= F(X) + E(K, t) (5.22)

X0 = U. (5.23)

where K is a low order parameter we want to identify. We assume that the error is

governed by the system:

dE
dt

= G(E,K) (5.24)

E0 = V . (5.25)

In this case the assimilation will be the determination of (U∗
,V∗

,K∗) minimizing

the cost function defined by:

J(U,V ,K) = 1
2 ∫

T

0
‖H[X(U,Y , t)] − Xobs(t)‖2dt (5.26)

+1
2 ∫

T

0
‖E‖2dt + 1

2
‖U − U0‖

2 + 1
2
‖K‖2, (5.27)
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To get the Optimality System we need to introduce two adjoints variables P and

Q as the solution of:

dP
dt

=
[
𝜕P
𝜕X

]t
+ Ht(HX − Xobs − Z) (5.28)

P(T) = 0 (5.29)

dQ
dt

=
[
𝜕Q
𝜕E

]t

⋅ Q + E (5.30)

Q(T) = 0 (5.31)

Thanks to a backward integration of the adjoint model we get the three compo-

nents of the gradient ∇J(U,V ,K):

∇UJ = (U − U0) − P(0) (5.32)

∇VJ = −Q(0) + E (5.33)

∇KJ =
[
𝜕G
𝜕K

]t
⋅ Q + 𝜕G

𝜕K
(5.34)

The control of both errors of model and of data can be carried out simultaneously

if a model of observation error were added.

5.4 Example: Saint-Venant’s Equations

Saint-Venant’s equations, also known as shallow water equations, are used for an

incompressible fluid for which the depth is small with respect to the horizontal

dimensions. General equations of geophysical fluid dynamics are vertically inte-

grated using the hydrostatic hypothesis, therefore vertical acceleration is neglected.

In Cartesian coordinates they are:

𝜕u
𝜕t

+ u𝜕u
𝜕x

+ v𝜕u
𝜕y

− fv + 𝜕𝜙

𝜕x
= 0 (5.35)

𝜕v
𝜕t

+ u𝜕v
𝜕x

+ v𝜕v
𝜕y

+ fu + 𝜕𝜙

𝜕y
= 0 (5.36)

𝜕𝜙

𝜕t
+ 𝜕u𝜙

𝜕x
+ 𝜕v𝜙

𝜕y
= 0 (5.37)

In this system X = (u, v, 𝜙)T is the state variable, u and v are the components

of the horizontal velocity; 𝜙 is the geopotential (proportional to the height of the

free surface) and f the Coriolis’ parameter. For sake of simplicity, the following

hypothesis are used:
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(a) The error of the model is neglected. Only the initial condition will be consid-

ered as a control variable.

(b) Lateral boundary conditions are periodic. This is verified in global models.

(c) Observations are supposed to be continuous with respect to time. Of course

this is not the case in practice. The observation operators are taken identity matrices.

If X0 = (u0, v0, 𝜙0)T is the initial condition and the cost function is given by:

J(X0) =
1
2 ∫

T

0
[‖u − uobs‖2 + ‖v − vobs‖2 + 𝛾‖𝜙 − 𝜙obs‖

2]dt, (5.38)

where 𝛾 is a weight function, then the directional derivatives ̄X = (ū, v̄, ̄𝜙)T in the

direction h = (hu, hv, h𝜙)T (in the control space) will be solutions of the linear tangent

model:

𝜕ū
𝜕t

+ u𝜕ū
𝜕x

+ ū𝜕u
𝜕x

+ v𝜕ū
𝜕y

+ v̄𝜕u
𝜕y

− f v̄ + 𝜕

̄

𝜙

𝜕x
= 0 (5.39)

𝜕v̄
𝜕t

+ u𝜕v̄
𝜕x

+ ū𝜕v
𝜕x

+ v𝜕v̄
𝜕y

+ v̄𝜕v
𝜕y

+ f ū + 𝜕

̄

𝜙

𝜕y
= 0 (5.40)

𝜕

̄

𝜙

𝜕t
+ 𝜕ū𝜙

𝜕x
+ 𝜕u ̄

𝜙

𝜕x
+ 𝜕v̄𝜙

𝜕y
+ 𝜕v ̄𝜙

𝜕y
= 0 (5.41)

Introducing three adjoint variables p, q, 𝜑 we can compute the adjoint system, it

writes:

𝜕p
𝜕t

+
𝜕pu
𝜕x

+ v
𝜕p
𝜕y

− q𝜕v
𝜕x

− fq + 𝜕𝜙𝜑

𝜕x
= uobs − u, (5.42)

𝜕q
𝜕t

− p𝜕u
𝜕y

+ u
𝜕q
𝜕x

+
𝜕qv
𝜕y

+ fp + 𝜕𝜙𝜑

𝜕y
= vobs − v, (5.43)

𝜕𝜑

𝜕t
+ 𝜕u𝜑

𝜕x
+ 𝜕v𝜑

𝜕y
+

𝜕p
𝜕x

+
𝜕q
𝜕y

= 𝛾(𝜙obs − 𝜙). (5.44)

5.4.1 Control of Errors with Dynamics: An Example

Now we consider the Burgers equation with homogeneous boundary conditions and

the state variable is u defined on [0, 1] × [0,T] with an error E(x, t) governed by a

diffusion equation with an unknown parameter 𝛾 . The unknown initial conditions on

u and E to be found are 𝛼 and 𝛽. The model and the error are characterized by:

𝜕u
𝜕t

+ u𝜕u
𝜕x

− 𝜕

𝜕x
(𝜇𝜕u

𝜕x
) + E = F, (5.45)

u(0) = 𝛼. (5.46)
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𝜕E
𝜕t

− 𝜕

𝜕x
(𝛾 𝜕E

𝜕x
) = 0, (5.47)

E(0) = 𝛽. (5.48)

The problem is to determine 𝛼

∗
, 𝛽

∗
, 𝛾

∗
minimizing the cost function J defined by:

J(𝛼, 𝛽, 𝛾) = 1
2 ∫

T

0 ∫

1

0
(u − uobs)2dxdt +

1
2 ∫

T

0 ∫

1

0
E2dxdt + 1

2 ∫

1

0
𝛾

2dx + 1
2
𝛼

2 + 1
2
𝛽

2
. (5.49)

For sake of simplicity we have chosen the simplest form with a complete obser-

vation, identity observation operators and ignoring the statistical information. The

forcing term is denoted by F and parameter 𝜇 is known. As usual the next step is

to derive the Gâteaux derivatives u and E in some directions in the spaces of con-

trol variables then introducing p and q two adjoint variables as the solution of the

equations:

𝜕p
𝜕t

+ u
𝜕p
𝜕t

+ 𝜕

𝜕x

(

𝜇

𝜕p
𝜕x

)

= uobs − u (5.50)

p(T) = 0 (5.51)

𝜕q
𝜕t

+ 𝜕

𝜕x
(𝛾
𝜕q
𝜕x

) + E + p = 0 (5.52)

q(T) = 0. (5.53)

Then the components of the gradient ∇J verify:

∇J
𝛼

= −p(0) +
∫

1

0
(u − uobs)dx (5.54)

∇J
𝛽

= −q(0) + 𝛽 (5.55)

∇J
𝛾

=
∫

T

0

(
𝜕E
𝜕x

𝜕q
𝜕x

+ q𝜕
2E
𝜕x2

)

dx (5.56)

6 Second Order Methods

The optimality system, the Euler-Lagrange equation, provides only a necessary con-

dition for optimality. In the linear case, the solution is unique if the Hessian is pos-

itive definite. From a general point of view the information given by the Hessian

is important for theoretical, numerical and practical issues. For operational models

it is impossible to compute the Hessian itself, as it is a square matrix with around

1018 terms, nevertheless the most important information can be extracted from the

spectrum of the Hessian which can be estimated without an explicit determination of

this matrix. This information is of importance for estimating the condition number

of the Hessian for preparing an efficient preconditioning.
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A general method to get this information is to apply the techniques described

above to the couple made by the direct and adjoint models (Le Dimet et al. 2002),

leading to a so called second order adjoint. The following steps are carried out:

∙ Linearization of the direct and adjoint models with respect to the state variable.

∙ Introducing second order adjoint variables.

∙ Transposition to put in light the linear dependence with respect to the directions.

The system obtained, the second order adjoint, is used to compute the product of

the Hessian by any vector. Of course if we consider all the vectors of the canonical

base then it will be possible to get the complete Hessian.

The determination of this product permits to access some information.

∙ By using Lanczos type methods and deflation, it is possible to compute the eigen-

vectors and eigenvalues of the Hessian.

∙ To carry out second order optimization methods of Newton-type are used for equa-

tions of the form:

∇J (X) = 0

The iterations are:

Xn+1 = Xn − H−1 (Xn
)
⋅ ∇J

(
Xn
)

where H is the Hessian of J. At each iteration a linear system should be solved.

This is done by carrying out some iterations of a conjugate gradient methods which

requires computing the Hessian-vector product.

For the Saint-Venant equations the second order adjoint system is given by

𝜕û
𝜕t

+ u𝜕û
𝜕x

+ v𝜕v̂
𝜕y

+ û𝜕v
𝜕y

− v̂𝜕v
𝜕y

− f v̂ + 𝜙

𝜕

̂

𝜙

𝜕x

= ṽ𝜕v̄
𝜕x

− ū𝜕ũ
𝜕x

− v̄𝜕ū
𝜕y

+ ũ𝜕v̄
𝜕y

− ̄

𝜙

𝜕

̃

𝜙

𝜕x
− ū (6.1)

𝜕v̂
𝜕t

+ û𝜕u
𝜕y

− u𝜕v̂
𝜕x

+ v̂𝜕u
𝜕x

+ v𝜕v̂
𝜕y

+ f û + 𝜙

𝜕

̂

𝜙

𝜕y

= ũ𝜕ū
𝜕x

− ū𝜕ṽ
𝜕x

− ṽ𝜕ū
𝜕y

+ ū𝜕ṽ
𝜕y

− ̄

𝜙

𝜕

̃

𝜙

𝜕y
− v̄ (6.2)

𝜕

̂

𝜙

𝜕t
+ 𝜕û

𝜕x
+ 𝜕v̂

𝜕y
+ u

𝜕

̂

𝜙

𝜕x
+ v

𝜕

̂

𝜙

𝜕y
= −ū𝜕

̃

𝜙

𝜕x
− v̄

𝜕

̃

𝜙

𝜕x
− 𝛾

̄

𝜙, (6.3)

where Q = (û, v̂, ̂𝜙)T and R = (ū, v̄, ̄𝜙)T are the second and first order adjoint

variables.
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From the formal point of view we see that first and second order differ by second

order terms which do not take into account the adjoint variable. The computation

of second derivatives require storing both the trajectories of the direct and adjoint

models. For very large models it could be more economical to recompute these tra-

jectories.

6.1 Sensitivity analysis

In the environmental sciences the mathematical models contain parameters which

cannot be estimated very precisely either because they are difficult to measure or

because they represent some subgrid phenomena. Therefore it is important to be

able to estimate the impact of uncertainties on the outputs of the model. Sensitivity

analysis is defined by:

∙ X is the state vector of the model, K a vectorial parameter of the model F(X,K) =
0.

∙ G(X,K) is the response function: a real value function

∙ By definition the sensitivity of the model is the gradient of G with respect to K.

The difficulty encountered comes from the implicit dependence of G on K through

X, solution of the model.

Several methods can be used to estimate the sensitivity:

∙ By finite differences. We get:

𝜕G
𝜕Ki

≃
G
(
X(K + 𝛼ei),K + 𝛼ei

)
− G (X(K),K)

𝛼

,

where Ki is the ith component of vector K.

The main inconvenience of this method is its computational cost: it requires solv-

ing the model as many times as the dimension of the model. Furthermore the

determination of the parameter 𝛼 may be tricky. If it too large, the variation of G
could be nonlinear, since small value round off errors may dominate the variation

of G. The main advantage of this method is that it is very easy to implement.

∙ Sensitivity via an adjoint model. Let F(X,K) = 0 be the direct model. We intro-

duce its adjoint:
[
𝜕F
𝜕X

]∗
⋅ P = 𝜕G

𝜕X
,

where

[
𝜕F
𝜕X

]∗
is the adjoint operator of

𝜕F
𝜕X

. Then the gradient is given by:

∇G = 𝜕G
𝜕K

−
[
𝜕F
𝜕K

]∗
⋅ P

The advantage of this method is that the sensitivity is obtained by only one run

of the adjoint model. The price to be paid is the derivation of the adjoint code.
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6.2 Sensitivity in the Presence of Data

In geophysics a usual request is the estimation of the sensitivity with respect to obser-

vations. What will be the impact of an uncertainty on the prediction? It is clear that

observations are not directly used in the direct model, since they can be found only

among the forcing terms in the adjoint model. Therefore to apply the general for-

malism of sensitivity analysis we should apply it not to the model itself but to the

optimality system, i.e. the model plus the adjoint model. A very simple example with

a scalar ordinary differential equation is given in Le Dimet et al. (1997) showing that

the direct model is not sufficient to carry out sensitivity analysis in the presence of

data. Deriving the optimality system will introduce second order derivatives.

Consider a model of the form F(X, I) = 0 where I stands for the input of the

model. Assuming F is a steady state or time dependent operator, J(X, I) is the cost

function in the variational data assimilation and P is the adjoint variable, then the

optimality system is:

⎧
⎪
⎨
⎪
⎩

F(X, I) = 0
[
𝜕F
𝜕X

]∗
⋅ P − 𝜕J

𝜕X
= 0

[
𝜕F
𝜕I

]∗
⋅ P − 𝜕J

𝜕I
= 0

(6.4)

The optimality system can be considered as a generalized model:  with the state

variable Z =
(
X
P

)

.

If i is a perturbation on I, we get:

𝜕F
𝜕X

⋅ ̂X + 𝜕F
𝜕I

⋅ i = 0 (6.5)

[
𝜕

2F
𝜕X2 ⋅ ̂X + 𝜕

2F
𝜕X𝜕I

⋅ i
]∗

⋅ P +
[
𝜕F
𝜕X

]∗
⋅ ̂P − 𝜕

2J
𝜕X2 ⋅ ̂X − 𝜕

2J
𝜕X𝜕I

⋅ i = 0 (6.6)

[
𝜕

2F
𝜕I2

⋅ i + 𝜕

2F
𝜕X𝜕I

⋅ ̂X
]∗

⋅ P +
[
𝜕F
𝜕I

]∗
⋅ ̂P − 𝜕

2J
𝜕I2

⋅ i − 𝜕

2J
𝜕I𝜕X

⋅ ̂X = 0 (6.7)

̂𝐆(X, I, i) = 𝜕𝐆
𝜕X

⋅ ̂X + 𝜕𝐆
𝜕I

⋅ i, (6.8)

where ̂X and ̂P are the Gâteaux derivative of X and P in the direction i. Let us intro-

duce the second order adjoint variables Q and R. Here G is the response function

introduce in Sect. 6.1 and we are looking to estimate the gradient of G with respect

to I. By taking the inner product of (6.5) and (6.6) by Q, and of (6.7) by R, and adding

it, we obtain:
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<

̂X,
[
𝜕F
𝜕X

]∗
⋅ Q +

[
𝜕

2F
𝜕X2 ⋅ Q

]∗
⋅ P −

[
𝜕

2J
𝜕X2

]∗
⋅ Q −

[
𝜕

2J
𝜕I𝜕X

]∗
⋅ R +

[
𝜕

2F
𝜕X𝜕I

⋅ P
]∗

⋅ R >

+ <

̂P,
[
𝜕F
𝜕X

]

⋅ Q +
[
𝜕F
𝜕I

]

⋅ R > +

< i,
[
𝜕F
𝜕I

]∗
⋅ Q +

[
𝜕

2F
𝜕X𝜕I

⋅ Q
]∗

⋅ P −
[

𝜕

2J
𝜕X𝜕I

]∗
⋅ Q −

[
𝜕

2J
𝜕I2

]∗
⋅ R +

[
𝜕

2F
𝜕I2

⋅ R
]∗

⋅ P >= 0

Identifying in (6.8) it is seen that if Q and R are defined as solutions of:

⎧
⎪
⎨
⎪
⎩

[
𝜕F
𝜕X

]∗
⋅ Q +

[
𝜕

2F
𝜕X2 ⋅ Q

]∗
⋅ P −

[
𝜕

2J
𝜕X2

]∗
⋅ Q −

[
𝜕

2J
𝜕I𝜕X

]∗
⋅ R +

[
𝜕

2F
𝜕X𝜕I

⋅ P
]∗

⋅ R = 𝜕𝐆
𝜕X

[
𝜕F
𝜕X

]

⋅ Q +
[
𝜕F
𝜕I

]

⋅ R = 0
(6.9)

Then we get the gradient of G with respect to I (the sensitivity) by:

 = d𝐆
dI

= −
[
𝜕F
𝜕I

]∗
⋅ Q −

[
𝜕

2F
𝜕X𝜕I

⋅ Q
]∗

⋅ P +
[
𝜕

2J
𝜕X𝜕I

]∗

⋅ Q +
[
𝜕

2J
𝜕I2

]∗

⋅ R −
[
𝜕

2F
𝜕I2

⋅ R
]∗

⋅ P + 𝜕𝐆
𝜕I

(6.10)

To summarize the algorithm is the following:

i. Solve the optimality system (6.4) to get X and P
ii. Solve the coupled system (6.9) to compute Q and R

iii. Then the sensitivity is given by (6.10).

7 Sensitivity with Respect to Sources

7.1 Identification of the Fields

Let us assume that the flow described by the state variable X satisfies the following

time dependent differential system between time 0 and final time T:

{ dX
dt

= F(X),
X(0) = U.

(7.1)

The pollutant, considered as a passive tracer, is described by its concentration whose

evolution is given by the following equations:

{ dC
dt

= G(X,C, S),
C(0) = V ,

(7.2)

where C is the pollutant’s concentration and S is a function of space and time and

represents the production of pollutant.
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The first task is to retrieve the fields from observations Xobs ∈ obs corresponding

to the state variable X and Cobs ∈ obs associated with the concentration C of the

pollutant. We introduce a cost function J defined by

J(U,V) = 1
2 ∫

T

0
‖EX − Xobs‖

2dt + 1
2 ∫

T

0
‖DC − Cobs‖

2dt (7.3)

where E is an operator from the space of the state variable toward the space of obser-

vations and D from the space of concentration toward the space of observations of

concentration. For sake of simplicity, we do not introduce regularization terms in

the cost function. In practice they are of crucial importance. For retrieving the state

variable and the concentration, we have to determine U∗
and V∗

which minimize J.

They are solutions of the Optimality System. If P and Q are defined as the solutions

of the following adjoint models:

{ dP
dt

+
[
𝜕F
𝜕X

]∗
⋅ P +

[
𝜕G
𝜕X

]∗
⋅ Q = E∗(EX − Xobs);

P(T) = 0;
(7.4)

{ dQ
dt

+
[
𝜕G
𝜕C

]∗
⋅ Q = D∗(DC − Cobs);

Q(T) = 0,
(7.5)

then from the backward integration of the system we get the gradient:

∇JU = −P(0) (7.6)

∇JV = −Q(0) (7.7)

7.2 Formulation of the Sensitivity Problem

LetΩA, a sub-domain of the physical space be the region of interest (response region)

and 𝜑 the function giving the measure of the effect of interest. By effect of interest,

we mean the “effect of the pollutant” and we want to evaluate the sensitivity of𝜑with

respect to the source. Our quantity of interest 𝜑 is a function of the concentration C
and of the source S. We define the response function as:

ΦA(C, S) =
∫

T

0 ∫ΩA

𝜑(C, S)dx. (7.8)

In the simplest case, 𝜑 can be defined as 𝜑 = C, in which case ΦA is the mean over

the space and the time of the concentration of the pollutant. By definition, the sen-

sitivity with respect to the source S is the gradient of the response function ΦA with
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respect to S. Following the guidelines of the derivation of the gradient as presented

in Sect. 7.1, we obtain the tangent linear and adjoint models. Their solutions are ̂X,

̂C, ̂P and ̂Q, the Gâteaux derivatives with respect to S (in the direction s) of the vari-

ables of the optimality system given by Eqs. (7.1), (7.2), (7.4) and (7.5). The models

are elaborated again below:

⎧
⎪
⎨
⎪
⎩

d ̂X
dt

= 𝜕F
𝜕X

⋅ ̂X
̂X(0) = ̂U

(7.9)

⎧
⎪
⎨
⎪
⎩

d ̂C
dt

= 𝜕G
𝜕X

⋅ ̂X + 𝜕G
𝜕C

⋅ ̂C + 𝜕G
𝜕S

⋅ s

̂C(0) = ̂V

(7.10)

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

d ̂P
dt

+
[
𝜕F
𝜕X

]∗
⋅ ̂P +

[
𝜕

2F
𝜕X2

̂X
]∗

⋅ P +
[
𝜕G
𝜕X

]∗
⋅ ̂Q

+
[
𝜕

2G
𝜕X2 ⋅ ̂X + 𝜕

2G
𝜕C𝜕X

⋅ ̂C + 𝜕

2G
𝜕S𝜕X

⋅ s
]∗

⋅ Q = E∗E ̂X

̂P(T) = 0,

(7.11)

⎧
⎪
⎨
⎪
⎩

d ̂Q
dt

+
[
𝜕G
𝜕C

]∗
⋅ ̂Q +

[
𝜕

2G
𝜕C2 ⋅ ̂C + 𝜕

2G
𝜕X𝜕C

̂X + 𝜕

2G
𝜕S𝜕I

s
]∗

⋅ Q = D∗D ⋅ ̂C

̂Q(T) = 0,

(7.12)

where ̂U in (7.9) and ̂V in (7.10) are the Gâteaux derivatives of the optimal initial

condition U and V , respectively. These terms are important because the informa-

tion is propagated from the initial condition. For the response function, the Gâteaux

derivatives with respect to S is given by:

�̂�(S,C, s) = 𝜕𝜑

𝜕S
⋅ s + 𝜕𝜑

𝜕C
⋅ ̂C (7.13)

To compute the gradient ∇S𝜑(C, S), we introduce four second-order adjoint vari-

ables Γ, Λ, Φ and Ψ; the system of equations (7.9) is multiplied by Γ, (7.10) by Λ,

(7.11) by Φ and (7.12) by Ψ, all the terms are added together and integrated by parts

and we get:
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 +
∫

T

0

⟨
̂X,

⟩
dt +

∫

T

0

⟨
̂C,

⟩
dt +

∫

T

0

⟨
̂P,

⟩
dt +

∫

T

0

⟨
̂Q,

⟩
dt +

∫

T

0
⟨s,⟩ dt = 0

(7.14)

with:

 =
⟨
Γ(T), ̂X(T)

⟩
−
⟨
Γ(0), ̂X(0)

⟩
+
⟨
Λ(T), ̂C(T)

⟩
−
⟨
Λ(0), ̂C(0)

⟩

+
⟨
Φ(T), ̂P(T)

⟩
−
⟨
Φ(0), ̂P(0)

⟩
+
⟨
Ψ(T), ̂Q(T)

⟩
−
⟨
Ψ(0), ̂Q(0)

⟩
,

(7.15)

 = −dΓ
dt

−
[
𝜕F
𝜕X

]∗
⋅ Γ −

[
𝜕G
𝜕X

]∗
⋅ Λ +

[
𝜕

2F
𝜕X2 Φ

]∗

⋅ P

+
[
𝜕

2G
𝜕X2 Φ

]∗

⋅ Q +
[
𝜕

2G
𝜕C𝜕X

Ψ
]∗

⋅ Q − E∗EΦ,

(7.16)

 = −dΛ
dt

−
[
𝜕G
𝜕C

]∗
⋅ Λ +

[
𝜕

2G
𝜕C𝜕X

Φ
]∗

⋅ Q +
[
𝜕

2G
𝜕X2 Ψ

]∗

⋅ Q − D∗DΨ, (7.17)

 = −dΦ
dt

+
[
𝜕F
𝜕X

]

⋅Φ, (7.18)

 = −dΨ
dt

+
[
𝜕G
𝜕C

]

⋅Ψ (7.19)

and

 = −
[
𝜕G
𝜕S

]∗
⋅ Λ +

[
𝜕

2G
𝜕X2 Φ

]∗

⋅ Q +
[
𝜕

2G
𝜕C𝜕S

Ψ
]∗

⋅ Q. (7.20)

If the known values are taken into account in the expression of , it becomes:

 =
⟨
Γ(T), ̂X(T)

⟩
−
⟨
Γ(0), ̂U

⟩
+
⟨
Λ(T), ̂C(T)

⟩
−
⟨
Λ(0), ̂V

⟩

−
⟨
Φ(0), ̂P(0)

⟩
−
⟨
Ψ(0), ̂Q(0)

⟩
.

(7.21)

If Γ, Λ, Φ and Ψ are the solution of the following second order adjoint systems of

equations

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

−dΓ
dt

−
[
𝜕F
𝜕X

]∗
⋅ Γ −

[
𝜕G
𝜕X

]∗
⋅ Λ +

[
𝜕

2F
𝜕X2 Φ

]∗

⋅ P

+
[
𝜕

2G
𝜕X2 Φ

]∗

⋅ Q +
[
𝜕

2G
𝜕C𝜕X

Ψ
]∗

⋅ Q − E∗EΦ = 0;

Γ(0) = 0;
Γ(T) = 0,

(7.22)
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⎧
⎪
⎨
⎪
⎩

−dΛ
dt

−
[
𝜕G
𝜕C

]∗
⋅ Λ +

[
𝜕

2G
𝜕C𝜕X

Φ
]∗

⋅ Q +
[
𝜕

2G
𝜕X2 Ψ

]∗

⋅ Q − D∗DΨ = 𝜕𝜑

𝜕C
;

Λ(0) = 0;
Λ(T) = 0,

(7.23)

−dΦ
dt

+
[
𝜕F
𝜕X

]

⋅Φ = 0, (7.24)

−dΨ
dt

+
[
𝜕G
𝜕C

]

⋅Ψ = 0, (7.25)

then it comes that:

∇𝜑 =
[
𝜕G
𝜕S

]∗
⋅ Λ −

[
𝜕

2G
𝜕X2 Φ

]∗

⋅ Q −
[
𝜕

2G
𝜕C𝜕S

Ψ
]∗

⋅ Q + 𝜕𝜑

𝜕S
. (7.26)

The conditions Γ(0) = 0 and Γ(T) = 0 are imposed because there is no information

on ̂X(T) and ̂U, respectively. For similar reasons, the conditionsΛ(0) = 0 andΛ(T) =
0 are also imposed. Because the initial conditions are optimal, ̂P(0) defined by

̂P(0) = lim
𝛼→0

P(0)|S+𝛼s − P(0)|S
𝛼

(7.27)

is zero. Similarly, ̂Q(0) = 0.

We get a coupled system of four differential equations (7.22) to (7.25) of the first

order with respect to time. Two equations have an initial and a final condition while

the two others have no condition at all: that is a non-standard problem.

A theoretical question remains on the existence and the uniqueness of a solution.

Some developments in this direction are underway.

7.2.1 Solving the Non-standard Problem

To make it simple, we consider a system of two differential equations, the extension

to four equations being straightforward. The method proposed is based on the theory

of optimal control (Lions 1971). We consider the generic system on the time interval

[0,T]
⎧
⎪
⎨
⎪
⎩

dX
dt

= K(X,Y), t ∈ [0,T];

dY
dt

= L(X,Y), t ∈ [0,T]
(7.28)

with {
X(0) = 0;
X(T) = 0 (7.29)
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and no condition on Y . Let transform it into a problem of optimal control. We con-

sider the problem (7.28) with the initial condition

{
X(0) = 0;
Y(0) = U.

(7.30)

We assume that under these conditions, (7.28) has a unique solution for t ∈ [0,T].
Let X(T ,U) be the value of X at time t = T for the value U of Y(0), we define the

cost function

JP(U) = 1
2
‖X(T ,U)‖2. (7.31)

The problem becomes the determination of U∗
by minimizing JP. We can expect

that at the optimum X(T ,U∗) = 0. The Gâteaux derivatives with respect to U in the

direction u are given by:

d ̂X
dt

= 𝜕K
𝜕X

⋅ ̂X + 𝜕K
𝜕Y

⋅ ̂Y (7.32)

d ̂Y
dt

= 𝜕L
𝜕X

⋅ ̂X + 𝜕L
𝜕Y

⋅ ̂Y (7.33)

̂X(0) = 0 (7.34)

̂Y(0) = u (7.35)

̂Jp(U) =
⟨
X(T), ̂X(T)

⟩
(7.36)

Let us introduce the adjoint variables W and Z and proceed to the integration by part.

We get: ⟨
̂X(T),W(T)

⟩
+
⟨
̂Y(T),Z(T)

⟩
−
⟨
̂Y(0),Z(0)

⟩

−
∫

T

0

⟨

̂X, dW
dt

+
[
𝜕K
𝜕X

]∗
⋅W +

[
𝜕L
𝜕X

]∗
⋅ Z
⟩

dt

−
∫

T

0

⟨

̂Y , dZ
dt

+
[
𝜕K
𝜕Y

]∗
⋅W +

[
𝜕L
𝜕Y

]∗
⋅ Z
⟩

dt = 0

(7.37)

If Z and W are defined as the solution of:

dW
dt

+
[
𝜕K
𝜕X

]∗
⋅W +

[
𝜕L
𝜕X

]∗
⋅ Z = 0; (7.38)

dZ
dt

+
[
𝜕K
𝜕Y

]∗
⋅W +

[
𝜕L
𝜕Y

]∗
⋅ Z = 0; (7.39)

Z(T) = 0; W(T) = X(T), (7.40)

then we get

∇JP(U) = Z(0). (7.41)
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A theoretical question remains on the existence and the uniqueness of a solution.

Some development in this direction are underway.

7.2.2 Extension and Potential Development

Without any theoretical difficulty, the development carried out above can be extended

to:

∙ the case of several sources of pollution; in which case the source S becomes a

vector S = (S1, S2,… , Sm), where Si is the ith source and m is the total number of

sources;

∙ the case of several pollutant with kinetic chemistry. The same methodology can

be applied with a vector of concentration in the place of a single concentration;

C = (C1,C2,… ,Cm). Some numerical difficulties may arise if the characteristic

time of the kinetic are very heterogeneous.

8 Incremental Methods

During the 1990s, the 4D VAR methodology matured and was adopted at several

important international Numerical Weather Prediction centers. However, although

4D VAR cost function and gradient can be evaluated at the cost of one integration of

the forecast model followed by one integration of the adjoint model, the computa-

tional cost to implement it was still prohibitive since a typical minimization requires

between 10 and 100 evaluations of the gradient. The cost of the adjoint model is typ-

ically 3 times that of the forward model (Griewank and Walther 2008). The analysis

window in a typical operational model such as the ECMWF system is 12-h. Thus, the

cost of the analysis is roughly equivalent to between 20 and 200 days of model inte-

gration with 108 variables, making it computationally prohibitive for NWP centers

that have to deliver timely forecasts to the public. Amongst the methods that greatly

facilitated the adoption, application and implementation of 4D VAR data assimila-

tion at major operational centers and contributed to advance of the technique, the

incremental 4D VAR method is of paramount importance. Courtier et al. (1994)

(based on an idea of Derber) introduced the incremental formulation of the 4D VAR.

The incremental algorithm reduces the cost of 4D VAR mainly by reducing the res-

olution of the model, thus allowing the 4D VAR method to become computationally

feasible.

The incremental 4D VAR algorithm reduces the resolution of the model and elim-

inates most of the time-consuming physical packages, thereby enabling the 4D VAR

method to become computationally feasible. Furthermore, the incremental 4D VAR

algorithm removes the nonlinearities in the cost minimization by using a forward

integration of the linear model instead of a nonlinear one. The minimization proce-

dure is identical to the usual 4D VAR algorithm except that the increment trajectory

is obtained by integration of the linear model.
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The reference trajectory (which is needed for integrating the linear and adjoint

models and which starts from the background integration) is not updated at every

iteration. This simplified iterative procedure for minimizing the incremental cost

function is called the inner loop, and is much cheaper computationally to imple-

ment by comparison to the full 4D VAR algorithm. However, when the quadratic

cost function is approximated in this way, the incremental 4D VAR algorithm no

longer converges to the solution of the original problem. Furthermore, the analysis

increments are calculated at reduced resolution and must be interpolated to conform

to the high-resolution models grid. Consequently, after performing a user-defined

number of inner- loops, one outer-loop is performed to update the high-resolution

reference trajectory and the observation departures. After each outer-loop update, it

is possible to use progressively higher resolutions for the inner-loop Other simpli-

fications introduced by the incremental 4D VAR method will be briefly described

below. The nonlinearity of the model and/or of the observation operator can produce

multiple minima in the cost function, which will impact the convergence of the min-

imization algorithm. The incremental 4D VAR algorithm removes the nonlinearities

in the cost minimization by using a forward integration of the linear model instead

of a nonlinear one. It also uses a coarser resolution model and eliminates most of the

time-consuming physical packages. In this section we will address several algorith-

mic aspects of incremental 4D VAR that are used in present day implementations of

4D VAR data assimilation. Some aspects related to the incremental method versus

the full 4D VAR were addressed by Li et al. (2000). They conducted a set of four-

dimensional variational assimilation (4D VAR) experiments using both a standard

method and an incremental method and compared the corresponding performances.

8.1 Description of the Method

Courtier et al. (1994) devised an incremental 4D VAR algorithm which removes

nonlinearities in the minimization by using a forward integration of a linear model

instead of a nonlinear one. The minimization of the cost functional is carried out at

a reduced model resolution which leads to an effective reduction of computational

cost and memory requirements. The 4D VAR problem consists in finding the state

at time t0 that minimizes the cost function:

J(X0) =
1
2
(X0 − Xb)TB−1(X0 − Xb) + (8.1)

1
2

n∑

i=1
(Hi(Xi) − Yi)TRi−1(Hi(Xi) − Yi) (8.2)

subject to the states Xi satisfying the NWP model (8.3) as a strong constraint. In

optimal control language this is referred to as Partial Differential Equations (PDE)

constrained optimization. We consider a discrete nonlinear dynamical system given

by the equation:
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Xi+1 = Mi(Xi), (8.3)

where Xi ∈ ℝn
is the state vector at time ti and Mi represents the nonlinear model

operator that propagates the state vector at time ti to time ti+1 for i = 0, 1,… , n − 1.

We assume that we have imperfect observations Yi ∈ ℝpi at ti. Here Hi ∶ ℝn → ℝpi

is known as being the observation operator and maps the state vector toward the

observation space. The matrix B contains the background error covariances and Ri
are the observation error covariances matrices. In the incremental formulation the

solution to the nonlinear minimization problem is approximated by a sequence of

minimizations of linear quadratic cost functions. We define X(k)
0 as being the kth esti-

mate to the solution and we linearize the equation around the model trajectory from

this estimate. The incremental approach is designed to find the analysis increment

𝛿x(k)0 = X(k)
0 − Xb, that minimizes the following cost function

̂J(𝛿x(k)0 ) = 1
2
(𝛿x(k)0 )TB−1

𝛿x(k)0 + (8.4)

1
2

n∑

i=1
(dk −𝐇i𝐌i𝛿x

(k)
0 )TRi−1(dk −𝐇i𝐌i𝛿x

(k)
0 ), (8.5)

where di = Yi − Hi(M0→i(Xb)) are the innovation vectors at time step i and𝐌i, and𝐇i
denote the tangent linear versions of the forecast model and observation operators.

Now the constraint is given by the tangent linear model

𝛿x(k)i+1 = 𝐌i𝛿x
(k)
i .

The process of minimization is similar to the usual 4-D VAR algorithm except

that the control variable is the increment at time t0 and and 𝐌i depicts the linear

tangent model operator evaluated at the current estimate of the nonlinear trajectory

usually referred to as the linearized state. The optimization process is described in

Fig. 1.

The trajectory is obtained by integration of the linear model. The reference tra-

jectory required by the linear and adjoint models comes from the background inte-

gration and is not updated at every iteration. Correspondingly, the iterative proce-

dure of minimizing the incremental cost function is called the inner-loop which is

much cheaper computationally to implement, due to the incremental 4-D VAR sim-

plifications. When the quadratic cost function is approximated in this way, the 4-D

VAR algorithm no longer converges to the solution of the original problem. The

analysis increments are calculated at a reduced resolution and must be interpolated

to the high-resolution model’s grid. This drawback is partially overcome by exe-

cuting after a number of inner-loops, a single outer-loop iteration which is updating

the high-resolution reference trajectory and the observation departures. Correspond-

ingly, the iterative procedure of minimizing the incremental cost function is called

the outer-loop. After each outer-loop update, it is possible to use a progressively



34 F.-X. Le Dimet et al.

Fig. 1 Incremental 4D-Var

higher resolution for the inner-loops. Such a procedure was carried out in a multi-

incremental algorithm proposed by Veersé and Thepaut (1998). The incremental

method was shown by Lawless (2010) to be equivalent to an inexact Gauss-Newton

method applied to the original nonlinear cost function. The outer-loop iterations can

be shown to be locally convergent under certain conditions, provided that the inner-

loop minimization is solved with sufficient accuracy (see, e.g., Gratton et al. (2007)).

In practice, however, very few outer-loop steps are performed, typically three. The

inclusion of full physics in the adjoint model requires the 4-D VAR algorithm to

overcome the negative effect of strong nonlinearities present in physics parametriza-

tion packages while being able to take advantage of the positive aspects resulting

from the consistency between the forecasting nonlinear model and adjoint model.

Several approaches have been proposed for mitigating the negative effect of strong

nonlinearities in physical processes included in the adjoint model. These approaches

involved either direct modifications or simplifications to physical parameterizations.

Županski and Mesingner (1995) and Tsuyuki (1997) showed beneficial effects when

smoothing formulas are used to replace those with discontinuities. The ECMWF

system uses simplified physics in the adjoint model, although modifications or sim-

plifications may lead to inconsistencies between the nonlinear forecasting model and

the corresponding adjoint model.
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In a further, multi-incremental, extension of the incremental 4D VAR method, the

inner-loop resolution is increased after each iteration of the outer- loop. In particu-

lar, the information about the shape of the cost-function obtained during the early

low-resolution iterations provides a very effective preconditioner for subsequent iter-

ations at higher resolution, thus reducing the number of costly iterations. The inner-

loops can be efficiently minimized using the conjugate gradient method, provided

the cost-function is quadratic, i.e. when the operators involved in the definition of

the cost function (the model and the observation operators) are linear. For this rea-

son, the inner- loops have been completely linearized; the non-linear effects are all

gathered at the outer-loop level.

9 Developments in Variational Data Assimilation
in Last 2 Decades

Starting with the advent of the incremental model a tremendous amount of research

efforts focused on implementation of 4-D Var at operational centers. The princi-

ple of four-dimensional variational (4D-Var) assimilation usually assumes implic-

itly that the forecast model is “perfect” within the assimilation window an approach

referred to as strong constraint and looks for the model trajectory which best fits

the data (background and observations) over the time window. Such a data assimila-

tion method has been implemented in the last few years at various NWP centres with

substantial benefit (Rabier 2005). To name a few, Meteo-France, UK Met-Office and

Canadian Environment service, led all by pioneering work at ECMWF. However the

next step was to consider observation bias, observation error correlation and model

error (bias and random) in weak constraint 4-D VAR. See work of Trémolet (2007,

2008) and Akella and Navon (2009).

For Gaussian, temporally-uncorrelated model error, the weak-constrained 4D-Var

cost function is The cost function assumes the following form for Gaussian, tempo-

rally uncorrelated model error.

J(X) = 1
2
(𝐱0 − 𝐱b)T𝐁−1(𝐱0 − 𝐱b)

+ 1
2

n∑

i=0
[i(𝐱i) − 𝐲i]T𝐑−1[i(𝐱i) − 𝐲i]

+ 1
2

n∑

i=0
[𝐱i) −i(𝐱i−1)]T𝐐−1[𝐱i) −i(𝐱i−1)].

(9.1)

The matrix 𝐐 is taken usually to be proportional to B. The pioneering work in

weak constraint 4-D VAR is considered to be the one of Derber (1989). This contin-

ues to be an area of active research.
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9.1 Estimation of Background and Observation Error
Covariances

Modelling and specification of the covariance matrix of background error constitute

important components of any data assimilation system. The main attributes of the

background error covariance matrix 𝐁 are:

∙ To spread out the information from the observations; correlations in the back-

ground covariance matrix will perform spatial spreading of information from

observation points to a finite domain surrounding them;

∙ To provide statistically consistent increments at the neighboring grid points and

levels of the model;

∙ To ensure that observations of one model variable (e.g., temperature) produce

dynamically consistent increments in the other model variables (e.g. vorticity and

divergence). For operational models, a typical background covariance matrix con-

tains 107 x 107 elements. Therefore, non-essential components of this important

covariance matrix may need to be neglected in order to produce a computationally

feasible algorithm.

Construction of background error covariances has been addressed in the literature

by the so-called “innovation method”, in which the background errors are assumed

to be independent of observation errors. The so-called NMC method was introduced

by Parrish and Derber (1992) as a surrogate for samples of background error using

differences between forecasts of different length that verify at the same time. The

ensemble method for constructing background covariances was proposed by Fisher

(2003), while Ingleby (2001) proposed using statistical structures of forecast errors.

One can attempt to disentangle information about the statistics of background error

from the available information (innovation statistics), or one can try to find a sur-

rogate quantity whose error statistics can be argued to be similar to those of the

unknown background errors.

9.2 Observation Error Covariance

The problem of variational data assimilation for nonlinear evolution model can be

formulated as an optimal control problem to find the initial condition, boundary

conditions and/or model parameters. The input data contain observation and back-

ground errors, hence there is an error in the optimal solution. For mildly nonlinear

dynamics, the covariance matrix of the optimal solution error can be approximated

by the inverse Hessian of the cost function w.r.t control variables. For problems

characterized by strongly nonlinear dynamics, a new statistical method based on

the computation of a sample of inverse Hessians was suggested. This method relies

on the efficient computation of the inverse Hessian by means of iterative methods

(Lanczos and quasi-Newton BFGS) with preconditioning (Shutyaev et al. 2012;

Le Dimet et al. 2002).
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Adjoint-based methods makes forecast sensitivity to data assimilation system

input parameters [𝐲,𝐑, 𝐱b,𝐁] possible. Forecast sensitivity to observations (FSO)—

is used to monitor the impact of observations to reduce short-range forecast errors.

In particular, forecast R-sensitivity (Daescu and Todling 2010; Daescu and Langland

2013) may be used to provide guidance to error covariance tuning procedures. The

sensitivity of a scalar measure of forecast error is computed with respect to changes

to a set of covariance parameters (Lupu et al. 2014). Forecast R- and B-sensitivities

can provide guidance toward the real covariance matrices. The method may show if

background information is being over (or under) weighted. In this case it appears the

Ensemble Data Assimilation (EDA) based background errors are overweighting the

background.

10 Hybrid Data Assimilation

Hybrid Data assimilation is a practical feasible way to introduce flow dependence in

the background error covariances required for sequential or variational data assim-

ilation. Starting with Lorenc (2003), Whitaker and Hamill (2002), Buehner et al.

(2010b) it was shown that combining the time-varying background error covariance

derived from an ensemble of forecasts with stationary, climatological background

error covariance leads to improvements. The resulting procedure is so-called, hybrid

data assimilation system. Several operational numerical weather prediction centers

use three- or four-dimensional variational (3D/4DVar) techniques and have imple-

mented hybrid approaches in these contexts. The hybrid data assimilation involves

developing hybrid covariance models, i.e. a linear combination of a static B matrix

(built from climatology and typically used in 4D-Var applications) with a flow-

dependent B matrix (described using an ensemble). This hybrid approach has been

operational at ECMWF for some time (Buizza et al. 2008; Isaksen et al. 2010;

Bonavita et al. 2012), and is now operational at the Met Office, UK, for their global

model (Clayton et al. 2013) and at Environment Canada (Buehner et al. 2010a). A

theoretical basis for the construction of the hybrid covariances, in particular how to

weigh static and flow-dependent components, is described by Bishop and Satterfield

(2013) and Bishop et al. (2013).

11 Numerical Experiments

This section focuses on non-linear strong constraint 4D-Var experiments and it is

divided in two parts. The first one centers on numerical simulations using 1D-

Burgers model while the second part concentrates on computer simulations of shal-

low water equations model. As discussed, the adjoint models are required to alleviate

the computational complexity of estimating the gradient during the optimization rou-

tines. It is known that such models have validity regions depending on the amount



38 F.-X. Le Dimet et al.

of perturbation considered as input. To asses the quality of adjoint models, tangent

linear and adjoint tests are performed. Then the potential of 4D-Var method is dis-

cussed, its objective function and associated gradient as well as the analysis errors

with respect to the observations being examined.

11.1 Burgers Model

Burgers’ equation is an important partial differential equation from fluid mechanics

(Burgers 1948). The evolution of the velocity u of a fluid evolves according to

𝜕u
𝜕t

+ u𝜕u
𝜕x

= 𝜇

𝜕

2u
𝜕x2

, x ∈ [−1, 1], t ∈ (0, 0.2]. (11.1)

Here 𝜇 denotes the viscosity coefficient. The model has homogeneous Dirichlet

boundary conditions u(−1, t) = u(1, t) = 0, and the integration time is t ∈ (0, 0.2].
An Euler explicit scheme is implemented using a spatial mesh of nx = 41 equidis-

tant points on [−1, 1], withΔx = 0.05. A uniform temporal mesh with nt = 21 points

covers the interval [0, 0.02], withΔt = 0.001. A set of initial conditions is depicted in

Fig. 2 together with the final solution obtained after integrating the discrete Burgers

model (11.1) in time.

For our data assimilation experiments, we add uniform random perturbations 𝜀 ∈
U(−0.5, 0.5) to the above truth state initial conditions and generate twin-experiment

observations at every grid space point location and every time step. The background

state or the first guess for the 4D-Var simulations is shown in Fig. 3 along with the

final time solution. The background and observation error covariance matrices are

taken to be identity matrices.

Fig. 2 Initial and final true

states
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Fig. 3 Initial and final

solutions of Burgers model
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The objective function of lack of fit between model forecast and observations

is minimized using the limited-memory Broyden–Fletcher–Goldfarb–Shanno algo-

rithm (LBFGS) introduced by Liu and Nocedal (1989). This optimization algorithm

is a member of quasi-Newton methods and requires the gradient estimation of the

4D-Var objective function. As mentioned earlier, the fastest approach for comput-

ing the associated gradient is to employ an adjoint model. Before using it inside

the LBFGS algorithm, it is necessary to verify the accuracy of the tangent linear

and adjoint models by checking their output agreement with the finite difference

approximations. These linearity tests used in this study are derived from the alpha

test described by Navon et al. (1992, Eq. (2.20)). The depicted values from Fig. 4 are

obtained using

adj
test

=
J(𝐱0 + 𝛼𝛿𝐱0) − J(𝐱0)
< ∇J(𝐱0), 𝛼𝛿𝐱0 >2

, tltest =
‖0,tf (𝐱0 + 𝛼𝛿𝐱0)(tf ) −0,tf (𝐱0)(tf )‖2

‖𝐌0, tf (𝛼𝛿�̃�0)(tf )‖2
, (11.2)

where 𝛼 represented on the x axis in Fig. 4 controls the magnitude of the perturbation.

The forward and tangent linear models denoted by  and 𝐌 are integrated along the

entire time interval. The test formulations (11.2) uses tf to represent the final time

which in our case was set to tf = 0.2 and we employed the Euclidian scalar product

and norm.

Figure 5 depicts the minimization performances of the 4D-Var Burgers data assim-

ilation system. The cost function and gradient values are normalized by dividing

them with their initial values. After no more than 50 iterations the optimization rou-

tine stopped reaching a gradient value smaller than 10−4.

The analysis is obtained and its quality is measured in terms of Euclidian dis-

tance away from the observations. In comparison with the first guess, we notice a

significant improvement in the error magnitude as shown in Fig. 6. This underlines

the performance of the variational 4D-Var algorithm justifying its large scale usage

at numerical weather prediction centers around the globe in the form of incremental

4D-Var.
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Fig. 5 Reduction in the cost function and its associated gradient

11.2 Shallow Water Equations Model

SWE has proved its capabilities in modeling propagation of Rossby waves in the

atmosphere, rivers, lakes and oceans as well as gravity waves in a smaller domain.

The alternating direction fully implicit finite difference scheme (Gustafsson 1971)

is considered in this chapter and it is stable for large CFL condition numbers (we

tested the stability of the scheme for a CFL condition number equal up to 8.9301).

We also refer to Fairweather and Navon (1980); Navon and Villiers (1986) for other

research work on this topic.

The SWE model using the 𝛽-plane approximation on a rectangular domain is

introduced (see Gustafsson (1971))
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Fig. 6 First guess and

optimal initial conditions

errors
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𝜕w
𝜕t

= A(w)𝜕w
𝜕x

+ B(w)𝜕w
𝜕y

+ C(y)w, (x, y) ∈ [0,L] × [0,D], t ∈ (0, tf ], (11.3)

where w = (u, v, 𝜙)T is a vector function, u, v are the velocity components in the x
and y directions, respectively, h is the depth of the fluid, g is the acceleration due to

gravity, and 𝜙 = 2
√
gh.

The matrices A, B and C are assuming the form

A = −
⎛
⎜
⎜
⎝

u 0 𝜙∕2
0 u 0

𝜙∕2 0 u

⎞
⎟
⎟
⎠

, B = −
⎛
⎜
⎜
⎝

v 0 0
0 v 𝜙∕2
0 𝜙∕2 v

⎞
⎟
⎟
⎠

, C =
⎛
⎜
⎜
⎝

0 f 0
−f 0 0
0 0 0

⎞
⎟
⎟
⎠

,

where f is the Coriolis term.

f = ̂f + 𝛽(y − D∕2), 𝛽 =
𝜕f
𝜕y

, ∀ y,

with ̂f and 𝛽 constants.

We assume periodic solutions in the x direction for all three state variables while

in the y direction

v(x, 0, t) = v(x,D, t) = 0, x ∈ [0,L], t ∈ (0, tf ]

and Neumann boundary conditions are considered for u and 𝜙.

Initially w(x, y, 0) = 𝜓(x, y), 𝜓 ∶ ℝ ×ℝ → ℝ, (x, y) ∈ [0,L] × [0,D]. Now

we introduce a mesh of n = Nx ⋅ Ny equidistant grid points on [0,L] × [0,D], with

Δx = L∕(Nx − 1), Δy = D∕(Ny − 1). We also discretize the time interval [0, tf ]
using Nt equally distributed points and Δt = tf ∕(Nt − 1). Next we define vectors of

the unknown variables of dimension n containing approximate solutions such as
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w(tN) ≈ [w(xi, yj, tN)]i=1,2,..,Nx, j=1,2,..,Ny
∈ ℝn

, N = 1, 2, ..Nt.

The semi-discrete equations of SWE (11.3) are:

𝐮′ = −F11(𝐮) − F12(𝝓) − F13(𝐮, 𝐯) + 𝐅⊙ 𝐯, (11.4)

𝐯′ = −F21(𝐮) − F22(𝐯) − F23(𝝓) − 𝐅⊙ 𝐮, (11.5)

𝝓′ = −F31(𝐮,𝝓) − F32(𝐮,𝝓) − F33(𝐯,𝝓) − F34(𝐯,𝝓), (11.6)

where 𝐮′, 𝐯′, 𝝓′
denote semi-discrete time derivatives, 𝐅 ∈ ℝn

stores Coriolis com-

ponents, ⊙ is the component-wise multiplication operator, while the nonlinear terms

Fi,j are defined as follows:

F11,F12,F21,F23 ∶ ℝn → ℝn
, F13,F22,F3i ∶ ℝn ×ℝn → ℝn

, i = 1, 2, 3, 4,

F11(𝐮) = u⊙ Axu, F12(𝝓) =
1
2
𝝓⊙ Ax𝝓, F13(u, v) = v⊙ Ayu,

F21(u, v) = u⊙ Axv, F22(v) = v⊙ Ayv; F23(𝝓) =
1
2
𝝓⊙ Ay𝝓,

F31(u,𝝓) =
1
2
𝝓⊙ Axu, F32(u,𝝓) = u⊙ Ax𝝓,

F33(v,𝝓) =
1
2
𝝓⊙ Ayv, F34(v,𝝓) = v⊙ Ay𝝓,

(11.7)

where Ax,Ay ∈ ℝn×n
are constant coefficient matrices for discrete first-order and

second-order differential operators which incorporate the boundary conditions. The

numerical scheme was implemented in Fortran and uses a sparse matrix environ-

ment. For operations with sparse matrices we employed SPARSEKIT library (Saad

1994) and the sparse linear systems obtained during the quasi-Newton iterations were

solved using MGMRES library (Barrett et al. 1994; Kelley 1995; Saad 2003). Here

we did not decouple the model equations as in Stefanescu and Navon (2013) where

the Jacobian is either block cyclic tridiagonal orblock tridiagonal. By keeping all dis-

crete equations together the corresponding SWE adjoint model can be solved with

the same implicit scheme used for forward model.

For the 4D-Var numerical experiments we use the following constants

L = 6000 km,D = 4400 km, tf = 3 h,̂f = 10−4s−1, 𝛽 = 1.5 × 10−11 s−1m−1
, g = 10

ms−2,H0 = 2000m,H1 = 220m,H2 = 133m. The mesh coordinates are Nx = 31,

Ny = 21 and Nt = 91. Next we derived the initial conditions from the initial height

condition No. 1 of Grammeltvedt (1969) i.e.

h(x, y) = H0 + H1 + tanh
(

9
D∕2 − y

2D

)

+ H2sech
2
(

9
D∕2 − y

2D

)

sin
(
2𝜋x
L

)

,

0 ≤ x ≤ L, 0 ≤ y ≤ D.
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The initial velocity fields were then obtained from the initial height field using

the geostrophic relationship

u =
(
−g
f

)
𝜕h
𝜕y

, v =
(
g
f

)
𝜕h
𝜕x

.

The background and observation error covariance matrices are taken diagonal.

The associated background variances are set to 4, 6 and 55 for velocity components

u and v and geopotential height 𝜙. The observations variances are taken constant for

the entire time interval with 3 and 5 associated to velocity components while 50 is

used in the case of geopotential height. The corresponding objective function has the

following form:

J(𝐱0) =
1
2
(
𝐰b

0 − 𝐰0
)T𝐁−1

0
(
𝐰b

0 − 𝐰0
)
+ 1

2

Nobs∑

i=0

(
𝐲i − Hi

(
𝐰i
) )T𝐑−1(𝐲i − H

(
𝐰i
) )

,

(11.8)

where 𝐰b
0 is the background state. The observations are not available at every time

step but only at 10 locations inside the time interval, i.e. 1, 10, 19, 28, 37, 46, 55,
64, 73, 91. The observation operators Hi are taken as identities meaning that we are

observing the state variables only. These observations are obtained by perturbing the

trajectory associated with Grammeltvedt conditions. The additive observation noise

is set to 0.1 ⋅ 𝜀o, where 𝜀o is sampled from a multivariate distribution  (𝟎,𝐑). The

background state is obtained by adding normal noise 3 ⋅ 𝜀b, where 𝜀b ∈  (𝟎,𝐁).
The length of the assimilation window is selected to be 3 h. The implicit scheme

allowed us to integrate in time using a larger time step and select Nt = 91 time steps.

The Broyden-Fletcher-Goldfarb-Shanno (BFGS) optimization method option

contained in the CONMIN software (Shanno and Phua 1980) is employed for the

SWE 4-D VAR. BFGS uses a line search method which is globally convergent in

the sense that limk→∞‖∇J(k)‖ = 0 and utilizes approximate Hessians to include con-

vergence to a local minimum. The discrete tangent linear and adjoint models were

derived by hand and their accuracy was verified using (Navon et al. 1992) techniques

and the results are depicted in Fig. 7.

The performances of SWE 4D-Var data assimilation system are presented in

Fig. 8. The square norm of the gradient is shown in panel (b). The optimization rou-

tine stopped after 60 iterations when the local criterium ∇J(k) < 10−4 was satisfied.

Figure 9 depicts the analysis geostrophic wind field in comparison with the first

guess field. Clearly the algorithm was able to recover more accurate state variables

from the observations as evidenced from the truth wind field shown in panel (a).

Similar results are obtained for the geopotential analysis as shown in Fig. 10.

The applications of reduced order modeling techniques have the potential to sig-

nificantly speed up the solution of variational data assimilation problems with non-

linear dynamical models as shown by Ştefănescu et al. (2015). This could repre-

sent a very important step for obtaining analyses faster than real time at numerical

weather prediction centers. Moreover it has been proved that the solution of reduced
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Fig. 9 Initial conditions of wind before and after data assimilation
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Fig. 10 Geopotential initial conditions before and after data assimilation

optimization system equipped with a trust region algorithm converges to the high-

fidelity analyses (Arian et al. 2000) which is not the case with the solution of incre-

mental 4D-Var (Trémolet 2007).

12 Outlook of Modern Data Assimilation Topics

The 4D-VAR data assimilation is available and implemented today at several oper-

ational numerical weather prediction centers starting with European Centre for

Medium- Range Weather Forecasts (ECMWF), (Rabier et al. 2007; Klinker et al.

2000) while a similar system was operational at Meteo-France in 2000 (Janisková

et al. 1999; Gauthier and Thepaut 2001; Desroziers et al. 2003). More recently 4-

D VAR was implemented at UK Met office, Japan and Canada. Park and Župan-

ski (2003) survey the status and progress of the four-dimensional variational data

assimilation with emphasis on application to prediction of mesoscale/storm-scale

atmospheric phenomena. See also Županski et al. (2002). The impact of adopting

4-D VAR was qualified as substantial, resulting in an improvement in NWP qual-

ity and accuracy (see Rabier (2005) in special Issue of QJRMS 2005). 4-D VAR

combined with improvement in error specifications and with a large increase in

a variety of observations has led to improvements in NWP accuracy (Simmons

and Hollingsworth 2002). Hollingsworth et al. (2005) show how observing sys-

tem improvements led to improvements of forecast scores while Bouttier and Kelly

(2001) show that the improvement of forecast scores for the southern hemisphere are

due to satellite data. Also, error statistics for different sources of observation consti-

tutes an active field of research aimed mainly at obtaining better representation of the

specific observation operators. It has become amply evident that in the last 15 years

major improvements in NWP are due to large extent to development of sources of

observations and that 4-D VAR and sequential data assimilation can take advantage

of them due to major research efforts at universities, federal laboratories and opera-

tional centers. For new opportunities for research see the article by McLaughlin et al.
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(2005) that illuminates and outlines possibilities for enhanced collaboration within

the data assimilation community. It is certain that data assimilation concepts have

become widely applied in all the geosciences as more geoscience scientific disci-

plines gain access to larger amounts of data, from satellite remote sensing and from

sensor networks, and as Earth system models increase in both accuracy and sophis-

tication.

12.1 Data Assimilation Applied to Other Fields

Data assimilation methods are currently also used in other environmental forecasting

problems, e.g. in hydrological forecasting. Basically, the same types of data assim-

ilation methods as those described above are in use there. An example of chemi-

cal data assimilation using AUTOCHEM can be found at CDA Central. Given the

abundance of spacecraft data for other planets in the solar system, data assimila-

tion is now also applied beyond the Earth to obtain re-analyses of the atmospheric

state of extra-terrestrial planets. Mars is the only extraterrestrial planet to which data

assimilation has been applied so far. Available spacecraft data include, in particular,

retrievals of temperature and dust/water ice optical thicknesses from the Thermal

Emission Spectrometer on board NASA’s Mars Global Surveyor and the Mars Cli-

mate Sounder on board NASA’s Mars Reconnaissance Orbiter. Two methods of data

assimilation have been applied to these datasets: an Analysis Correction scheme and

two Ensemble Kalman Filter schemes. Both are using a global circulation model

of the Martian atmosphere as forward model. The Mars Analysis Correction Data

Assimilation (MACDA) dataset is publicly available from the British Atmospheric

Data Centre. Data assimilation is now a part of the challenge for every forecasting

problem encompassing multi-physics multi-scale systems. Dealing with biased data

is a serious challenge in data assimilation. Further development of methods to deal

with biases will be of particular use. If there are several instruments observing the

same variable then intercomparing them using probability distribution functions can

be useful. Other uses include trajectory estimation for the Apollo program, GPS, and

atmospheric chemistry. A particular application is the prediction of future oil produc-

tion. Data assimilation is extensively used in petroleum reservoir engineering, where

it is usually referred to as “history matching”. Data assimilation methods are used

for uncertainty assessment of performance predictions of wells in oil reservoirs and

for generating computational models used for optimizing decision parameters that

would improve oil recovery. Recently data assimilation has been extended to blood

circulation in hemodynamics to determine and analyze the blood flow patterns in the

aortic root—since flow reconstruction by image processing is not accurate enough.
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12.2 Further Applications of Variational Data Assimilation

At the beginning VDA methods were applied to meteorology, first to mesoscale and

then to global models. In a second phase VDA methods were applied to oceanogra-

phy when optimal interpolation methods became unable to retrieve physically con-

sistent fields.

During this period the observation of the Earth has experienced a major improve-

ment due the advent of satellites.

Neither for the atmosphere nor for the ocean are satellites observing the state vari-

ables of the mathematical models, rather what is basically observed and measured

are radiances, which are indirectly linked to the state variables, by solving inverse

problems and this is the purpose of variational methods, therefore spatial observa-

tions were naturally introduced in VDA.

12.2.1 Data Assimilation for Continental Waters

The evolution of rivers is of great importance especially for flood prediction. Going

back to the ingredients of VDA, what are they in the framework of continental waters:

∙ Models: Basically we have to deal with the equations of conservation derived from

fluids dynamics. For some rivers such as the Yangtze river, the content of the

sediment flow has to be taken into account. There are difficulties to define the

geometry of the domain both on the lateral boundaries and also on the bottom of

the river which is poorly known in practical applications.

∙ Sink and source terms, these terms are of various nature: rain, infiltration, sources,

they influence the geometry of the domain and most of the time they are poorly

known and subject to nonlinearities like for instance the saturation of the soil.

∙ Data: many rivers are not equipped with sensors, the cost of operational observa-

tions is very expensive and furthermore they not accessible to satellite measure-

ments.

∙ Statistics: Very poor for the case of extreme events.

Therefore the framework of VDA as it is applied in meteorology is very difficult

to transpose to hydrology (Vieux et al. 1998), nevertheless VDA is useful for model

calibration and sensitivity analysis.

12.2.2 Data Assimilation in Agronomy

In the last few years, encouraging results using radiative transfer model inversion

techniques were obtained for land biophysical variables retrieval. However, the inver-

sion of radiative transfer models is a severely ill-posed problem, that may lead to

significant uncertainties in the biophysical variables estimates. Improvement of per-

formance of the inversion process requires additional information to be exploited by
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including better radiative transfer models, exploitation of proper prior information on

the distribution of the canopy and atmosphere variables, knowledge of uncertainties

in satellite measurements, as well as possible spatial and temporal constraints.

In their paper, Lauvernet et al. (2008) focus on the use of coupled atmosphere-

surface radiative transfer models (SMAC+SAIL+PROSPECT) to estimate some key

biophysical variables from top of atmosphere canopy reflectance data. The inver-

sion is achieved over an ensemble of pixels belonging to a spatial window where

aerosol properties are assumed to be constant, and over a temporal window of few

days where the vegetation state is assumed not to vary. The ensemble inversion

scheme accounting for the spatial and temporal constraints is described. Top of the

atmosphere reflectance observations are simulated for 13 spectral bands within the

visible and near infrared domains. The coupled model is inverted with a variational

method implementation aimed at solving very large inverse problems. It is based

on the use of the adjoint model and a Quasi-Newton optimisation technique with a

BFGS update.

12.2.3 Data Assimilation for Plant Growth

Functional-Structural plant models (FSPM) combine process-based models and

architectural models for a better description of plant growth. The process-based mod-

els characterize plants mechanics like photosynthesis for agronomic applications.

By contrast, the architectural models were originally developed to analyze botanic

patterns and/or topological structures. A typical FSPM can thus simulate not only

plant organogenesis but also biomass production and partition at organ level (leaf,

fruit, internode). Wu et al. (2012) have used the FSPM GreenLab to model and

optimize plant growth thanks to a dynamical system. This growth algorithm is

based on a minimal set of physiological knowledge, such as the empirical rules of

plant-environment interactions for biomass acquisition and the source-sink relations

among organs that compete for assimilates.

Consequently the plant morphological plasticity can be described by a small set of

endogenous parameters, thus reducing the complexity of parameters calibration. The

model takes the form of a discrete non linear dynamical system, a difficulty arises

from the fact that the nonlinearity is partly due to the biological thresholding or

saturation effects. An optimal control method has been applied for plant functional-

structural growth. Using variational methods based on optimal control two prob-

lems have been investigated, the calibration of models by minimizing the discrep-

ancy between observations and computed solutions of the Greenlab model and also

by solving an optimal water supply problem applied to growth of sunflower plants.

The classical tools of Variational Data Assimilation, such as the adjoint model and

optimization algorithms have been employed.
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12.2.4 Assimilation of Images

The observation of the earth by satellites is an important source of information if we

consider the dynamics of the flows: the evolution of fronts and/or storms provides

an intuitive overview of the weather to come. This remark is also true for the ocean

with temperature, salinity or the color of the ocean due to biological (algae) activities.

From the dynamical point of view the information comes from the evolution of the

discontinuities in the images. An important question is what is the nature of these

images, basically we have two different phenomena:

∙ Lagrangian images: this is the case of small cumulus clouds under the tropics. In

operational meteorology they are considered as lagrangian tracers, their velocity

is estimated then plugged in a classical data assimilation scheme.

∙ Eulerian images: this is the case of lenticular clouds over a mountain, they looks

almost steady state and nevertheless they are the signature of a strong meteorolog-

ical feature. Therefore an estimation of the wind velocity based on the evolution

of this clouds would give a wrong evaluation.

Therefore the problem is how to couple the dynamics of images with numerical

models? A functional space has to be defined for the images and also an operator

from the space of solutions of the model towards the space of the images. Because the

information is in the discontinuities of the images, the metrics should not be too much

regularizing; the choice of adequate metrics remains an open problem (Le Dimet

et al. 2014).

12.2.5 Data Assimilation in Medicine

For a living person some direct measurement cannot be direclty carried out: this is

the case of the heart. There exist several mathematical models for the heart counting

on several parameters specific of the heart. The methods of data assimilation and the

assimilation of images have been used for heart models calibration (Chapelle et al.

2013).
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Data Assimilation for Coupled Modeling
Systems

Milija Županski

Abstract Coupled numerical models address the interaction between processes in
the atmosphere, ocean, land surface, biosphere, chemistry, cryosphere, and
hydrology. Including interaction between such processes can potentially extend the
predictability and eventually help in reducing the uncertainty of the prediction.
Coupled data assimilation is a branch of data assimilation that deals with coupled
modeling systems. In this article the fundamentals of coupled data assimilation are
described. Challenges of coupled data assimilation are addressed in terms of the
variational and ensemble methods, with implications for hybrid data assimilation
methods. Several illustrative examples of coupled data assimilation of a single
observation with realistic regional coupled modeling systems are included as well.

1 Introduction

Use of coupled modeling systems is important for improving the predictability of
coupled processes. The components of coupled modeling system may include
atmosphere, ocean, land surface, biosphere, cryosphere, hydrology, chemistry,
aerosol, as well as other processes of interest. The role of data assimilation for
coupled modeling systems (e.g., coupled data assimilation) is also important as it
has a capability to utilize the information from various observation types across the
components to improve the prediction by coupled models.

Due to their increased complexity, coupled modeling systems are potentially
more sensitive to the initial conditions than the individual components, and thus
require special attention in data assimilation (Sakaguchi et al. 2012). In general one
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can distinguish three main regimes of coupled data assimilation systems: (a) un-
coupled, (b) weakly coupled, and (c) strongly coupled.

Uncoupled data assimilation implies that each system is completely independent:
the model and data assimilation for each individual component is done separately
from each other. Using as an example atmosphere and hydrology, the atmospheric
model forecast and data assimilation are used to produce the precipitation, which
can be then used as forcing in the hydrology model with its own, independent data
assimilation system.

Weakly coupled data assimilation allows some interaction between components.
Typically, this means that data assimilation is performed completely separately for
each component, but their initial conditions and parameters are fed back into the
coupled model. In terms of sequential data assimilation, which consists of the
forecast and the analysis steps, the weakly coupled data assimilation implies cou-
pling in the forecast step, but no coupling in the analysis step. Most importantly,
there is no use of the cross-component part of the forecast error covariance in data
assimilation.

Strongly coupled data assimilation means that both the coupled forecast and
coupled data assimilation are done in a single system that combines the information
from all components. The cross-component part of the forecast error covariance is
used in data assimilation, thus the forecast and observations of each component
have a potential to influence all other components. In this paper we focus on
strongly coupled data assimilation, as it offers a more profound, but also a more
natural way of combining the information from models an observations.

Although limited in number, the coupled data assimilation systems have already
been developed (Sugiura et al. 2008; Rasmy et al. 2012; Han et al. 2013). They are
mostly based on variational data assimilation, as most operational weather and
climate data assimilation systems are variational, but there are also few ensemble
coupled data assimilation systems being developed (Zhang et al. 2007; Tardif et al.
2014).

The paper is organized as follows. We begin by describing the motivation for
coupled data assimilation in Sect. 2, followed by the challenges of coupled data
assimilation in Sect. 3. An example of the two-component coupled data assimila-
tion is presented in Sect. 4, followed by realistic applications of coupled data
assimilation to investigate the coupled forecast error covariance and uncertainty
interaction in Sect. 5. The summary and future development are presented in
Sect. 6.

2 Motivation

Main motivation for developing coupled data assimilation is to improve the
knowledge and/or improve the prediction of a coupled modeling system, in terms of
the state and its uncertainty. The benefit of having a combined modeling system, as
opposed to having the individual systems only, is that the model components are
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acting as “constraints” that restrict possible adjustments of the state to those that are
“allowed” by other system components. In other words, it is anticipated that the
analysis adjustment in the coupled data assimilation is in better physical agreement
with the real world than the analysis adjustments in data assimilation of individual
components.

A coupled modeling system is schematically represented in Fig. 1. While the
interaction between the driver and the model components is always present, the
interaction between model components is optional, related to the degree of
dependence between relevant physical processes.

Another useful view of coupled data assimilation that supports its use can be
described in terms of Shannon information theory (Shannon and Weaver 1949).
Recall that the entropy is defined as

HðXÞ= −
Z
x

pðxÞlog pðxÞdx ð2:1Þ

where p denotes the probability density function (pdf) and x is a random variable.
The entropy is closely associated with uncertainty, which is important for data
assimilation. In coupled systems we are interested in the joint entropy of at least two
processes, X1 and X2,

HðX1,X2Þ= −
Z
x1

Z
x2

pðx1, x2Þlog pðx1, x2Þdx1dx2 ð2:2Þ

where pðx1, x2Þ is the joint pdf. An important quantification of the information
exchange in coupled systems can be defined in terms of mutual information

IðX1;X2Þ= −
Z
x1

Z
x2

pðx1, x2Þlog pðx1, x2Þ
pðx1Þpðx2Þ
� �

dx1dx2 ð2:3Þ

Fig. 1 Schematic
representation of an N-
component coupled modeling
system. The full lines
represent the mandatory
interaction between the model
component and the driver,
while the dashed lines
represent the optional
interaction between
components
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where pðx1Þ and pðx2Þ are the marginal probability density functions. Mutual infor-
mation measures the information shared by multi-component coupled system. It can
be conveniently represented in terms of entropy (e.g., Cover and Thomas 2006)

IðX1;X2Þ=HðX1Þ+HðX2Þ−HðX1,X2Þ c ð2:4Þ

Since HðX1,X2Þ≤HðX1Þ+HðX2Þ, with equality sign true for independent pro-
cesses X1 and X2, the mutual information is non-negative with zero value corre-
sponding to independent processes. Given that the motivation of developing
coupled systems modeling is to improve the interaction between related physical
processes, the component processes of the coupled system have well developed
dependence and are intrinsically characterized by positive mutual information. This
implies that the information from one component enhances the information about
other components. This is quite important for data assimilation of coupled systems
since it effectively reduces the dimension of the forecast error covariance and
allows cross-component impacts during data assimilation, as will be shown in detail
in the next sections.

When coupling exists, one can further partition it in terms of its strength: low
intensity coupling referring to having only marginal interaction between the com-
ponents, and high intensity coupling implying a profound interaction between the
components. This qualitative distinction can be in principle quantified by calcu-
lating the mutual information of coupled modeling system, i.e. using their prior and
joint probability density functions. Using as an example the Gaussian pdf, one can
define the mutual information of multivariate Gaussian probability distribution
(Silva and Quiroz 2003)

IðX1,X2Þ= −
1
2
ln

det Σð Þ
det Σ11ð Þ det Σ22ð Þ ð2:5Þ

where Σ, Σ11, and Σ22 are the joint, and the marginal covariances of variables X1

and X2, respectively, and det denotes the determinant of a matrix. Since the joint
covariance is

Σ=
Σ11 Σ12

ΣT
12 Σ22

� �
ð2:6Þ

and (e.g., Arellano-Valle et al. 2012)

det Σð Þ= det Σ11ð Þ det Σ22ð Þ det I −Σ− 1
11 Σ12Σ− 1

22 ΣT
12

� � ð2:7Þ

one can define the mutual information as

IðX1,X2Þ= −
1
2
ln det I −Σ− 1

11 Σ12Σ− 1
22 ΣT

12

� �� 	 ð2:8Þ
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The above equation implies that the mutual information can be calculated from
the auto- and cross-components of the coupled system error covariance. It is also
clear that, if the cross-component covariance does not exist in Eq. (2.6) (Σ12 = 0),
the mutual information is zero.

Depending on the coupled system’s complexity and dimensions, in some
applications it may be possible to calculate the exact value of the mutual infor-
mation according to (2.8), or an approximate value using only the diagonal ele-
ments of the matrices. By defining a mutual information threshold for low/high
intensity of coupling, it may be possible to have a quantitative measure of the
strength of coupling.

3 Challenges

There are numerous challenges of coupled data assimilation, some of which will be
discussed here. They include: control variable, spatiotemporal scales, forecast error
covariance, high state dimensions, and non-Gaussian errors.

3.1 Control Variable

In principle, control variable refers to modeling system parameters that impact its
prediction. In particular, the prediction has to be sensitive to the choice of these
parameters in the spatiotemporal limits of the data assimilation window. In practical
data assimilation one can define control variable different from the state variable.
For example, in some data assimilation systems it is assumed that the control
variable includes stream function and velocity potential, while the state (model)
variable includes the east-west and north-south wind components (e.g., u and v,
respectively). However, for simplicity of presentation, we will assume that the
control variable is a simple subset of the state variable, without requiring any
transformation.

In geophysical modeling based on using partial differential equations the control
variable typically includes (i) initial conditions, (ii) lateral boundary conditions (for
regional systems), (iii) model empirical parameters, and (iv) model and observation
operator biases (systematic errors). Therefore, for the k-th modeling component the
control variable can be written as

xk = xick xbiask xpark

� �T k =1, . . . ,N ð3:1Þ
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where the superscripts ic, bias, and par refer to the initial conditions, bias, and
empirical parameters, respectively, and N is the number of coupled system com-
ponents. Note that this formulation includes both the single and the coupled sys-
tems, N =1 corresponding to the single system, and N ≥ 2 corresponding to the
coupled system. The general form of coupled data assimilation control variable is

x= x1 x2 ⋯ xNð ÞT . ð3:2Þ

The coupled data assimilation challenge comes from the fact that practical data
assimilation for individual components does not include all possible control
parameters as in (3.2). Most often the control variable is defined as the initial
conditions. However, there are data assimilation systems that are focused on
adjusting empirical parameters (e.g., climate), empirical parameters and initial
conditions (hydrology), model bias (carbon cycle, biosphere), rather than the initial
conditions only. This creates a need for developing a coupled data assimilation
system that is general enough so that it can assimilate any type of control variable.
In practice, the control variable would include relevant control variables for each
component. For example, if the coupled system includes the following components:
atmospheric—denoted a, carbon transport—denoted c, land surface—denoted l,
and hydrological—denoted h, one could define control variable as

x= aic cbias lic lpar hpar
� �T . ð3:3Þ

Such control variable may be a very efficient way of updating the given coupled
system, but it does require a mathematical apparatus that can handle it in practice. If
the available algorithmic structure of the coupled data assimilation does not allow
the inclusion of all these variables, one may reduce the list to include only the
feasible parameters. A better solution would be to update the coupled data assim-
ilation algorithm by adding the capability to augment the control variable.

3.2 Forecast Error Covariance

The forecast error covariance is intrinsically related to the choice of control vari-
able. The forecast error covariance represents the uncertainty of the control variable
and thus includes all control variable components. Forecast error covariance has a
fundamental role in data assimilation (e.g., Bannister 2008a, b) since all analysis
adjustments are projected onto the subspace of this matrix. There are numerous
papers addressing the role of error covariance in variational and ensemble data
assimilation (Hollingsworth and Lonnberg 1986; Derber and Bouttier 1999;
Buehner 2005; Bello Pereira and Berre 2006; Berre and Desrozier 2010).
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Given a general coupled control variable (3.2), the forecast error covariance is a
matrix

Pf =

P11 P12 ⋯ P1N

PT
12 P22 P2N

⋮ ⋱ ⋮
PT
1N PT

2N ⋯ PNN

0
BB@

1
CCA ð3:4Þ

where the subscripts refer to the coupled system component. Note that, according to
(3.1), each of the inputs in (3.4) is also a matrix. For example

Pij =
Pic, ic
ij Pic, bias

ij Pic, par
ij

ðPic, bias
ij ÞT Pbias, bias

ij Pbias, par
ij

ðPic, par
ij ÞT ðPbias, par

ij ÞT Ppar, par
ij

0
B@

1
CA ð3:5Þ

where i and j define the system components. It is clear that defining the elements of
such complex matrix becomes challenging.

In variational data assimilation, the error covariance is modeled using some
previous knowledge about correlations and variances. Knowing a priori the cor-
relations between initial conditions, empirical model parameters, and model biases
is very difficult. In ensemble data assimilation the correlations are obtained directly
from the ensemble forecast, without the need for modeling the correlation functions.
However, ensemble data assimilation requires at least some knowledge about the
true correlations in order to know if low-dimensional approximation of the
ensemble error covariance is acceptable.

Such challenges exist even in assimilation of individual components; in coupled
systems this issue is magnified and thus made more difficult. The most challenging
aspect of defining the error covariance in coupled data assimilation is to define the
cross-component correlations, since the cross-variable correlations, and in particular
the cross-component correlations are the least known.

3.3 High-Dimensional State Vector

The dimension of the state vector can considerably impact the design and perfor-
mance of coupled data assimilation. Realistic atmospheric data assimilation systems
have the control variable of the order of hundreds of millions. Adding chemistry
component, for example, can further double the dimension of state vector since
there may be several chemical species that are adjusted in data assimilation. Sim-
ilarly, the aerosol can also add considerably to the total state dimension since it is
defined at all model grid points, and there can be a dozen of aerosol species, such as
dust, sea salt, black carbon, etc. Some other components, such as land surface, may
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add only a smaller dimension to the augmented state since typically there are fewer
soil layers than atmospheric layers.

In general, coupled data assimilation system has to be able to deal with such high
dimensions. This may imply that new approximations may be necessary when
extending the single-component assimilation to the coupled data assimilation.
Practical data assimilation algorithms often include approximations such as
dual-resolution (i.e. coarse resolution adjoint or ensemble and a high-resolution
control), or a related incremental variational approach with additional linearization.
In cases when one coupled component is more nonlinear than others, or there is a
highly nonlinear observation operator of one of the components, it may be nec-
essary to re-validate the assumptions in the context of the coupled system.

3.4 Non-gaussian Errors

It is well known that some control variables can have non-Gaussian errors, although
typical data assimilation is based on Gaussian error assumption. If there is a small
number of such variables, this may impact the results of assimilation only locally.
However, this may become more relevant for coupled systems, as one component
can have all non-Gaussian variables. For example, typical atmospheric chemistry
and aerosol variables are strictly positive definite, which effectively excludes the
Gaussian distribution with infinite tails. Therefore, in case of coupled
atmosphere-chemistry-aerosol data assimilation, there may be a need to revisit the
Gaussian error assumptions. In more extreme cases, it may be necessary to design a
mixed Gaussian-non-Gaussian data assimilation system to accommodate all cou-
pling components.

3.5 Spatiotemporal Scales

Another potential issue in coupled data assimilation is related to characteristic
spatiotemporal scales of control variables. For example, atmospheric variables
likely have shorter temporal scales than ocean variables, or compared to some
chemistry variables such as stratospheric ozone. In the coupled system forecast, this
can be resolved by using different time steps for different components of the system.
For data assimilation, however, this may be more complicated as it should involve
the coupled forecast error covariance, given its fundamental role in data
assimilation.

In variational data assimilation the modeled error covariance has to include some
knowledge of spatiotemporal scales in order to produce a dynamically balanced
increments of both components. Since the knowledge of such cross-component
correlations is very limited in general and possibly situation-dependent, the use of
complete cross-component correlations in practical variational data assimilation is
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not very likely. The use of ensemble error covariance may be simpler since the
information about different spatiotemporal scales is already included in the coupled
forecast models used in ensemble forecasting. However, since both of these
approaches can produce only an approximate error covariance, there is still a need
for verifying the validity of the coupled error covariance in terms of the spa-
tiotemporal scales. The resolution may be more intuitive in data assimilation with
four-dimensional error covariance, since than one can impose the temporal aspect
of error covariance more directly.

4 Two-Component Coupled System Data Assimilation

The role of coupled forecast error covariance is now examined in the context of an
idealized two-component coupled modeling system. Let define the two state
components as x1 and x2, thus forming a two dimensional state vector of the
coupled system

x= x1 x2ð ÞT ð4:1Þ

In this system each component is represented by a value at a single grid point.
For the land-atmosphere system, for example, one grid point would be located in
the atmosphere and one in the soil. For the atmosphere-chemistry coupled system,
both components can represent the value at the same grid point. The forecast step of
such system includes a coupled prediction model (denoted m)

xn =mðxn− 1Þ ð4:2Þ

where the superscript n defines time. We are now interested in performing the
analysis at time n. In coupled data assimilation, the cost function formally appears
the same as in any other data assimilation. Assuming sequential data assimilation
for simplicity, the cost function for a general two-component system can be for-
mally defined in terms of its components

Jðx1, x2Þ= 1
2

x1 − x f1
x2 − x f2

 !T
P11 P12

PT
12 P22

� �− 1 x1 − x f1
x2 − x f2

 !
+

+
1
2
½y1 − h1ðx1Þ�TR− 1

1 ½y1 − h1ðx1Þ�+ 1
2
½y2 − h2ðx2Þ�TR− 1

2 ½y2 − h2ðx2Þ�
ð4:3Þ

where h is the nonlinear observation operator, y is the observation and R is the
observation error covariance. The subscripts 1 and 2 refer to the first and second
state vector components, respectively. It is implied in (4.3) that forecast error
covariance can have cross-component correlations, but that observation errors are
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independent. A general linear solution to the problem (4.3) can be obtained after
setting ∇J =0 (e.g., Lorenc 1986)

xa = ðI +PfHTR− 1HÞ− 1ðx f +PfHTR− 1yÞ ð4:4Þ

with

xa =
xa1
xa2

� �
x f = x f1

x f2

� �
y=

y1
y2

� �
ð4:5Þ

where H is the Jacobian of the observation operator. Now let assume that there is
only a single observation of one of the components, say the component 1, defined at
that grid point. Then the cost function (4.3) becomes

Jðx1, x2Þ= 1
2

x1 − x f1
x2 − x f2

 !T ðσ2f Þ1 ρ12

ρ12 ðσ2f Þ2

 !− 1
x1 − x f1
x2 − x f2

 !
+

+
1
2
½y1 − x1�T σ2o

� �− 1
1 ½y1 − x1�

ð4:6Þ

where σ denotes the standard deviation, the cross-component error covariance
(directly related to the correlation between the coupling components) is denoted ρ,
and indexes f and o refer to the forecast and the observation, respectively. The
analysis solution (4.4) and (4.5) for the cost function (4.6) in terms of the com-
ponents is

xa1 =
1

1+ ε21
x f1 +

ε21
1 + ε21

y1 ð4:7Þ

xa2 = x f2 +
1

1+ ε21

ρ12
ðσ2oÞ1

ðy1 − x f1Þ ð4:8Þ

where ε represents the ratio between forecast and observation standard deviations

ε1 =
ðσf Þ1
ðσoÞ1

. ð4:9Þ

The solution (4.7) and (4.8) illustrates several important aspects of coupled data
assimilation. When observing only one (the first) component, the analysis is
identical to the de-coupled assimilation of the first component (e.g., (4.7)). This
means that, although the coupled covariance has cross-component correlations, the
analysis of the first component does not benefit from the coupling. Although the
second component is not observed, the analysis of the second component is
impacted by the observation of the first component (e.g., (4.8)). A closer inspection
reveals that this was possible only because of the non-zero cross-component error

64 M. Županski



covariance ρ12, assuming y1 ≠ x f1 . This is a very important result of coupled data
assimilation, as it indicates that it is possible to change the analysis of a coupled
component even if it is not observed. There are often instances when one com-
ponent, e.g., land surface, is not well observed, while the other component, e.g.,
atmosphere, is well observed. The above results suggest that the land surface
control variables can still be adjusted in the analysis. Note that this would not be
possible in the stand-alone land surface analysis system.

5 Structure of Coupled Forecast Error Covariance

In this section we conduct single observation experiments in order to understand
and illustrate the structure of coupled forecast error covariance. As suggested
above, the true power of coupled data assimilation comes from the cross-component
correlations. They allow a more efficient use of observations by impacting all
control variables, and thus produce a more balanced change of control variables.
The structure of forecast error covariance can be assessed using a single observation
experiment setup, where only one observation at a single point is assimilated (e.g.,
Thepaut et al. 1996; Whitaker et al. 2009). We apply the Maximum Likelihood
Ensemble Filter (MLEF—Županski 2005; Županski et al. 2008) as a coupled data
assimilation system. In all experiments we use 32 ensembles. Since this system is
employing the ensemble coupled error covariance, there is no need to model the
cross-components as they are created automatically by the ensemble forecasting.

As a first example we consider a land-atmosphere coupling by using the NASA
Unified Weather Research and Forecasting (WRF) model (Peters-Lidard et al. 2015)
that has an implicit coupling between Noah land surface model and the WRF
atmospheric component. The horizontal model resolution of the parent domain is
27 km with the nest at 9 km. There are 31 vertical layers in the atmosphere, and 4
vertical layers in the soil. The control variable includes atmospheric variables (per-
turbation surface pressure, perturbation potential temperature, perturbation geopo-
tential, horizontal winds, specific humidity) with clouds (cloud ice, cloud snow, cloud
rain, cloud water, graupel) as well as land surface variables (soil moisture, soil
temperature). We assimilate a pseudo-observation of cloud rain at 700 hPa and
evaluate its impact in the analysis, in particular on land surface variables.

The analysis increments xa − x f
� �

for cloud rain and soil moisture are shown in
Fig. 2. One can note that auto-correlation of cloud rain is adequately represented by
the ensemble, indicating the maximum near the observed location and the response
in the lower troposphere spreading down to surface (Fig. 2a). From the coupled
data assimilation point of view, the analysis increments of soil variables are more
interesting (e.g., Fig. 2b). First, one can see that the soil moisture analysis incre-
ments are non-zero, implying the existence of the cross-component correlation
between cloud rain and soil moisture. The impact of cloud rain pseudo-observation
has spread into all soil layers, with stronger impact at the near-surface layers.
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A possible physical interpretation of these results is that an increase of cloud rain at
700 hPa induces an increase of moisture at the surface, which eventually spreads
into the soil causing an increase of soil moisture. A careful investigation of the
location of these impacts shows that the analysis increments of soil moisture lags
the analysis increment of the atmospheric variable by about 60 km, with a shift
towards the east. This suggests that the forecast error does not represent an
instantaneous response, which would be characterized by a response at the same
location. Rather, it reflects the interactions between atmosphere and soil as repre-
sented by the coupled modeling system, in this case characterized by a delay of land
surface response. This potentially relates to the issue of spatiotemporal scale
interaction in the coupled system (Sect. 3.5), but certainly requires further
evaluation.

As a second example we consider a coupled atmosphere-chemistry model
WRF-Chem (Grell et al. 2005). The control variables include the standard atmo-
spheric variables and five species of chemical constituents (o3, so2, so3, no2, no3).
The single observation experiments that examine the structure of the coupled
atmosphere-chemistry error covariance have been published in Park et al. (2015).
Here we present several additional cross-component correlations that confirm the
inherent complexity of the coupled forecast error covariance. As in Park et al.
(2015), we assimilate the Ozone Monitoring Instrument (OMI) total column ozone
at a single point. In Fig. 3 we present the additional cross-component correlation
that such atmosphere-chemistry coupled system describes, in terms of specific
humidity (Fig. 3a) and east-west wind component (Fig. 3b). One can notice that
both atmospheric components have well-defined analysis increments in both ver-
tical and horizontal directions. Specific humidity has somewhat smaller magnitudes
than the wind. It is also interesting to note that analysis responses for atmospheric

Fig. 2 Vertical cross-section of analysis increments xa − x f for a cloud rain (kg/kg), and b soil
moisture (kg/kg), as a response to a single pseudo-observation of cloud rain at 700 hPa. Note that
the vertical index increases downwards for soil moisture, thus defines the depth. The vertical
location of single observation is near level 11
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variables are located in middle and lower troposphere, while the maximum ozone
response is at 250 hPa (e.g., Park et al. 2015). These analysis increments confirm
that the cross-component covariance holds important information that could
potentially benefit coupled atmosphere-chemistry data assimilation.

Lastly, we consider the experiment with coupled atmosphere-aerosol-chemistry
model, which is the WRF-Chem model with the Goddard Chemistry Aerosol
Radiation and Transport (GOCART) aerosol model (Chin et al. 2000) that includes
the prediction of sulfates, black carbon, organic carbon, sea salt and dust. In par-
ticular, we investigate the correlations between ozone and dust. These correlations
are largely unknown, but this example suggests that they do contain information
that could be made useful in coupled data assimilation. The augmented control
variable includes atmospheric variables, chemistry variables, and the aerosol vari-
ables (dust) at 0.5, 1.4, 2.4, 4.5 and 8.0 μm. As in the previous example we
assimilate a single point OMI total column ozone observation. The analysis
increments for selected dust variables are shown in Fig. 4. The cross-component
correlation between ozone and dust indicates that the maximum analysis response
of dust to ozone observation is at 300-400 hPa. One can again notice well-defined
analysis increments, which suggests that the cross-component correlations are not a
noise; rather, they appear to be a signal with important information about the
coupled system uncertainties. A closer inspection of Fig. 4a, b shows that, although
the responses are similar, larger dust particles have the maximum response at lower
levels than small particles. Also, the magnitude of the increments is larger for
smaller dust particles.

In overview, the above results indicate that the structure of coupled ensemble
forecast error covariance is complex and contains important cross-component
correlations, with potential benefit for coupled data assimilation.

Fig. 3 Vertical cross-section of analysis increments xa − x f for a specific humidity (kg/kg), and
b east-west wind component (m/s), as a response to a single observation of total column ozone.
The single observation location is near level 24
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6 Summary and Future

Coupled data assimilation is an important component of the coupled system
modeling. It holds a great potential for improving the forecast of various Earth
science components, as well as for better understanding of the coupled systems’
state and uncertainty.

The coupled data assimilation formally represents a system very similar to single
component data assimilation, however with increased difficulty. Main challenges
that make coupled data assimilation difficult are associated with the structure of the
forecast error covariance, the augmented control variable, the increased state
dimensions, potentially non-Gaussian errors, and the interactions between the
coupled components characterized by different spatiotemporal scales.

A simple two-component coupled system analysis indicates the relevance of the
cross-component correlations. In particular, the cross-component correlations have
a potential to increase the utility of observations in data assimilation by spreading
the information throughout the components. The conducted single observation
assimilation experiments confirm that the structure of cross-component correlations
is complex and clearly related to the dynamical links between the coupled com-
ponents and their control variables.

Numerous challenges of coupled data assimilation are still remaining, in par-
ticular related to the use of hybrid variational-ensemble systems, as the
cross-component correlations of hybrid error covariance, coming from both the
variational and ensemble methodologies, need to be reconciled. However, given the
relevance and the increased interest in performing the forecasts with coupled
modeling systems, the role of coupled data assimilation and its benefits will likely
steadily increase.

Fig. 4 Vertical cross-section of analysis increments xa − x f in response to a single OMI total
column ozone observation for a dust-1 (0.5 μm), and b dust-5 (8.0 μm)
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Representer-Based Variational Data
Assimilation Systems: A Review

Boon S. Chua and Liang Xu

Abstract This chapter reviews developments in representer-based variational data
assimilation systems over the past 15 years. Data assimilation systems with
representer-based algorithms are routinely used in operational and research centers
for producing four-dimensional atmospheric and oceanic analyses and prediction.
The systems reviewed in this chapter are the Inverse Ocean Modeling (IOM) sys-
tem, the Naval Research Laboratory Atmospheric Variational Data Assimilation
System-Accelerated Representer (NAVDAS-AR) system, the Navy Coastal Ocean
Model 4D-Var (NCOM 4D-Var) system, and the Regional Ocean Modeling System
4D-Var (ROMS 4D-Var) system. These systems are mature operational or
semi-operational weak-constraint, four-dimensional variational data assimilation
systems. The emphasis here is on providing brief reviews with the key references
related to the implementation and applications of these systems. Readers interested
in early developments of representer-based systems (before 2002) are encouraged to
look at Chua and Bennett (2001) and Bennett (2002).

1 Introduction

This chapter reviews recent developments associated with the application of the
representer-based method (Bennett 1992) to weak-constraint, four-dimensional
variational data assimilation (W4D-Var) systems, an approach which is the foun-
dation of the so-called dual form of variational data assimilation (Courtier 1997).
The four-dimensional variational data assimilation (4D-Var) is an estimation
method that minimizes a quadratic cost function in the weighted least-squares sense
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between a model state x(t0), at initial time t0, and a background field xb (a prior
estimate), and observations y. The cost function J is written

J x t0ð Þ½ �= x t0ð Þ− xbð ÞTB− 1 x t0ð Þ− xbð Þ+ y−H xð Þ½ �TR− 1 y−H xð Þ½ �, ð1Þ

where H is the observation operator (also known as the forward operator), and
B and R are the initial background and observation error covariance matrices,
respectively. If the initial condition and observation errors are normally distributed
with covariances B and R, the observation errors are unbiased, and the background
field xb is equal to the statistical mean of x(t0), then the minimizer of J is the
maximum likelihood estimate of x(t0). Typically 4D-Var, strictly speaking strong
constraint 4D-Var (also known as S4D-Var), also assumes that the dynamical
model used is error free. Consequently, it requires that the four-dimensional anal-
ysis satisfies the model exactly. It is clear, however, that atmospheric and oceanic
models are far from perfect (i.e. error free) because they contain other sources of
error which must be considered. Specifically, there are errors in models such as
boundary conditions and forcings. Weak-constraint (see Sasaki 1970) four
dimensional variational data assimilation is a generalization of 4D-Var which
permits one to estimate these additional errors, denoted f. The above cost function
(1) is naturally generalized to

J x t0ð Þ, f½ �= f − fbð ÞTF− 1 f − fbð Þ+ x t0ð Þ− xbð ÞTB− 1 x t0ð Þ− xbð Þ+ y−H xð Þ½ �TR− 1 y−H xð Þ½ �
ð2Þ

where fb is the values of the model forcing fields that are available, and F is the
model forcing error covariance matrix.

The dual formulation of variational data assimilation has been widely utilized in
many data assimilation modeling studies in the atmosphere and ocean. The systems
reviewed in this chapter are (1) the Inverse Ocean Modeling (IOM) system (Bennett
et al. 2008), a Graphical User Interface (GUI)-driven system, (2) NAVDAS-AR
system (Xu et al. 2005, Rosmond and Xu 2006, Xu et al. 2007, and Chua et al.
2009), an operational W4D-Var atmospheric data assimilation system for the
United States Navy Global Environmental Model (NAVGEM) (Hogan et al. 2014),
(3) NCOM 4D-Var system (Ngodock and Carrier 2013, 2014a), a W4D-Var ocean
data assimilation system developed for the Navy Coastal Ocean Model (NCOM)
(Martin 2000; Barron et al. 2006), and (4) the ROMS 4D-Var system (Moore et al.
2011a), a unique community ocean data assimilation system, developed for the
Regional Ocean Modeling System (ROMS) (http://www.myroms.org/).

The outline of this paper is as follows. Section 2 describes the implementation
and applications of the aforementioned representer-based variational data assimi-
lation systems. The chapter ends with a summary in Sect. 3.
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2 Systems

In this section we emphasize the implementation and applications of four
representer-based variational data assimilation systems—the IOM in Sect. 2.1,
NAVDAS-AR in Sect. 2.2, NCOM 4D-Var in Sect. 2.3, and finally ROMS 4D-Var
in Sect. 2.4. Scientific results obtained from these systems are not discussed here.
They may be found in the references cited.

2.1 IOM

The IOM system is a GUI-driven system that was developed for configuring,
constructing, and running weak-constraint, four-dimensional variational data
assimilation for any dynamical model and observing system (see Bennett et al.
2008).

2.1.1 Implementation

The system was designed to configure, construct, and run weak-constraint,
four-dimensional variational data assimilation for any dynamical model and any
observing system. The user needs only to provide the model and the observing
system methods, together with an interpolation scheme that relates the model
numerics to the observer’s coordinates. The model dynamics and the observing
system methods may be nonlinear. All other model-dependent elements of the
Inverse Ocean Modeling assimilation algorithm (see Bennett et al. 2008), including
model adjoint generation and prior and posterior errors estimation, have been
derived and coded as templates in Parametric FORTRAN (Erwig et al. 2007). This
programming language has been developed specifically for the IOM system.
The IOM system generates conventional FORTRAN code for each of the algorithm
elements, such as the adjoints of the user’s dynamical model and observation
operators, using the model information entered by the user via a GUI, and the
developer provided Parametric FORTRAN templates. The IOM is also used to
configure and run various W4D-Var assimilations. The progress and results from
each assimilation test is monitored through the IOM GUI.

2.1.2 Applications

The system is a modular system for constructing and running weak constraint
four-dimensional variational data assimilation for any linear or nonlinear dynamical
model and observing array.
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The IOM has been applied to four different ocean models with widely varying
model characteristics (Muccino et al. 2008). The models are (1) the Primitive
Equations Z-coordinate-Harmonic Analysis of Tides (PEZ-HAT) (Zaron and
Egbert 2006), (2) the Regional Ocean Modeling System (ROMS) (Di Lorenzo et al.
2007), (3) the Advanced Circulation model in 2D (ADCIRC-2D) (Muccino and
Luo 2005), and (4) the Spectral Element Ocean Model in 2D (SEOM-2D) (Levin
et al. 2006). These models have been used in conjunction with the IOM system, to
investigate a wide variety of scientific problems including tidal, wind-driven, and
mesoscale ocean circulations. In general, the assimilation of ocean observations
with the IOM system provides a better estimate of the ocean state than the model
prediction alone (see Muccino et al. 2008).

The IOM template language, Parametric FORTRAN, has wider applications in
scientific computing (see Erwig et al. 2007). It has been successfully applied to
derive NCOM tangent linear and adjoint models (Ngodock and Carrier 2013).

2.2 NAVDAS-AR

NAVDAS-AR is an operational W4D-Var atmospheric data assimilation system
that produces dynamically consistent operational global atmospheric analysis for
NAVGEM (Hogan et al. 2014).

2.2.1 Implementation

The system described here is a weak-constraint four-dimensional variational data
assimilation system to provide the atmospheric analysis for Navy’s global numer-
ical weather prediction model (see Xu et al. 2005, 2007; Rosmond and Xu 2006;
Chua et al. 2009, 2013). The implementation of NAVDAS-AR follows the accel-
erated representer method of Xu and Daley (2002). NAVDAS-AR estimates
atmospheric analysis simultaneously with bias predictor coefficients in the varia-
tional radiance bias correction method (Dee 2004). NAVDAS-AR solves a
sequence of linearized weighted least-squares minimization problems. Instead of
directly minimizing the four-dimensional cost function numerically, the system
solves a large set of linear equations using the flexible conjugate gradient solver
(Notay 2000) which shown to have a better convergence property over the standard
conjugate gradient solver (see Chua et al. 2009).

One of the unique properties of NAVDAS-AR is that the adjoint of the data
assimilation system can be easily constructed by simply changing the order of
subroutine calls in the original data assimilation code (also known as the code for
the forward data assimilation problem) due to the self-adjointness of the solver used
in the representer-based algorithm (Xu et al. 2006). The adjoint of NAVDAS-AR
system, a key component of the adjoint-based observation impact method as
described by Baker and Daley (2000) and Langland and Baker (2004), has been
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developed by Xu et al. (2006). The adjoint of NAVDAS-AR has been used for
calculating and monitoring the impact of observations on the short-range forecast
error of the Navy’s global NWP in real-time.

In an effort to further improve the quality of overall analysis of NAVDAS-AR
by introducing some flow-dependent information into the initial background error
covariance, NAVDAS-AR-hybrid (a variant of NAVDAS-AR system) has been
developed. It linearly combines the static NAVDAS-AR initial background error
covariance with a flow-dependent covariance derived from an 80-member ensemble
to improve the quality of the initial background error covariance. The ensemble
members are generated using the ensemble transform technique (Bishop and Zoth
1999) with a three-dimensional variational data assimilation (3D-Var)-based esti-
mate of analysis error variance (see Kuhl et al. 2013).

2.2.2 Applications

NAVDAS-AR is an operational weak-constraint four-dimensional variational
atmospheric data assimilation system for the US Navy. NAVDAS-AR has been as
the atmospheric data assimilation system for NAVGEM (Hogan et al. 2014). It was
also used as the operational data assimilation system for the US Navy Operational
Global Atmospheric Prediction System (NOGAPS; Hogan and Rosmond 1991).
The conventional observations assimilated include the ones from land surface
stations, radiosondes, dropsondes and pilot balloons, aircraft, and buoys. Besides
assimilating the available conventional observations, it also assimilates many
satellite observations. They include, for example, Advanced Microwave Sounder
Unit-A (AMSU-A), Microwave Humidity Sounder (MHS), the Defense Meteoro-
logical Satellite Program (DMSP) Special Sensor Microwave Imager/Sounder
(SSMIS), Infrared Atmospheric Sounder Interferometer (IASI), Atmospheric
Infra-Red Sounder (AIRS), radio occultation from receivers using the Global
Navigation Satellite System (GNSS) satellite systems, atmospheric motion vectors
(AMVs) derived from both polar-orbiting and geostationary satellites, ocean surface
winds from scatterometers and microwave imagers, and integrated water vapor
from microwave imagers. NAVDAS-AR routinely assimilates over 3 million
observations within each 6-hour data assimilation window.

The adjoint of NAVDAS-AR system has been applied by Daescu and Langland
(2013a, b) to evaluate the forecast sensitivity with respect to the specification of the
observation error covariance R and initial background error covariance B with
NOGAPS. The adjoint-based method approach has also been used to provide
guidance on the weighting of the radiance data in the data assimilation system based
on observation-error variance estimates derived from an a posteriori diagnosis on
the forecast impact. The information extracted from both error covariance R and
B diagnosis is necessary for designing a parameter-tuning procedure that is effective
in reducing the short-range forecast errors (see Daescu and Langland 2013a).

NAVDAS-AR-hybrid system has been applied to NOGAPS using operational
model resolution and the operational observational dataset to evaluate its
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performance relative to the NAVDAS-AR system (see Kuhl et al. 2013). In general,
NAVDAS-AR-hybrid system significantly reduces the forecast error across a wide
range of variables and regions.

NAVDAS-AR system with a high-altitude version of NAVGEM has been
applied to upper stratosphere and mesosphere radiances data assimilation (see
Hoppel et al. 2013, Ruston et al. 2015). The system has been used to investigate the
ability of the SSMIS UAS to characterize the mesosphere (see Ruston et al. 2015).
NAVGEM analysis with SSMIS UAS observations assimilated agrees with the
atmospheric profiles retrieved from the Microwave Limb Sounder (MLS) and the
Sounding of the Broadband Emission Radiometry (SABER).

2.3 NCOM 4D-Var

NCOM 4D-Var system is a W4D-Var ocean data assimilation system developed for
NCOM (Martin 2000, Barron et al. 2006), a United States Navy operational coastal
ocean model.

2.3.1 Implementation

NCOM is a baroclinic, hydrostatic, free surface, primitive equation discretized on
an orthogonal curvilinear coordinates in the horizontal and a hybrid generalized
vertical coordinates in the vertical (Martin 2000, Barron et al. 2006). Parametric
FORTRAN (Erwig et al. 2007) was successfully used to generate tangent linear and
adjoint models of NCOM (Ngodock and Carrier 2013). NCOM 4D-Var is a
weak-constraint four-dimensional variational ocean data assimilation system based
on the indirect representer method as described by Bennett (2002) and Chua and
Bennett (2001). The implementation of NCOM 4D-Var is detailed by Ngodock and
Carrier (2013, 2014a).

2.3.2 Applications

NCOM 4D-Var system described by Ngodock and Carrier (2013, 2014a) has been
applied in various coastal ocean regions, including the Monterey Bay (Ngodock and
Carrier 2014a, b) and the Gulf of Mexico (Carrier et al. 2014; Muscarella et al.
2015).

NCOM 4D-Var has been used to assimilate observations collected during the
second Autonomous Ocean Sampling Network (AOSN II) field experiment in
Monterey Bay into NCOM (see Ngodock and Carrier 2014b). The observations
collected during AOSN II include sea surface temperature (SST) and sea surface
height (SSH) from satellites, as well as subsurface observations from gliders
deployed during the field experiment. Data assimilation experiments are carried out
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with both strong and weak constraints, and results are compared against indepen-
dent observations. In general, NCOM 4D-Var improves the model simulation; and
that its weak constraint version produces lower analysis errors than the ones pro-
duced its strong constraint version.

NCOM 4D-Var configured for the Gulf of Mexico has been used to investigate
the impact of assimilating surface velocity observations, derived from the 300
drifters released in the Gulf of Mexico by The Consortium for Advanced Research
on Transport of Hydrocarbon in the Environment (CARTHE) during the summer
2012 Grand Lagrangian Deployment (GLAD) experiment, on NCOM performances.
The assimilated velocity observations inferred from the drifters markedly improves
NCOM model temperature, salinity, SSH, and velocity Eulerian forecast skill (see
Carrier et al. 2014). The lagrangian forecast skill is also assessed (see Muscarella
et al. 2015) using separation distance and angular differences between simulated and
observed trajectory positions. The assimilated drifter velocities substantially
improves the model forecast shape and position of a Loop Current ring.

2.4 ROMS 4D-Var

ROMS 4D-Var system is a unique community ocean data assimilation system
(http://www.myroms.org/) that supports three variants of 4D-Var: a primal for-
mulation of incremental strong constraint 4D-Var (I4D-Var), a dual formulation
based on a physical-space statistical analysis system (4D-PSAS), and a representer-
based 4D-Var (R4D-Var) (see Moore et al. 2011a). Here, the emphasis will be on
the implementation and applications of its R4D-Var sub-system.

2.4.1 Implementation

The system describes here is the representer-based 4D-Var (R4D-Var) system of
ROMS. ROMS is a baroclinic, free surface, hydrostatic primitive equations dis-
cretized on a terrain following coordinate grid in vertical and an orthogonal
curvilinear coordinates in the horizontal (Shchepetkin and McWilliams 2005).

The implementation of ROMS R4D-Var follows the indirect representer method
of Chua and Bennett (2001). In ROMS R4D-Var, a Lanczos formulation of the
restricted B-preconditioned conjugate gradient (RBCG) method called RBLanczos
(see Gürol et al. 2014) is used to solve the large linear system. The solver
RBLanczos has demonstrated to have a superior convergence property over stan-
dard conjugate gradient solver (see Gürol et al. 2014).

ROMS 4D-Var system implements a suit of diagnostic tools (Moore et al.
2011a) included the adjoint of the R4D-Var system, a feature that is unique in the
oceanographic modeling community. The adjoint of the system provides the ability
to quantify the impact of individual observation and observation type on the
analysis and forecast cycle.
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2.4.2 Applications

The community ROMS R4D-Var system described by Moore et al. (2011a) has
been widely applied in coastal and shelf-sea regions, including the California
Current System (Moore et al. 2011b, c, 2013) and the New York Bight (Zhang et al.
2010).

The ROMS R4D-Var system has been applied to ROMS configured for the
California Current System (CCS) to compare its performance relative to two other
ROMS 4D-Var algorithms: I4D-Var and 4D-PSAS (see Moore et al. 2011b). The
observations available are mostly from satellite platforms in the form of SST and
SSH, and subsurface in situ observations from Argo floats, conductivity tempera-
ture depth devices (CTD), and expendable bathythermographs (XBT). The three
assimilation approaches converge to the same ocean circulation estimate when
using the same prior information. The adjoint of the entire 4D-Var system has been
explored the sensitivity of the coastal transport to changes in the observations and
the observation array (see Moore et al. 2011c). The ROMS R4D-Var system has
also been used to compute a sequence of historical analyses for the California
Current System for the period spans 1980–2011 (Moore et al. 2013).

The ROMS R4D-Var system has been used for observing strategy evaluation in
an effort to build an integrated observation and modeling system for the New York
Bight (Zhang et al. 2010). Specifically, the representer-based system identifies a set
of proposed tracks for an autonomous coastal glider that is better for predicting
horizontal salt flux within the Hudson Shelf Valley in a forecast period of two days.

3 Summary

Our aim in this chapter is to provide a brief review of the recent developments in
representer-based operational or semi-operational variational data assimilation
systems. The systems reviewed here are being used to perform analyses and pre-
diction in the atmosphere and ocean. One such system, NAVDAS-AR, is currently
in operational use (Hogan et al. 2014) for numerical weather prediction (NWP).
Other systems, NCOM 4D-Var and ROMS 4D-Var have features that are compa-
rable to operational NWP system, and are routinely used to compute regional ocean
analyses and prediction in near real-time.
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Adjoint-Free 4D Variational Data
Assimilation into Regional Models

M. Yaremchuk, P. Martin, G. Panteleev, C. Beattie and A. Koch

Abstract The ongoing trend towards parallelization in computer technologies pro-

pels ensemble methods toward the forefront of data assimilation studies in geo-

physics. Of particular interest are ensemble techniques which do not require the

development of tangent linear numerical models and their adjoints for optimiza-

tion. These “adjoint-free” methods detect effective search directions for optimization

through direct perturbation of the numerical model across carefully chosen sets of

states. Optimization proceeds by minimizing the cost function within the sequence of

subspaces spanned by these perturbations. In this chapter, an adjoint-free variational

technique (a4dVar) is described and demonstrated in an application estimating ini-

tial conditions of two numerical models: the Navy Coastal Ocean Model (NCOM),

and the surface wave model (WAM). It is shown that a4dVar is capable of provid-

ing forecast skill similar to that of conventional 4dVar at comparable computational

expense while being less susceptible to excitation of ageostrophic modes that are not

supported by observations. Prospects of further development of the a4dVar methods

are discussed.
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1 Introduction

As the speed of a single processor reached its physical limit of around 3GHz, the

general trend in computer development in the last decade has moved from chips

containing several cores to ones with tens or even tens of thousands of cores. In

addition, multi-core chips mixed with simultaneous multithreading, memory-on-

chip, and special-purpose heterogeneous cores promise further performance and

efficiency gains in processing problems which can be efficiently split into parallel

subtasks. In that respect, the maximum improvement that can be achieved in run-

ning atmospheric and oceanic models is limited by the number of grid points, n𝓁 ,

that can be attributed to a single core without incurring significant performance loss

from inter-core communication.

These new capabilities and the increase in computational power they have pro-

duced have stimulated the development of ensemble methods for data assimilation.

In contrast to adjoint-based 4d variational (4dVar) methods which run the numerical

model and its adjoint in sequence in order to compute the cost function gradient,

ensemble methods directly aggregate ensemble perturbations to acquire information

on the cost function gradient and Hessian structure. In that respect, the ensemble-

based 4dVar techniques offer significant parallel performance advantages, replacing

the sequence of forward/adjoint model runs with up to M2∕n𝓁 parallel subtasks that

involve only the forward model.

A related advantage that ensemble approaches offer is that they are nonintrusive,

offering the opportunity to treat the numerical model as a black box and thus avoid

the burdensome development and maintenance of tangent linear and adjoint codes

required by 4dVar methods. Employing this property, Anderson and co-workers

(Anderson et al. 2009; Hoteit et al. 2013) developed the Data Assimilation Research

Testbed (DART) system on the basis of the widely used Ensemble Kalman filter

(EnKF).

There has been recent, significant progress in extending EnKF techniques into

the particle filtering framework (Hoteit et al. 2012) and in coupling EnKF tech-

niques with both 3d- and 4d-variational methods (e.g., Županski 2005; Liu et al.

2008; Zhang et al. 2009). Of particular interest for the adjoint-free approach that we

present here has been the development of the Maximum Likelihood Ensemble Filter

(Županski 2005) based on the explicit computation of the square root of the Hessian

matrix restricted to a subspace spanned by ensemble members.

The merging of ensemble approaches with variational techniques has devel-

oped along two lines: (a) improvement of the background error covariances (BECs)

through the introduction of ensemble-based estimates and their hybrid generaliza-

tions (Clayton et al. 2013; Kuhl et al. 2013), and (b) searching for the optimal

solution within the subspaces spanned by the leading error modes of the BECs.

This second line of approach has been pursued by many authors in the last decade

(Liu et al. 2008; Zhang et al. 2009; Zhang and Zhang 2012; Trevisan et al. 2010)

and implicitly assumes that the BEC structure is well described by these (possibly

localized) BEC modes. More recently, the performance of a family of adjoint-free
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methods (4dEnVar) based on a formulation by Liu et al. (2008) has been com-

pared with the standard 4dVar techniques in the framework of idealized experi-

ments with the Lorenz-05 model (Fairbairn et al. 2014). These results show sig-

nificantly better performance of 4dEnVar for moderate-length assimilation windows

with low-density observations. Desroziers et al. (2014) demonstrated a close rela-

tionship between the 4dEnVar and 4dVar state space formulations and compared

various implementations of 4dEnVar with 4dVar in an idealized setting.

The developments described above mostly deal with meteorological applications,

where ensembles are supported by significantly higher data densities than are avail-

able in oceanographic applications. High data density allows one to obtain reason-

ably good estimates of BECs from the ensemble using truncated representation of the

localization matrices and to efficiently compute the cost function gradient directly

from ensemble perturbations (Liu et al. 2009; Tian and Xie 2012). A significant

advantage of such an approach is the absence of the necessity to develop and main-

tain tangent linear and adjoint codes and the flexibility that results in adapting to

various dynamical constraints.

In the ocean, ensemble-based BEC estimates tend to be less accurate, and one

has to rely on ad hoc BEC representations (Mirouze and Weaver 2010; Yaremchuk

and Sentchev 2012). Without reliable correlation information, the development of

an efficient adjoint-free assimilation method also becomes more problematic as one

must select a small number of reliable perturbations with more care. Early attempts to

develop practical a4dVar algorithms in oceanography were limited to predetermined

low-dimensional subspaces spanned either by the reduced-order approximations of

the model Green’s functions (Stammer and Wunsch 1996; Menemenlis and Wunsch

1997), or by the dominant principal component vectors (EOFs) associated with the

model statistics (Qui et al. 2007; Hoteit 2008). In fact, the 4dEnVar technique pur-

sues a similar, but more general approach, parameterizing the search subspace by

Schur products of the ensemble members with the eigenvectors of the reduced-order

representation of the localization matrix.

In this chapter, we give an overview of recent developments in adjoint-free meth-

ods of data assimilation using both ensemble-generated and ad hoc BEC models,

and illustrate the basic principles of the latter approach using an idealized optimiza-

tion problem constrained by linear dynamics. We describe a particular approach to

adjoint-free 4dVar, referred to here as a4dVar (cf., Yaremchuk et al. 2009), which we

then apply in Sect. 3 to the assimilation of hydrographic surveys and velocity obser-

vations collected in the Adriatic Sea in 2006. Assimilation is constrained by the

state-of-the-art Navy Coastal Ocean Model (NCOM) and a4dVar results are com-

pared with those obtained by means of the traditional 4dVar technique. In Sect. 4

the a4dVar method is tested with simulated data constrained by a spectral surface

wave model and the forecast skill of the optimized solution is compared with one

delivered by an operational method based on sequential assimilation of significant

wave height. Section 5 completes the chapter with a summary and discussion of the

prospects for adjoint-free methods in general, and a4dVar in particular.
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2 Variational Data Assimilation

2.1 Adjoint Methods

Consider the 4dVar method as solving as the following linear discrete least-squares

problem constrained by model dynamics in a small vicinity of the model’s back-

ground trajectory xnb:

J = 1
2

[

x0𝖳B−1x0 +
N∑

n=0
(Hnx

n − dn)𝖳R−1
n (Hnx

n − dn)

]

→ min
x0

. (1)

Here n enumerates observation times, B is the error covariance matrix of x0b which

describes the (Gaussian) error statistics of the model state at n = 0,Hn are the model-

data projection operators, dn are the misfits yon −Hnxnb between observations yon and

the corresponding background model values, Rn are the observation error covari-

ances, and
𝖳

denotes transposition. We will denote the dimension of the discretized

model state vector x by M and the total number of observations by Md.

The optimal correction vector xn is governed by the recursive relationship xn =
Mnxn−1, where Mn is the dynamical operator of the model linearized in the vicinity

of the background trajectory, xnb, across the time interval (tn−1, tn), so that

xn = MnMn−1 …M2M1x
0
. (2)

To avoid the ensuing clutter of symbols, we introduce new notation: c ≡ x0 for

the control vector, Mn
≡ Mn …M2M1 for the aggregated n-step propagator, Hn ≡

R−1∕2
n Hn, d

n
≡ R−1∕2

n dn. We then drop the over-bars and so, taking (2) into account,

the minimization problem (1) can be rewritten in terms of the optimal correction, c,

to the initial state:

J = 1
2

[

c𝖳B−1c +
N∑

n=0
(HnM

nc − dn)𝖳(HnM
nc − dn)

]

→ min
c

. (3)

A 4dVar data assimilation method finds the minimum of J by solving the normal

equations, expressed as:

∇c J = B−1c +
∑

n
Mn𝖳H𝖳

n (HnM
nc − dn) = 0, (4)
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To further simplify discussion, introduce the following notation for the Hessian

matrix, ̃H, and the right-hand side, b,

̃H = B−1 +
∑

n
Mn𝖳H𝖳

nHnM
n; b =

∑

n
Mn𝖳H𝖳

nd
n
, (5)

allowing us to rewrite the normal equations as ̃Hc = b.

There are two major approaches to 4dVar data assimilation. The first one, the state
space approach, iteratively solves (4) through a conjugate gradient descent or related

algorithm, which on every iteration computes the gradient and then estimates an

effective descent direction using information on the Hessian accumulated in previous

iterations. This method is widely used in a number of community OGCMs (NEMO,

ROMS), and in operational meteorology (ECMWF).

As may be seen from (4), this process must involve the application of both the

model evolution operator, Mn
, and its transpose, Mn𝖳

(the “adjoint model”). The

numerical procedure of calculating the gradient involves two major steps:

(1) Sequential calculation of xni = Mnci (forward run of the tangent linear model),

supplemented additionally by the calculation of the quantities qni = Dnxni −
H𝖳

nd
n
.

(2) Accumulation of the products Mn𝖳qni conveniently performed in the reverse-

time order because Mn𝖳 = (Mn …M1)𝖳 = M𝖳
1…M𝖳

n (backward-in-time inte-

gration of the adjoint model).

The sequential nature of this algorithm generally will limit parallel scalability.

A second approach to 4dVar data assimilation is the observation space approach—

so called because the solution process is mapped into the space of observations

instead of remaining solely in the state space. The framework for this may be devel-

oped by using the Sherman-Morrison-Woodbury formula to transform the Hessian

inverse from having action defined directly in the state space to equivalent action

defined in the (generally lower dimensional) observation space. This transformation

tactic is closely related to “optimal interpolation” as it seeks the optimal solution in

the form of a linear function of model-data misfits, leading also to a family of meth-

ods called “representer methods” (Bennett 2002; Rosmond and Xu 2006). In most

geophysical applications there will be significant benefit in searching for a solution in

the Md-dimensional observation space as opposed to the much larger M-dimensional

state space. The observation space method also has a certain advantage over the state

space approach with respect to parallel computing efficiency, since the computation

of Md representers can be performed independently and in parallel.

The robustness of final estimators may be improved if one separates the aggre-

gate background error covariance term into a component, B0, associated with the

uncertainty of the initial state, and components, Bn, associated with the uncer-

tainties of the model equation and forcing. In effect, one replaces c𝖳B−1c in the

cost function (3) with c𝖳B−1
0 c +

∑
n≥1 e

n𝖳B−1
n en which now involves model errors,

en = xn −Mn−1xn−1. The normal equations in this case are more complicated than
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(4), but some numerical advantages accrue in approaching the resulting computa-

tional task using the representer method (Bennett 2002; Rosmond and Xu 2006).

Minimization of the (non-linear) cost function in the observation space involves mul-

tiple convolutions with the (generally nonsparse) matrices Bn, making the method

sometimes more computationally expensive than the state space approach. This

method has been implemented in ROMS (Moore et al. 2011) as an optional feature,

and in the Naval Research Laboratory for both atmospheric (Xu and Rosmond 2004;

Xu et al. 2005) and oceanic (Ngodock and Carrier 2014) data assimilation systems.

2.2 Adjoint-Free Methods

As the name suggests, adjoint-free methods perform minimization of the cost func-

tion without using linearized models and their adjoints. This is achieved by the

direct assessment of cost function sensitivity through an ensemble of parallel model

runs using perturbed control parameters. Assuming that control parameter perturba-

tions capture the dominant modes of the background error statistics, the ensemble

of model trajectories that is produced can be used to estimate the dynamically con-

sistent evolution of the background error covariance, which is implicitly performed

by the 4dVar algorithm during optimization.

Currently, the most developed adjoint-free technique is theB-preconditioned state

space approach proposed by Liu et al. (2008, 2009), referred to as 4dEnVar in lit-

erature. The major idea is to seek the 4dVar solution in the subspace spanned by

the model perturbations. This makes the method equivalent to the observation space

4dVar with the only difference that the search is executed in ℝkm
, where m is the

ensemble size and k is the number of eigenmodes in the covariance localization

matrix used to diversify search directions (Hamill et al. 2001; Liu et al. 2009). Cur-

rently, the method has been successfully tested with real data (Liu et al. 2013) and

in Meteo France/UK Met Office (Fairbairn et al. 2014; Desroziers et al. 2014) in a

more theoretical context.

Although 4dEnVar has shown promise, the method has some deficiencies which

may hinder its use, especially in oceanographic practice, where observations are not

as plentiful as in atmospheric practice and, as a consequence, ensembles may be

insufficiently accurate in approximating the background error statistics. One may

also note that the 4dEnVar minimization process is still based on the sequential com-

putation of gradients used in the course of building the optimal solution; this could

lead to a performance bottleneck in massively parallel computing environments.

We discuss another method of adjoint-free minimization based on projecting

̃H onto the subspace spanned by ensemble perturbations. The approach was first

utilized in the Maximum Likelihood Ensemble Filter (Županski 2005) and later

extended to an adjoint-free 4dVar variational algorithm that we will refer to as a4dVar

(Yaremchuk et al. 2009; Panteleev et al. 2015). The technique involves direct mini-

mization of the cost function in a sequence of ̃H-orthogonal subspaces and requires

an efficient algorithm for computing the action of B−1∕2
on a vector which nicely fits
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the approach in heuristic BEC modeling using polynomials of the diffusion operator

(Yaremchuk et al. 2013; Yaremchuk and Sentchev 2012). Although the a4dVar for-

mulation guarantees its convergence in M∕m iterations, practical feasibility requires

obtaining a reasonable degree of accuracy in solving the normal equation within sev-

eral dozen iterations. This is achieved by restricting the basis vectors of the search

subspaces to be smooth, implicitly assuming that the leading eigenvectors of ̃H−1

have this property and that the rhs b of the normal equation will have a sizable pro-

jection onto this “smooth manifold”.

To illustrate these ideas, consider a simple problem of retrieving the initial field

of tracer concentration c(x, 0) from observations at some distant time T . The tracer

evolution is governed by

𝜕tc + u∇c − 𝜇𝛥c = f (x, t) (6)

in a closed rectangular 49×91 domain 𝛺 (Fig. 1) with the boundary condition

𝜂(𝜕𝛺, t) = 0. Equation (6) is discretized on a regular grid using simple first-order

explicit time-stepping, upwind advection, and a standard 5-point stencil for the

Laplacian with unit steps in temporal and spatial directions. The velocity u = (u, v) at

any space-time location is defined by u = −0.2 + 0.01𝜈; v = −0.1 + 0.01𝜂, where

𝜂 is the white noise on unit interval. The forcing f is generated by setting f (x, t) =
0.001𝜂 in every point of the space-time grid. The coefficient 𝜇 is set to 10

−5
, so that

diffusion is largely determined by the numerics.

The simulated data experiment is set as follows: Given the initial tracer distri-

bution ĉ = c(x, 0) = exp[−(x − x0)2∕9] with x0 = (70, 35) (bell-shaped disturbance

in Fig. 1a), the model is integrated for T = 200 time steps to obtain the final distri-

bution c(x,T) shown by contours in the same panel. Notice that the initial distur-

bance almost completely dispersed and migrated to xT ∼ (25, 15). After that, c(x,T)
is sampled at 200 points shown in Fig. 1a, and the numbers obtained are used to

reconstruct ĉ by minimizing the cost function (3) under the dynamical constraint (6)

with an inverse background error covariance defined by

B−1 =
[

I − a2
2
𝛥

]2

(7)

where I is the identity operator in state space and a = 1.5 is the decorrelation scale.

With the definition (7) at hand, it is easy to compute the action ̃H1∕2
on a control

vector and perform ̃H-orthogonalization (see Appendix).

For the purpose of comparison, the cost function is minimized using the state-

space 4dVar technique and two versions of a4dVar, which differ in the method of

building the search directions (SDs). The number m of SDs (ensemble size) in both

a4dVar versions is set to 10. The first version specified SDs as a sequence of tens of

eigenvectors of B in descending order of eigenvalue magnitude. To specify search

directions for the second a4dVar method, 200 observations were split into m = 10
equal groups so an observation operator Hj for the jth search direction is sampling
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Fig. 1 Reconstruction of the initial condition of the tracer field by 4dVar (b) and a4dVar (c, d)

techniques. Composite map of the tracer field evolution being reconstructed is shown in panel a

with the initial position of the reconstructed feature (Gaussian eddy at x = (70, 35)) superimposed

on the tracer field (contours) at the observation time (t = 200). Circles denote observation points.

The errors in approximation of the true perturbation at t = 0 are shown in the left corner

a group of 20 distinct locations among those shown in Fig. 1a. SDs sj on the ith
iteration were defined by

sij = (B−1 +H𝖳
j Hj)−1qij, j = 1, ..., 10 (8)

Optimal approximations c̃ to ĉ obtained by 4dVar and a4dVar techniques are

shown in Fig. 1b and Fig. 1c, d respectively). The quality of reconstruction was

assessed by the parameter

e =
√
⟨(c̃ − ĉ)2⟩∕⟨ĉ2⟩ (9)

where angular brackets denote averaging over rectangles enveloping the recon-

structed perturbation in Fig. 1. Comparison of Fig. 1b, c, d suggests that the a4dVar

method is capable of providing a solution of the same quality with 4dVar, and that the

general a4dVar strategy of minimizing J using a sequence of smooth ̃H-orthogonal

SDs may work well with various methods of generating the ensemble members.

In terms of computational expense, the 4dVar method provided approximately

five times faster reduction of the cost function (Fig. 2) due to high efficiency of the

adjoint model. In this simple case, an adjoint model run required the same amount

of time as the direct model run. In real applications, the tangent linear and adjoint

codes are several times more expensive to run and the a4dVar techniques may prove

to be more competitive, as shown in Sect. 3.
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Fig. 2 Reduction of the cost

function against CPU time

for 4dVar and a4dVar

techniques. The 4dVar CPU

time is multiplied by five to

mimic larger CPU

requirements of the

state-of-the-art adjoint

models. Inset: Convergence

of the a4dVar-B solution

(Fig. 1c) to the exact

solution. Dashed line shows

the convergence rate given

by (12)
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The well-known structure of B provides an opportunity to assess the convergence

rate of the ad4Var solution exposed in Fig. 1c. Assume that after k a4dVar iterations

ms = km ̃H-orthogonal directions have been already searched and the kth approxi-

mation ĉk to the optimal solution ĉ = ̃H−1b have been found. Without loss of gener-

ality, the eigenvectors 𝜙i of B could be normalized to satisfy 𝜙iB
−1
𝜙i = 1, so that

their (Euclidean) norm is equal to the associated eigenvalue 𝜎i. The magnitude ems
of

the approximation error ek = ĉ − ĉk with respect to the norm induced by the inverse

covariance can be assessed by projecting ĉ on the unexplored directions:

ems
= e𝖳kB

−1ek ≤
∑

l>ms

|ĉ𝖳B−1
𝜙l|

2
(10)

Furthermore, since the optimal solution ĉ = ̃H−1b allows representation in the (dual)

form ĉ = B𝜌 (𝜌 is the optimal linear combination of the representers), the upper

bound of the terms under summation in (10) can be assessed by

|ĉ𝖳B−1
𝜙l| = |𝜌𝖳𝜙l| ≤ 𝜎l(𝜌𝖳B

−1
𝜌)1∕2 (11)

Plugging (11) into (10) yields the following upper bound on the error magnitude:

ems
≤ 𝜌

𝖳B−1
𝜌

∑

l>ms

𝜎l ∼ O(m−2
s ) (12)

This estimate remains intact if we assess ems
with respect to the norm induced by

the Hessian matrix. In the latter case, the right-hand side of (12) will be additionally

multiplied by a scaling factor || ̃H ||∕||B−1|| > 1.
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Dependence of the distance between the 4dVar solution (Fig. 1b) and the consec-

utive approximations to the a4dVar solution (Fig. 1d) shown in the inset to Fig. 2,

confirms the above estimate.

Similar experiments with a low-dimensional (M = 1, 922) non-linear

quasigeostrophic model were performed by Yaremchuk et al. (2009) who docu-

mented compatible performance of the 4dVar and a4dVar methods in the non-linear

regime and certain advantages of the a4dVar approach in the cases of sparse and/or

noisy observations. In the next sections we present the results of applying a4dVar to

real and simulated data constrained by state-of-the-art numerical models.

3 a4dVar and 4dVar Assimilation of Real Data
in the Adriatic Sea

3.1 Model and Data

The NCOM is a free-surface primitive-equation hydrostatic ocean model with 𝜎

coordinates in the upper layers and, optionally, fixed depths below a user-specified

distance from the surface. Algorithms that comprise a NCOM computational kernel

are described in Martin (2000); Barron et al. (2006). The model was configured at

3 km resolution on an 85 × 294 horizontal grid (Fig. 3) with 32 levels in the ver-

tical. The top 22 𝜎 levels follow the bathymetry, stretching from the surface to a

fixed depth of 291 m, and 10 fixed-depth levels are used below 291 m. Initial and

open boundary conditions for the sea surface height 𝜁 , temperature T , salinity S, and

horizontal velocities u, v were provided from the regional NCOM simulation (Mar-

tin et al. 2009). The model was forced by the river runoff and atmospheric fluxes

derived from the regional atmospheric model with 8 km horizontal resolution. In the

described assimilation experiments, initial conditions were used as control variables,
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Fig. 3 Model domain with CTD stations (circles) and moorings (triangles) of the DART experi-

ment. Gray contours (m) show bottom topography
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i.e., the vector c comprised all the grid point values of 𝜁,T , S, u, v at n = 0. With the

given 3-dimensional grid and bathymetry, the inverse problem has M = 1,493,570

unknowns.

The first guess (background) values of c were taken from the NCOM simulation

described by Martin et al. (2009) and then adjusted to suppress temperature and

salinity biases during the assimilation time interval (0.00 UTC on 08/14 to 0.00

UTC on 08/29/2006). After the adjustment, the horizontal-and-time average misfits

between the background solution and TS observations did not exceed 0.02
◦
C and

0.005 psu, respectively.

Assimilated data were acquired in the course of the field experiment Dynamics

of the Adriatic in Real Time (DART) (Martin et al. 2009; Burrage et al. 2009). In

the present study, CTD and ADCP observations from August 14 to August 29, 2006

are used (Fig. 3). Temperature T and salinity S were measured at 219 CTD stations

occupied in the northern and central parts of the basin. The total number of TS obser-

vations used in the assimilation is 9,650. Current velocities u, v were measured by

19 moored ADCPs in the depth range from 15 to 150 m at locations shown by trian-

gles in Fig. 3. All the velocity data were detided and averaged over 29 twelve-hour

intervals centered at the assimilation times tn of 0 and 12 UTC. With the total num-

ber of the observed velocities 13,856 the dimension of the observation space was

Md =23,506.

3.2 Assimilation Parameters

In the course of the experiments the parameters of the tested 4dVar and a4dVar sys-

tems were kept as close as possible to each other. However, due to the different for-

mulations (observation space for NCOM 4dVar and state space for a4dVar), certain

discrepancies remained in the shape of the background error covariance B. In both

algorithms B is given by the product VCV where V is the diagonal matrix of the

background error rms variances and C is the respective correlation matrix.

In the 4dVar algorithm, the action of C on a state vector is represented by the

operator

C ≃ exp(1
2
b2𝛥), (13)

which is implemented numerically by integrating the heat transfer equation (e.g.,

Weaver and Courtier 2001) with the decorrelation length scale b = 9 km. Since the

matrix C is rank-deficient, the second-order polynomial approximation to the expo-

nent in (13) was used to define C−1
in the a4dVar algorithm. Parameter a was set to

√
8∕𝜋b to preserve the value of the integral decorrelation scale specified in 4dVar

(e.g., Yaremchuk and Smith 2011). The rest of the assimilation parameters were

identical for both the 4dVar and a4dVar assimilation systems.
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The tested a4dVar method is based on Eq. 8 and outlined as follows:

0. Specify the dimension ms of the search subspaces, their number k to be kept in

memory for ̃H-orthogonalization, the maximum number of iterations I, the pertur-

bation magnitude 𝜀 and the background model trajectory xnb. Set the iteration number

i to zero, c0 = 0, and compute dn.

1. Compute xni , Ji, Yi = ̃H1∕2ci and the search directions sin, n = 0,… ,N (Eq. 8).

2. Extract the ms leading EOFs pmi ,m = 1,… ,ms of the search directions to form

the basis in the search subspace.

3. Perturb the initial conditions ci → ci + 𝜀pmi and run (in parallel) the ensemble

of ms perturbed models, computing the respective perturbed values of Jmi and Ym
i .

4. ̃H-orthogonalize the search basis {pmi } with respect to at most k basis vectors

obtained on the previous iterations and compute optimal corrections 𝛿ci (see Appen-

dix 1).

5. Set ci+1 = ci + 𝛿ci.
6. If i = I exit. Otherwise set i ← i + 1, then go to 1.

The stopping criteria for the iterative processes were selected as follows: For the

4dVar system the solution of the system for the representer coefficients was termi-

nated after nt = 7 iterations, when the accuracy of the conjugate gradient (CG) solver

was, as a rule, better than 10−3. With the value of nt = 7, 8–10 outer loops were

executed before the values of J started to increase. For the a4dVar system, the min-

imization was terminated when the total CPU time reached the value used by the

respective 4dVar experiment. The number of ensemble members was kept constant

at ms = 9 through all the experiments.

3.3 Comparison with 4dVar

In the reported experiments we varied the length of the assimilation window from

short (4 days, N = 9) to moderate (8 days, N = 17) and long (14 days, N = 29) dura-

tion. Performance of the assimilation algorithms was evaluated in three categories:

the forecast skill at the end of the assimilation window (for N = 9, 17), the rate of

convergence, and by qualitative inspection of the optimal model trajectories.

3.3.1 Convergence Rates and Computational Expense

To assess the rates of convergence, one has to have an ability to compare the reduc-

tion of the cost function with iterations, which is not straightforward for two reasons.

First, in the 4dVar algorithm considered here, the regularization term of the cost

function can be evaluated only within the range of the correlation matrix defined by

(13). To avoid the burden of restricting the a4dVar correlation matrix to the range of

C, we compared only the observational parts of the 4dVar and a4dVar cost functions

(second term in Eq. (3)).
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Second, the number of iterations required for convergence cannot be considered as

an objective criterion because 4dVarV and a4dVar iterations are different in nature.

Due to the non-linearity of the problem, an iteration (either 4dVar or a4dVar) per-

forms minimization in the vicinity of the current (suboptimal) state, but 4dVar does

that in the range of B, whereas a4dVar minimizes in the subspace of a much smaller

dimension spanned by pm. For that reason, iterations require quite different computa-

tional resources and should be compared in terms of CPU time. Figure 4 shows such

a comparison by rescaling the horizontal axis with the total CPU time 𝜏a required by

one a4dVar iteration. The value of 𝜏a was 11 times larger than the CPU time 𝜏m of

a direct NCOM model run for a given experiment, i.e. 𝜏a ≃ 11𝜏m. The major contri-

bution to 𝜏a is given by the ensemble run (9𝜏m, p.3 in the layout of Sect. 3.2), while

the master NCOM run (p.1) and operations listed in pp.2 and 4 require 𝜏m and 0.8𝜏m,

respectively. Overall, convergence was achieved at an expense of 60–70 iterations

(650–800 NCOM runs).

As may be seen in Fig. 4, a single 4dVar iteration was approximately equivalent to

6–7 a4dVar iterations, or 70–80 direct model runs. This computational expense arises

because sequential execution of the adjoint and tangent linear codes (inner loops of

the CG solver) required around 11𝜏m, whereas one 4dVar outer loop included seven

inner loops to solve the system of linear equations for the representer coefficients.

Figure 4 shows that, in general, the tested a4dVar method is computationally com-

parable to the observation space 4dVar. Although the total CPU time required for

reduction of J by the factor of 0.4 (attained after the first outer loop of the 4dVar)

appears to be similar for the 4dVar and a4dVar methods, the a4dVar minimization

noticeably slows down at subsequent iterations, especially for longer assimilation

windows (𝜏 = 8, 14 days).
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Fig. 5 Evolution of the root-mean-square model-data misfits fq characterizing the background

(BG, thick lines), 4dVar-optimized (4d, thin gray lines) and a4dVar-optimized (a4d) solutions. Thin
black line shows the misfit with the background fields at t = 0 (persistence). The values of fq are

shown on the right axis of each panel. The left axis quantifies the number of the data points for each

day in thousands (shown by gray shaded rectangles). The ratio of the mean values of fq averaged

over the assimilation window for the 4dVar and a4dVar methods is given

Figure 5 demonstrates the time evolution of the quantities

f nq = ⟨

[

(Hnx
n
q − dnq)

𝖳(Hnx
n
q − dnq)∕nq

]1∕2
⟩ (14)

characterizing the daily averaged ⟨⟩ model-data misfits of the various state vector

components before (black lines) and after (gray lines) optimization with a 14-day

assimilation window (i.e., using all the available data). The subscript q takes the

values of the labels in the mid-bottom parts of Fig. 5 which indicate the observed

variables (temperature, salinity and velocity vector) for which the statistics fq were

computed, whereas nq stands for the total number of respective observations taken at

a given day. The upper left panel in Fig. 5 shows a remarkable similarity in the time

evolution of the combined model-data misfit for the 4dVar- and a4dVar-optimized

NCOM states. The a4dVar algorithm has, however, a noticeable tendency to provide

a better fit at the beginning of the assimilation window, clearly visible in the lower

panels for fS and fv. This can be explained by the above mentioned property of a4dVar

to better retrieve optimal states at shorter integration times.

When separated into different components, behavior of f nT , f nS , and f nv reveals more

differences. In particular, the 4dVar method provides a much better fit to the tempera-

ture data after August 20 (in the second half of the assimilation window), but appears

to be 10–13% worse than a4dVar with respect to salinity and velocity.
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A large contribution to a better salinity fit is given by the first two days of the

a4dVar model trajectory (lower left panel in Fig. 5). However, certain gains relative

to 4dVar are also observed at the end of the assimilation, which is quite opposite to

the difference in the values of fT .

Compared to fT and fS, the overall improvement of the model-data misfit is the

smallest for velocity (lower right panel in Fig. 5), which was characterized by the

observation errors ofR1∕2 ∼ 7–10 cm/s in the cost function. Several assimilation runs

were made with significantly smaller (3–5 cm/s) errors, but they were found to be

inconsistent with a posteriori statistics of the model-data misfits as the optimal cost

function values in these cases were much larger than those obtained in the reported

experiments. The a4dVar-optimized value of fv is persistently smaller (as compared

to 4dVar) during the entire assimilation period providing the 13 % better value in the

14-day average. This advantage could be partly attributed to the fact that the a4dVar

search directions are derived from the most persistent patterns of the model-data

misfits and therefore tend to be closer to the slowly evolving (geostrophically and

hydrostatically balanced) modes of the flow.

The quality of the assimilated solutions was assessed for 4- and 8-day experiments

using comparison with observations outside the respective assimilation windows.

Evolution of the quantities f n for the background and optimized solutions is shown

in Fig. 6 for the 4-day assimilation experiment.

The general behavior of f is consistent with the one obtained in the 14-day exper-

iment, showing persistently better 4dVar forecasts in temperature and the advantage

of a4dVar in the salinity and velocity forecasts. The upper left panel in Fig. 6 summa-

rizes the forecast skill and indicates that 4dVar slightly outperforms a4dVar, mostly

because of the better temperature forecasts. On the other hand, the 4dVar-optimized
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Fig. 6 Forecast skills fs, fv and ft of the 4dVar and a4dVar-optimized solutions for the 4-day assim-
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mean f values averaged over the 3- and 9-days intervals are shown
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salinity is characterized by very low forecast skill (lower left panel in Fig. 6), espe-

cially during August 21–25, when it was even farther away from the observations

than the background forecast.

The 4dVar-optimized velocities show only small improvements compared to the

background solution (lower right panel in Fig. 6). In contrast, the a4dVar-optimized

velocities demonstrate 10–30% reduction of the model-data misfit within the assim-

ilation window, which persists for up to three days (August 18–21) of the free model

run. After August 21, the velocity mismatch of the background, a4dVar and 4dVar-

optimized solutions are nearly identical. Qualitatively similar behavior of the fore-

cast skill and its distribution among the state vector components was observed in the

results of the 8-day assimilation experiment.

In general, the overall forecast skill provided by the a4dVar method appears to

be comparable with that of the 4dVar (upper panel in Fig. 6), and in some aspects

(such as short-term velocity forecast), the a4dVar technique provides noticeably bet-

ter results. It should be noted that available observations could effectively constrain

only a small part Md∕M = 23, 506∕1, 493, 570 ∼ 1.5% of the model’s degrees of

freedom, so one should expect substantial differences in the small-scale structure of

the optimal solutions obtained by two different methods.

3.3.2 Comparison of the Optimal Solutions

Temperature and velocity increments for the optimal states of the 14-day assimilation

experiment are shown in Fig. 7. A certain coherence between the larger scale correc-

tions to the background temperature field are clearly seen in the northern part of the

model domain that is well covered by observations (cf. Fig. 1). The time-mean cor-

relation coefficients 𝜌 between the low-pass filtered temperature and salinity incre-

ments of the 4dVar and a4dVar solutions are 0.61 and 0.45, respectively if averaging

is performed in the upper 200 m over the northern part of the domain. In the data-free

region south of the 340 km mark, the correlations are substantially lower (respec-

tively, 0.26 and 0.32) and lie below the 95 % confidence level of nonzero correlation

(0.36). Similar values of 𝜌 (0.59 and 0.32 in the northern and southern subregions,

respectively) were obtained for the sea surface height field.

Velocity increments appear to have the lowest correlations among the model fields

with time-averaged values of 𝜌v = 0.36, 0.27 for the northern and southern subre-

gions respectively. The lowest correlations (𝜌v = 0.09, 𝜌T = 0.21, and 𝜌S = 0.12)

were observed in the data-free southern subregion during the first 4 days (8/14-8/18)

of the assimilation. Such incoherence between the increments is caused by excessive

ageostrophic activity (lower panel in Fig. 7) of the 4dVar solution at the beginning

of the assimilation window. The ageostrophic mode disappears at the later times and

does not affect the cost function because the southern subregion is virtually data-

free, whereas smoothness constraints are imposed on the model fields only at the

initial time.

The problem could be apparently solved by introducing balance constraints (e.g.,

Weaver et al. 2005) into the BEC definition at n = 0, which may not be necessary if



Adjoint-Free 4D Variational Data Assimilation into Regional Models 99

Aug15 03:00

Na4dvarkm

0

50

100

150

200

250

km

1 m/s

14 day opt
20 m

T (oC)

 4dvarkm

0 100 200 300 400 500 600 700 800
0

50

100

150

200

250

−5

−4

−3

−2

−1

0

1

2

3

4

5

Fig. 7 Temperature and velocity differences between the background and optimized NCOM states
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the NCOM 4dVar were run in the weakly constrained mode, i.e., if model errors were

prescribed throughout the entire assimilation window. For the purpose of comparison

with a4dVar we ran the 4dVar system in the strongly constrained mode and the effect

became visible after several 4dVar outer loops. It is remarkable that the a4dVar algo-

rithm appears to be much less susceptible to excitation of the ageostrophic modes

(upper panel in Fig. 7), possibly because the EOF-derived descent directions span

subspaces characterized by slower time variation of the model trajectory and, there-

fore, tend to be closer to geostrophic and hydrostatic balance. It is quite likely that

introduction of the balance constraints intoBwill certainly improve the performance

of both algorithms with a potentially larger benefit for the 4dVar case.

4 a4dVar Analysis of Simulated Wave Data
in the Chukchi Sea

Spectral models simulating surface gravity waves in the ocean are challenging for

application of 4dVar due to complexity of their numerics and non-local nature of

the observational operators. Since only a few wave models have been supplied with

(incompletely) linearized codes and their adjoints, operational forecasts are still per-

formed using sequential techniques, mostly based on optimal interpolation (OI) of

the significant wave height (SWH) data from satellites. In this section, we test the
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performance of a4dVar technique under the dynamical constraints imposed by a

spectral wave model (WAM 1988; Monbaliu et al. 2000) and compare the results

of assimilation with a sequential method.

4.1 The WAMModel and Simulated Data

The WAM model performs time integration of the balance equation describing spec-

tral density F(x, k, t) for the wave component with the wavenumber k = (kx, ky) at the

location x = (x, y):
𝜕F
𝜕t

+ ∇⋅(vF) = S (F, x, k, t), (15)

where S is the sum of source functions, composed primarily of wind-forced gener-

ation, dissipation and redistribution of the wave spectrum by non-linear wave-wave

interactions (WAM 1988),∇ = {∇x,∇k} stands for the gradient in the horizontal and

wavenumber coordinates and v is the 4-component vector of the respective wave-

propagation velocities depending on the ambient current and constrained by the dis-

persion relationship for linear surface waves 𝜎
2 = g|k|tanh|k|h, where 𝜎 is the wave

angular frequency and h(x) is the water depth. Given the appropriate initial/boundary

conditions, ambient current and wind forcing, Eq. (15) is integrated numerically to

produce evolution of the wave spectrum.

The model was configured in the domain shown in Fig. 8 with the spatial res-

olution of 𝛿x = 9 km. There were mx = 4412 active grid points in horizontal and

mk = 600 grid points (24 directions at 15
◦

resolution and 25 logarithmically spaced

frequencies between 0.0314 and 0.3091 Hz) in the wavenumber space. The total

length of the state vector was M = mx × mk = 2, 647, 200.

Distance between the model states were assessed in terms of the correlation coef-

ficient C and the normalized rms difference S between the spectra:

C(F) =
⟨F′

1F
′
2⟩

√

⟨F′2
1 ⟩⟨F

′
2⟩

; S(F) =
⎡
⎢
⎢
⎢
⎣

⟨(F1 − F2)2⟩
√

⟨F′2
1 ⟩⟨F

′2
2 ⟩

⎤
⎥
⎥
⎥
⎦

1∕2

F′ = F − ⟨F⟩ (16)

where angular brackets denote averaging in space, time, and over the wavenum-

bers. Similar coefficients were calculated to assess the differences between the scalar

(SWH) and vector (wind speed) fields, with averaging performed just in space and

time.

The general form of the cost function used in the data assimilation experiments

was identical to (3) with the M-dimensional vector c = N(t0) − Nb(t0) describing

the difference between the gridded model state F(x, k, t0) and the background (first

guess) state Fb(x, k, t0) at the start of model integration t0. The first term in (3) was

specified by
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c𝖳B−1c = W
∑

x
[(I − a2𝛥2

x) ̂Qc]
2

(17)

where𝛥x stands for the Laplacian in horizontal coordinates and the operator ̂Q relates

squared SWH with the spectral density through the following linear relationship:

Q2(x, t) = ̂QF = 16
∑

k
F(x, k, t)dk. (18)

Here dk denotes the grid cell area in the wavenumber space and summation is done

over the entire spectral grid. In Eq. (17), the regularization weightW was chosen to be

inversely proportional to the squared mean of SWH in the background solution with

the proportionality coefficient 𝜀x = 0.01. By setting a = 2𝛿x throughout the experi-

ments, SWH variability at spatial scales below two horizontal grid steps (18 km) was

heavily penalized. In the spectral subspace, Eq. (17) defines the inverse error covari-

ance to have only one linearly independent column (specified by the components

of ̂Q). As a consequence, spectral correlations at a given point are represented by

mk × mk correlation matrix whose elements are equal to 1 (thus implying 100 % cor-

relation between all the spectral components). This assumption is routinely used in

the sequential algorithms assimilating SWH (e.g., Wittmann and Cummings 2004).

To perform the a4dVar experiments, the reference wave field was generated by

integrating WAM from the state of rest for ten days under realistic forcing by the
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winds taken for the period 11–20 of September, 2011. The reference initial state

Fr(x, k, t) shown in Fig. 8 was taken at the beginning of the last 9 h of the model run

(0.00 to 9.00 on 09/20/2011). Synthetic data were picked from the reference solution

and then used for its reconstruction by the a4dVar method.

In this study two types of simulated data are considered: moored observations of

the wave spectra and SWH measurements from coastal HF radars and satellites.

Two tested mooring sites are shown in Fig. 8. Simulated data from the moorings

were generated by multiplying the reference spectrum at any moment by the ran-

dom factor 1 + 𝜀𝜂, where 𝜂 is the white noise with unit variance and 𝜀m = 0.01. The

observational error covariance matrices R for both moorings were diagonal with

time-independent diagonal elements equal to ⟨𝜀Fr⟩
2
. The respective observational

operators H picked the time varying WAM spectra every 15 min from the grid point

nearest to the buoy location, providing 4mk = 2,400 observations per hour.

SWH observations were simulated by integrating the true spectrum (Eq. 18) in

the apexes of the grid cell containing an HFR observation point followed by linear

interpolation onto that point. After that, the SWH value was contaminated by random

noise with the rms variance of 30 cm. HF radar observation points were located along

the beams of the radar shown in Fig. 8. The above described HFR observation oper-

ator computed SWH values along the 25 beams every 15 min, providing information

to 535 model grid points within the sector shown in Fig. 8 (2,140 observations per

hour).

Synthetic satellite observations of sea surface roughness provided SWH data

along the Envisat tracks shown in Fig. 8 with 9 km discretization (55 and 73 points

for track A and B respectively). These data were assumed instantaneous and satel-

lite passage occurred for both tracks after 2 h of model integration. The respective

observation operator was similar to the one used for HFR, except for it picked SWH

values at the sequence of WAM grid points closest to the sampling points along

the tracks (i.e. no spatial interpolation was used). Satellite SWH observations were

contaminated similarly to HFRs with the rms error variance of 30 cm.

The background model trajectory was obtained as follows: The reference solution

was averaged in time and space and the resulting spatially homogeneous spectrum

was used as initial condition for the background run. The run was forced by the winds

which were different from those forcing the true solution. First, the true winds were

horizontally smoothed to mimic the errors typical for reanalysis winds from meteo-

rological centers that are usually available at a coarser (0.25−1◦) resolution and have

to be interpolated on the fine resolution grid of a regional wave model. In the case

considered, the smoothing was done by the isotropic Gaussian filter with the half-

width of 25 km. After smoothing, the winds were rotated 35
◦

counterclockwise to

increase their distance from the reference vectors to Swind = 0.67. The larger distance

from the true forcing was needed for better assessment of the observation impact on

the reconstruction of initial conditions, whose signature usually persists for 3–5 h in

a typical wave model integration.

Synthetic observations of SWH and wave spectra were assimilated into WAM

using the a4dVar technique described in Sect. 3. The WAM model was constrained

by data during the first three hours of model integration and then integrated for six
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hours to assess the improvement of the forecast skill. Performance of the method was

quantified by calculating correlation coefficients C and normalized rms deviation S
(Eq. 16) between the optimized and true solutions. These quantities were computed

with time averaging over three time intervals: 0–3 h (assimilation period), and two

forecast periods of 3–6, and 6–9 h.

On each a4dVar iteration five SDs were extracted from the EOF analysis of the

3 h model run constrained by the data. The ensemble model runs (p. 3 in the layout

of Sect. 3.2) were executed in parallel and required 62 s of wall time per a4dVar

iteration on five processors of the 2.3 GHz cluster.

4.2 Comparison with Sequential Method

To compare the a4dVar results with the traditional OI method, we used the 2d OI

approach (Wittmann and Cummings 2004; Waters et al. 2013) in application to the

SWH data: at the observation times the WAM model state was sequentially updated

by the OI analysis of the SWH field, which was projected on the spectral compo-

nents by multiplying the spectrum at a grid point by the ratio of the updated to pre-

dicted SWH values. The OI algorithm was configured with the same background

error covariance B, Rn, Hn and using the same reference and background solutions

as the a4dVar method.

A series of OI and a4dVar experiments were conducted, involving assimilation of

the data from five sources and their combinations: high-frequency radar (hereinafter

denoted by HF), two moorings (a4dVar analyses only, locations shown in Fig. 8) and

two Envisat tracks (A and B, Fig. 8). For comparison purposes, we conducted simi-

lar experiments with OI method assimilating only SWH data from satellites and/or

HF radar. In the description below, these experiments are abbreviated by oHFA(B)

and oHF respectively. With the exception of satellite tracks, all a4dVar assimila-

tion experiments demonstrated significant improvement of the model state in terms

of its proximity to the reference solution. The stopping criterion for optimization

was reduction of the cost function gradient 1000 times, which usually occurred after

80–100 iterations. By that time the cost function was typically reduced 2–3 times.

Maps of deviations from the reference solution of the spatially averaged back-

ground and optimized spectra at t = 0 are shown in Fig. 9. In most of the a4dVar

experiments, the initial error has been reduced to the values compatible with the wind

forcing errors. The only exceptions were the results of optimal interpolation (Fig. 9b)

and of the a4dVar assimilation of SWH data from a single satellite track (not shown):

in these cases the optimized spectrum was only slightly different from the one pro-

duced by the background solution. For the OI case such a small correction can be

explained by the fact that SWH data are weakly constrained by dynamics and can

barely affect the shape and location of the spectra because they provide information

only on their mean magnitude at a geographical position. Small spectral improve-

ment of the a4dVar experiments with a single satellite track could be attributed to

the small amount of data (55 SWH observations). As a consequence, the cost func-
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Fig. 9 Absolute difference between the horizontally averaged reference spectrum at t = 0 and

a background spectrum, b oHFA-optimized, c M1A-optimized, and d HFA-optimized spectra

tion is dominated by the regularization term, which implies 100 % correlations in

spectral space and is therefore capable of adjusting only the spectral magnitude.

These properties of the above mentioned assimilated solutions translate into their

lower spectral forecast skill shown in Table 1, which also includes spectral errors

from the other assimilation experiments. Abbreviations in the header of the Table

correspond to the types of data used in the experiment (e.g., HFA corresponds to

assimilation of the HF data and SWH data from the Envisat track A).

Direct measurement of the spectra by a single mooring (7,200 observation points,

columns M1,M2) also provide only a moderate increase of the correlation coeffi-

cients C03 to 0.52 and decrease of S03 to 0.86 as compared to the background (BG)

solution. This can be partly explained by the fact that assimilated spectra occupy a
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Table 1 Normalized rms distances S and correlations C between the optimized and true solu-

tions for the experiments with various types of data. Subscripts 03, 36 and 69 correspond to time

averaging between 0–3, 3–6, and 6–9 h of model integration

BG HF HFA HFB oHFA M1 M1A M1B M2 M2A M2B M12 A B

C03 0.47 0.77 0.75 0.76 0.48 0.53 0.70 0.71 0.52 0.65 0.69 0.71 0.47 0.48

S03 0.89 0.65 0.66 0.64 0.87 0.85 0.71 0.70 0.87 0.76 0.75 0.73 0.89 0.88

C36 0.48 0.72 0.72 0.76 0.49 0.47 0.70 0.70 0.50 0.69 0.69 0.67 0.48 0.48

S36 0.87 0.69 0.68 0.65 0.86 0.87 0.71 0.71 0.87 0.72 0.72 0.75 0.88 0.87

C69 0.59 0.71 0.70 0.75 0.59 0.50 0.68 0.69 0.57 0.67 0.68 0.68 0.57 0.58

S69 0.80 0.70 0.70 0.67 0.79 0.86 0.73 0.72 0.86 0.73 0.73 0.73 0.79 0.78

small part of spectral domain (at most 15–20 %, Fig. 9). As a consequence, the effec-

tive number of observations with useful (non-zero) information on the state of the

wave field should be reduced 5–7 times down to ∼1,500 data points on the total,

which is compatible, by the way, to assimilating 3–7 spectral moments. Besides,

mooring data do not provide any information on the spatial variability of the spec-

tra, which appears to be crucial for the successful recovery of the reference state.

In that respect, it is remarkable that adding much less numerous satellite data

to moored spectral observations improves the performance of the assimilation sys-

tem considerably. Combining moored and satellite data provides 30–40 % growth of

the correlation coefficients and 20–25 % drop of the normalized standard deviations

from the reference spectrum (compare columns M1 and M2 with columns M1A(B)

and M2A(B)). At the same time, Satellite SWH data do not add much new informa-

tion to that containing in HFR observations (cf. columns HF and HFA(B)), which

monitor the same integral quantity for the whole assimilation period (3 h) and cover

a significant part of the model domain (Fig. 8).

Importance of the spatial coverage by observations is confirmed by the result of

the experiment with assimilation of the spectra from two moorings: The values of C
and S in this case demonstrate a considerable improvement and become compatible

(column M12 in Table 1) with those achieved with the joint assimilation of spectra

from the single mooring and satellite SWH data (columns M1A(B) and M2A(B)).

Inspection of Table 1 also shows that information from track A increases the effi-

ciency of assimilating spectra from moorings, but to somewhat lesser extent than

track B. This phenomenon can be partly explained by the fact that track A does not

cover the region of the highest SWH and, therefore, provides less information on the

magnitude of spatial variability of the wave field. Similarly, assimilation of the M2

data appears to be slightly less efficient than M1, which can be partly attributed to

M2 position at the periphery of the domain.

Table 1 also indicates that instantaneous Envisat observations on a regional scale

cannot provide a significant improvement to the background state, if they are not

accompanied by continuous in situ measurements. At the same time, satellite data
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Fig. 10 Time-averaged (3–9 h) values of SWH (contours, m), peak period (shading, seconds) and

wave direction (arrows) of the true state a and respective absolute differences of the HF-optimized

b and oHF c solutions from the true state. The domain-averaged values of the fields are shown on

the right

become quite valuable in complementing observations if the wave conditions are

measured by a single mooring.

The forecast errors provided by the HFA data assimilation using OI and a4dVar

techniques and averaged over the period 3–9 h are compared in Fig. 10 in terms of

the horizontal distributions of the SWH, peak period and wave direction errors. It

is seen, that a4dVar technique provides 30–50 % better forecast skill in terms of the

SWH (0.28 vs 0.37 m) and peak period (0.63 vs 0.91 s). Although discrepancies in

the peak period near the southern and eastern boundaries are comparable in both

solutions, the a4dVar method demonstrates a significant advantage over OI in the

northern Chukchi Sea and south of Cape Hope resulting in approximately 10 cm

smaller SWH errors throughout the entire domain. A local maximum in the a4dVar

peak period errors is also observed southwest of Cape Hope (Fig. 10b), that can be

partly explained by a sharper gradient in the peak period field of the true solution

(Fig. 10a).



Adjoint-Free 4D Variational Data Assimilation into Regional Models 107

The OI solution demonstrates a slightly better skill in forecasting the wave direc-

tion (the mean difference of 13.1
◦

vs 16.9
◦
). However, in the OI assimilation exper-

iments with other types of SWH data this number varied within 13−13.3◦ and was

quite close to the respective characteristic (13.2
◦
) of the background solution.

In general, our experiments have shown that the OI method tends to improve the

amplitude of the spectrum, and has only a slight impact on its shape and position

in the frequency-direction coordinates. In contrast, a4dVar technique is capable of

improving these characteristics as well, since it performs optimization along the most

persistent dynamical modes of the governing equation (15). This important property

of the a4dVar algorithm provides a significantly better approximation of the reference

solution and improved forecast skill.

5 Summary and Discussion

In this chapter we have shown feasibility of the a4dVar technique (Yaremchuk et al.

2009) in realistic applications and compared its performance with the observation

space 4dVar and OI methods. It was shown that the a4dVar approach is capable of

producing optimized solutions of similar quality to 4dVar with comparable compu-

tational expense. It was also found that the a4dVar technique is less susceptible to

excitation of ageostrophic modes in the data-free regions if balance constraints are

not imposed on the background error covariances.

The a4dVar technique employs square root factorization the inverse BEC and the

possibility of inexpensive evaluation of the product ̃H1∕2
𝛿c during the integration

of the ensemble of perturbed model trajectories. The technique of Hessian factor-

ization was first proposed by Županski (2005) in the framework of minimizing the

cost function within the subspace spanned by the ensemble members. It was later

extended in Yaremchuk et al. (2009) to heuristic BEC models coupled with iterative

ensemble updates produced by projections of the model-data misfits on a suitable

“smooth” manifold generated by the low-pass filtering operators Mn
or B.

Our experience shows that there exists a considerable freedom in generating the

SDs as long as they are kept being spatially smooth and ̃H-orthogonal. In partic-

ular, selecting the ensembles as eigenvectors of B in the decreasing order of their

eigenvalues proves to be equally efficient, at least in the simple linear setting consid-

ered in Sect. 2. In that respect, there is a considerable similarity between the a4dVar

and the adjoint-free 4dEnVar method (Liu et al. 2008), which explicitly looks for

optimized solution in the range of the localized approximation to the background

error covariance. However, the 4dEnVar uses the ensemble to approximate the cost

function gradient which is then used in the iterative optimization, whereas a4dVar

directly employs the ensemble members to minimize the cost function in the respec-

tive subspace.
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The ultimate goal of a search algorithm is to rapidly gain information on the

Hessian structure, which helps to find the SD s = ̃H−1b towards the cost function

minimum (note that s is often nearly orthogonal to the local gradient). In that respect,

ensemble methods can offer a significant advantage in their ability to perform paral-
lel searches in multiple SDs, which can be competitive with the adjoint-based meth-

ods even in some cases where individual SDs may not appear to be as efficient as

steepest descent or conjugate gradient directions.

Regarding linearization issues, a state-of-the-art GCM code is never fully differ-

entiable and its (always approximate) adjoint usually requires several times more

CPU/memory resources than the direct model run. This observation indicates that

a4dVar approach could be even competitive with 4dVar even in terms of the total

CPU time at small ensemble sizes. The present chapter demonstrates this compati-

bility in both a real-life scenario and a simplified linear application.

The a4dVar technique can be developed further by introducing flow-dependent

covariances and better restricting the SDs to the slow-evolving (geostrophically and

hydrostatically balanced) manifold. In application to atmospheric and oceanic mod-

eling, the BEC matrix is can easily incorporate these balance constraints by repre-

senting the state vector in the form

x =
[
I1 0
L I2

] [
x1
x2

]

(19)

where L is the balance operator (Weaver et al. 2005), x1,2 are the unbalanced com-

ponents of the state vector, and I1,2 are the identity matrices of the respective sizes.

Under these constraints, B−1 = ⟨xx𝖳⟩−1 in the a4dVar formulation will take the form

B−1
bal =

[
B−1

1 + L𝖳B−1
2 L −L𝖳B−1

2
−B−1

2 L B−1
2

]

, (20)

where B−1
1 and B−1

2 are the inverse covariances of x1 and x2. Further improvements

can be made by replacing the Laplacian in Eq. (7) with a more general expression

(e.g., Weaver and Mirouze 2012; Yaremchuk and Nechaev 2013) introducing flow

dependent structure into B−1
1,2 while keeping them square root factorisable. Note that

spectral analysis of the background error covariance could be efficiently performed

prior to the assimilation.

Alternatively, flow-dependence and cross-correlations could be introduced into

BEC through its representation by the localized external ensembles, as it is done in

4dEnVar. This will require B-preconditioning of the control variables, which will

bring the method closer to the observation space 4dVar. In that respect, it is interest-

ing to note a certain similarity between the a4dVar and observation space 4dVar:

The latter method explicitly computes the Hessian projection on the observation

space (representer matrix), whose computation is efficiently parallelized between

Md processors, making the method competitive with a4dVar in terms of scalabil-

ity on massively parallel computers. This property brings observation space 4dVar
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closer to the family of optimization algorithms capable of taking the advantage of

massive parallelism. In our vision, such algorithms are getting higher priority under

the current “parallelization trend” in the development of computer technologies. In

a sense, the present situation is somewhat similar to the situation 30 years ago when

the adjoint methods started coming into practice in response to the rapid increase of

computer speed and memory.

In terms of the computational expense, the tested a4dVar technique appears com-

parable to 4dVar, mostly because of the excessive computational cost of tangent

linear and adjoint codes that were, on average, several times more expensive than a

direct run of the parent nonlinear model (which is a typical situation with state-of-

the-art OGCMs, e.g., Oldenborgh et al. 1999). On massively parallel machines, the

advantage of a4dVar will be more noticeable due to the limited parallel scalability

of an OGCM code, be it original, adjoint, or tangent linear.

An important issue with the a4dVar technique is its extension to optimization of

other sets of variables that may control the model trajectory, such as surface forc-

ing fields. One of the possible solutions in this case augments the search subspaces

(ocean model states) by the leading EOFs of the surface forcing error fields. This

will require a better knowledge of error statistics of the atmospheric model used to

force the ocean in a particular application. In view of recent rapid development of the

observational systems and data acquisition techniques in the atmosphere, the issue

of accessibility to the above mentioned statistics seems likely to be resolvable in the

near term. Moreover, the a4dVar technique appears to be even more suitable for cou-

pled ocean-atmosphere systems, where external forcing errors tend to play a lesser

role at the time scale of a typical assimilation window.

A much larger computational advantage is evident when considering the wall

time in a massively parallel environment, which formally allows a4dVar to search

over multiple directions at a fraction of the wall time used by 4dVar to generate a

steepest descent direction. In fact, in the experiments reported in Sect. 3, one a4dVar

run was executed almost five times faster if all the ensemble members were run on

separate nodes. This property of the a4dVar approach gives good prospects for its fur-

ther development in sync with other types of ensemble data assimilation techniques

that are based on relaxed communication requirements between processors. In our

vision, rapidly decreasing prices of the massively parallel computers make finite dif-

ferentiation in functional spaces more affordable, favoring development of ensemble

methods of data assimilation, while investment in the development and maintenance

of linearized codes and their adjoints may gradually become less practical.
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Appendix

The a4dVar method utilizes the technique employed by Županski (2005) in the Max-

imum Likelihood Ensemble Filter, which is based on the explicit inversion of the

Hessian matrix in the subspace spanned by the model perturbations. In view of the

definition (7), B−1∕2
can be explicitly represented using the expression for the square

root of the inverse error covariance:

B−1∕2 = V−1(I − b2
2
𝛥) (21)

which allows a symmetric Hessian factorization

̃H = ̃H𝖳∕2
̃H1∕2

, (22)

where

̃H𝖳∕2 =
[
B−1∕2 H0 H1M

1 … HNM
N]

(23)

is the Hessian square root.

For sufficiently small perturbations 𝛿cm = 𝜀pm, perturbations of the the auxiliary

vector

𝛿Ym = ̃H1∕2
𝛿cm (24)

are linear in 𝛿cm, so that computation of the dot products between the vectors 𝛿Ym
provides the inner product in the control space associated with the Hessian matrix

𝛿Y𝖳
1𝛿Y2 = 𝛿c𝖳1 ̃H𝛿c2 = ⟨𝛿c1, 𝛿c2⟩ ̃H, (25)

which can be used for ̃H-orthogonalization of the search subspaces of the a4dVar

algorithm.

We seek the optimal correction of the control variable c in the search subspace 𝕊
spanned by pm:

c ← c +
ms∑

l=1
slpl,

where the coefficients sl satisfy for m = 1, 2,… ,ms,

p𝖳m

(

̃H
(
c +

ms∑

l=1
slpl

)
− b

)

= 0. (26)
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This constitutes a Ritz-Galerkin projection of the normal system (4) to the search

subspace, 𝕊. Rearranging, we obtain the linear system of ms equations in the ms
unknowns s1, s2,… , sms

:

ms∑

l=1
p𝖳m ̃Hplsl = p𝖳m(b − ̃Hc). (27)

Substituting pm = 𝛿cm∕𝜀 into (27), multiplying by 𝜀

2
, using (22) and (24) yields

ms∑

l=1
𝛿Y𝖳

m𝛿Ylsl = 𝜀𝛿c𝖳m(b − ̃Hc). (28)

The right-hand side of (A.7) cannot be computed directly because evaluation of

b − ̃Hc requires the adjoint code (Eq. 5). Nonetheless, for each m, 𝛿c𝖳m(b − ̃Hc) can

be calculated directly from the variations of the cost function 𝛿Jm = J(c + 𝛿cm) −
J(c) induced by 𝛿cm:

𝛿Jm = 1
2
𝛿c𝖳m ̃H𝛿cm + 𝛿c𝖳m

(
̃Hc − b

)

= 1
2
𝛿Y𝖳

m𝛿Ym − 𝛿c𝖳m
(
b − ̃Hc

)
. (29)

Thus, the coefficients for the optimal correction of the control variable c within the

search subspace 𝕊 are given as the solution to a linear system posed in terms of the

quantities 𝛿Jm and 𝛿Ym computed by the a4dVar algorithm:

ms∑

l=1
𝛿Y𝖳

m𝛿Ylsl = 𝜀

(1
2
𝛿Y𝖳

m𝛿Ym − 𝛿Jm
)

. (30)

In the ̃H-orthonormal coordinate system 𝛿Y𝖳
m𝛿Ym = 𝜀

2
, and Eq. (30) are simpli-

fied to

sl =
∑

m
𝛼lm(

𝜀

2
−

𝛿Jm
𝜀

), (31)

where 𝛼lm are the matrix elements of the linear transformation of the original basis

𝛿cm that are obtained in the orthogonalization process.

For a differentiable numerical model and sufficiently small 𝜀, the quadratic term

in the right hand side of (30) is negligible. In the experiments resported in Sect. 3

we kept it in place since the value of 𝜀 was close to 0.01 and could not be reduced

any further without affecting the rate of convergence. The relatively large limit on

the value of 𝜀 was caused by a number of factors deteriorating the linear depen-

dence between the magnitude of the model perturbations and 𝜀. These factors

include rounding errors (especially for temperature and salinity in the upper layers),
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non-differentiable operators in the model code, particularly at the open boundary,

and small-scale instabilities of the flow, especially prominent in the experiments

with the 14-day assimilation window.
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Convergence of a Class of Weak Solutions
to the Strong Solution of a Linear
Constrained Quadratic Minimization
Problem: A Direct Proof Using Matrix
Identities

S. Lakshmivarahan

Abstract In this note we provide a direct proof of convergence of the sequence of
penalty function based weak solutions to the strong solution of a quadratic mini-
mization problem with linear constraints using two well-known matrix identities.

1 Introduction

Let A∈R
n× n be a symmetric positive definite (SPD) matrix, b∈R

n and c∈R.
Consider the minimization of

J xð Þ =
1
2
xTAx − bTx + c ð1:1Þ

when x∈R
n lies in the affine subspace defined by

d=Bx ð1:2Þ

where d∈R
m and B∈R

m× n with 1≤m< n. It is assumed that B is of full rank, that
is, Rank Bð Þ=m.

This constrained minimization problem in (1.1) and (1.2) is usually solved in one
of two ways as (a) a strong constraint problem using Lagrangian multiplier method
and (b) a weak constraint counterpart using the penalty function method (Sasaki
1970). For completeness, we provide a short resume of these two methods.
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(a) Strong constraint version: Define the Lagrangian

L x, λð Þ= J xð Þ+ λT d−Bxð Þ ð1:3Þ

where λ∈R
m is the undetermined Lagrangian multiplier. A necessary condition for

the minimum of the unconstrained problem in (1.3) (Luenberger 1984; Nash and
Sofer 1996; Bazaraa et al. 2006) is given by

∇xL x, λð Þ=Ax− b−BTλ=0

∇λL x, λð Þ= d−Bx=0
ð1:4Þ

Solving (1.4), it can be verified that the minimizer xs and λs are given by

λs = BA− 1BT� �− 1
d−BA− 1b
� � ð1:5Þ

and

xs =A− 1b+A− 1BT BA− 1BT� �− 1
d−BA− 1b
� � ð1:6Þ

which is the sum of the unconstrained minimum A− 1b and the correction term
arising from the linear constraints (1.2). Recall that BA− 1BT is the transformation of
the SPD matrix A− 1 onto the subspace generated by the columns of the full rank
matrix B. Hence, BA− 1BT is also SPD.

(b) Weak constraint version: Let α>0 be a real parameter and define a penalty
function

P x, αð Þ= J xð Þ+ α

2
d−Bxð ÞT d−Bxð Þ ð1:7Þ

A necessary condition for the minimum of (1.7) is given by

∇xP x, αð Þ=Ax− b+ αBT Bx− dð Þ=0 ð1:8Þ

Solving (1.8), the minimizer x αð Þ is given by

x αð Þ= x1 αð Þ+ x2 αð Þ ð1:9Þ

with

x1 αð Þ= A+ αBTB
� �− 1

b ð1:10Þ
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and

x2 αð Þ= A+ αBTB
� �− 1

αBTd ð1:11Þ

It stands to reason to expect that

lim
α→∞

x αð Þ= xs ð1:12Þ

That is, the weak solution converges to the strong solution as the penalty
parameter α increases without bound.

In this note, we prove the convergence in (1.12) using the well-known
Sherman-Morrison-Woodbury (SMW) formula and a matrix identity derived from
it. Appendix A contains a version of this formula and the matrix identity we
propose to use in our proof.

We hasten to add that the general version of the above convergence result for the
case of minimizing f xð Þ when h xð Þ=0, where f :Rn →R and h:Rn →R

m are suf-
ficiently smooth, is contained in many textbooks—Chap. 12 in Luenberger (1984),
Chap. 16 in Nash and Sofer (1996) and Chap. 9 in Bazaraa et al. (2006), to name a
few. The special case where f xð Þ is a quadratic in x and h xð Þ is affine in x is tailor
made for the application of the matrix identities as shown in Sect. 2.

2 Proof of Convergence in (1.12)

Applying the SMW formula in (A.1) in Appendix A to the inverse on the right hand
side of (1.10) (by setting H =B, Σ− 1

ν = αIm and Σ− 1
x =A in (A.1)) we obtain

ðA+ αBTBÞ− 1 =A− 1 −A− 1BT ½BA− 1BT + α− 1Im�− 1BA− 1

→A− 1 −A− 1BTðBA− 1BTÞ− 1BA− 1 as α→∞
ð2:1Þ

Now combining (2.1) with (1.10), it follows that

x*1 = lim
α→∞

x1 αð Þ=A− 1b−A− 1BT BA− 1BT� �− 1
BA− 1b ð2:2Þ

Applying the matrix identity (A.3) in Appendix A to the inverse on the
right-hand side of (1.11) (by setting H =B, Σ− 1

v = αIm and Σ− 1
x =A in (A.3)) we

get

A+ αBTB
� �− 1

αBT =A− 1BT BA− 1BT + α− 1Im
� �− 1

→A− 1BT BA− 1BT� �− 1
as α→∞

ð2:3Þ
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Combining (2.3) with (1.11), it follows that

x*2 = lim
α→∞

x2 αð Þ=A− 1BT BA− 1BT� �− 1
d ð2:4Þ

It can be verified that xs in (1.6) is indeed given by

xs = x*1 + x*2 ð2:5Þ

and hence the claim.

3 Applications

For completeness, we mention two standard applications of the problem in (1.1) and
(1.2). First, a special case of (1.1) with A= I, the identity matrix, b=0 and c=0
along with (1.2) arises as an underdetermined linear, least squares problem
(Chap. 5 in Lewis et al. 2006). Second, consider

Q xð Þ= 1
2

z−Hxð ÞT z−Hxð Þ ð3:1Þ

which represents the miss-fit measured by the sum of the squared errors between
observations, z∈R

p and its model counterpart, Hx where H ∈R
p× n and x∈R

n

when x is required to satisfy a constraint of the form (1.2) which could represent the
basic geostrophic constraint or mass continuity (Sasaki 1970; Lewis and Laksh-
mivarahan 2008).

Acknowledgements We wish to express our thanks to John Lewis for his interest in this work
and to Trung Nguyen and Junjun Hu for their help with typesetting this paper.

Appendix A

Let H ∈R
m× n, Σx ∈R

n× n and Σv ∈R
m×m where m< n, and Σx and Σv are

non-singular matrices. Then the well-known Sherman-Morrison-Woodbury
(SMW) formula is given by Golub and Van Loan (1989)

HTΣ− 1
v H +Σ− 1

x

� �− 1
=Σx −ΣxHT HΣxHT +Σv

� �− 1
HΣx ðA:1Þ

or equivalently as
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HΣxHT +Σv
� �− 1

=Σ− 1
v −Σ− 1

v H HTΣ− 1
v H +Σ− 1

x

� �− 1
HTΣ− 1

v ðA:2Þ

Multiplying both sides of (A.2) on the left by ΣxHT and simplifying (Chap. 17,
Lewis et al. (2006) we obtain the matrix identity

ΣxHT HΣxHT +Σv
� �− 1

= HTΣ− 1
v H +Σ− 1

x

� �− 1
HTΣ− 1

v ðA:3Þ
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Information Quantification for Data
Assimilation

Sarah King, Wei Kang, Liang Xu and Nancy L. Baker

Abstract In this paper we discuss the application of observability as a measurement

of observation quality for data assimilation in numerical weather prediction (NWP).

Observability is a measure of well-posedness of a dynamical system and provides a

flexible framework to address questions in data assimilation. We review the concept

of observability for differential equations and high dimensional numerical models.

We discuss the relationship of observability to observation impact. We conclude with

a discussion of various applications of observability to data assimilation including

optimal sensor placement and data thinning.

1 Introduction

There are many outstanding questions in data assimilation related to observations.

For example: can we tell in advance the impact gaining or losing an instrument will

have on our ability to determine the current systems state? What types of new obser-

vations would assist in improving the quality of our assimilation? If we can only use

a limited number of observations which ones should we use? Currently there are par-

tial answers to these questions based on observation impacts (Baker and Daley 2000)

or expected error (Majumdar et al. 2001) for various data assimilation methodolo-

gies used in numerical weather prediction (NWP). For instance, observation impacts

(Langland and Baker 2004) only determine the effect of observations after the fact.

A different approach developed in the last few years, inspired by some fundamental

concepts in the fields of control theory and dynamical systems, could help answer

these questions.

Observability has long been used in the control theory community as a measure of

how well we can infer information on a system state based on sensor and non-sensor
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knowledge. In the context of data assimilation it provides us with a measure of how

well we can “see” what is going on in numerical models. In Kang and Xu (2009a, b)

the concept of observability was introduced for large-scale nonlinear systems such

as atmospheric models. The empirical gramian matrix was introduced in Krener and

Ide (2009), which is an effective computational method. In Kang and Xu (2012) the

problem of finding the optimal sensor location was studied based on the idea of max-

imizing the observability. The results were illustrated using an example of Burgers’

equation. The numerical experiments show that the data collected at optimal sensor

locations improves the accuracy of data assimilation. Similar results were achieved

for a shallow water model in King et al. (2014). To make computations efficient for

large scale systems, in King et al. (2013), an algorithm to compute observability was

developed in which the tangent linear model was employed to calculate the empir-

ical gramian matrix. Some issues on the theoretical foundation of observability for

partial differential equations were proved in Kang and Xu (2014).

In this paper, we conduct a comprehensive study of several issues and applications

of observability for data assimilation. After a brief introduction of basic concepts,

such as sensitivity, observation impact, and observability, the problem of finding

optimal sensor locations is defined and a computational algorithm is introduced. We

illustrate these concepts using a system of shallow water equations. To validate the

effectiveness of observability based optimal sensor locations for data assimilation,

the observation impact is computed. The shallow water example shows that optimal

sensor locations improve the observation impact and data assimilation accuracy. In

addition to sensor locations and observation impact, we also explore the idea of using

observability as a metric in data thinning. Based on the determinant of the observ-

ability gramian and a quasi-Newton optimization method, the optimal sampled data

set is compared to the data from other thinning methods. The comparison is based

on the output of a 4D-Var data assimilation for the shallow water equations.

2 Review of Observability

Observability is an inherent property of the dynamical system and not of the estima-

tion or assimilation algorithm and has implications for the performance of assimi-

lation algorithms. As such it cannot be altered by different assimilation systems but

may be modified by changing the dynamical system. For the ease of our discussion

we consider the linear time-invariant system, i.e. xk = Mkx(0), given by

x(k + 1) = Mx(k)
y(k) = Hx(k) (1)

where x describes the system state, y describes an observation process, M is a

linear model, and H is the observation operator. Consider the set of observations

{y(0), y(1), y(2), y(3), ...} where
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y(0) = Hx(0)
y(1) = Hx(1) = HMx(0)
y(2) = Hx(2) = HM2x(0)
y(3) = Hx(3) = HM3x(0)

⋮

which may be rewritten as

⎡
⎢
⎢
⎢
⎢
⎣

H
HM
HM2

HM3

⋮

⎤
⎥
⎥
⎥
⎥
⎦

x(0) =

⎡
⎢
⎢
⎢
⎢
⎣

y(0)
y(1)
y(2)
y(3)
⋮

⎤
⎥
⎥
⎥
⎥
⎦

.

If the matrix

 = [HT
,MTHT

, (M2)THT
, (M3)THT

,⋯]T (2)

is full rank then we can uniquely determine x(0) and we say (M,H) is observable.

As this definition suggests observability can be seen as a measure of well-posedness.

To further demonstrate the relationship of observability to data assimilation consider

the filtering problem

x̂(k + 1) = Mx̂(k) + K(y(k) − ŷ(k))
ŷ(k) = Hx̂(k) (3)

where x̂ is the estimated state and K is the gain. The estimation error e(k + 1) =
x(k + 1) − x̂(k + 1) is equivalently given by

e(k + 1) = (M − KH)e(k) (4)

which approaches zero if the eigenvalues of M − KH are in the left half plane. Note

that (3) is equivalently written as

xa = xb + K(y − Hxb)

with estimation error, or analysis error, e = xtruth − xa. Let us assume for a moment

(M,H) not fully observable, i.e.,  has zero eigenvalues. There is a similarity trans-

form Q such that

̂MT = Q−1MTQ =
[
M1 M21
0 M2

]

and ̂HT = Q−1HT =
[
H1
0

]

.

Then
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Q−1(M − KH)TQ = Q−1MTQ − Q−1HTKTQ

=
[
M1 M12
0 M2

]

+
[
H1
0

]

[K1,K2]

where [K1,K2] = KQ. So if (M,H) is not fully observable then the eigenvalues of

M2 are unaffected by K and if the eigenvalues of M2 are not stable the estimation

error will not vanish. However, if we have full state observability there exists a gain

K where e(k) → 0 as k → ∞. To summarize, observability gives us a sufficient con-

dition for the convergence of a filter. Note that typically variational forms of assim-

ilation have a filter form so this is applicable to them as well.

2.1 Comparison to Observation Sensitivity
and Observation Impact

Sensitivity and observation impacts are properties of the data assimilation system

and the observed states, and not solely the dynamics. The quantitative value of an

observation in data assimilation varies based on the content of the observation and

the assimilation method used. Observation sensitivity measures the potential effect

of an observation while observation impact measures the realization of the effect of

an observation. Sensitivity, as the gradient of the atmospheric analysis with respect

to observations, was introduced in Baker and Daley (2000) as a method for tar-

geted observations. Observation impacts estimate the effect an observation has on

the short-range forecast error and is routinely used to evaluate observation perfor-

mance (Langland and Baker 2004). For our discussion we will review these concepts

in order to compare them to observability. Assume the analysis or state estimate is

given by

xa = xb + K(y − Hxb) (5)

where xa is the analysis and xb is the background with the Kalman gain

K = PbHT (HPbHT + R)−1.

We can rewrite (5) as

xa = (I − KH)xb + Ky. (6)

Differentiating (6) with respect to the observations yields

𝜕xa
𝜕y

= KT
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providing the sensitivity of the analysis to the observations. The sensitivity of a scalar

function J with respect to the observations is obtained via

𝜕J
𝜕y

= 𝜕J
𝜕xa

𝜕xa
𝜕y

= KT 𝜕J
𝜕xa

= (HPbHT + R)−1HPb
𝜕J
𝜕xa

(7)

where
𝜕J
𝜕xa

= MT 𝜕J
𝜕x

.

The observation sensitivity (7) may identify regions of high sensitivity to be used

for targeted observations. To measure observation impact we consider the error in a

forecast xf measured against an analysis, xt, at time t

ef =< (xf − xt),C(xf − xt) > (8)

where C is the energy norm weights. Observation impact is computed in the context

of two forecasts: the first forecast at time g is the prior or background for a later

forecast at time f which is a corrected forecast based on new initial conditions from

an assimilation cycle. The difference in these forecasts at a verifying time t arises

from the inclusion of observations and as such we expect the forecast at time f to

contain less error. The difference in error between two forecasts is defined as

Δegf = ef − eg (9)

and we expect ef < eg and so this value should be negative. If we consider the case

of (3) with error modeled by (4) this amounts to the effect of KH; the gain in the

model space on the forecast error. Our interest is in the forecast error so we define

our scalar measure J in (7) as Jf =
1
2
ef then

𝜕Jf
𝜕xf

= C(xf − xt).

We may use MT
to map the gradient to the verification time t. To estimate (9) in

terms of sensitivities we begin with

Δegf =
⟨

(xf − xg),
𝜕Jf
𝜕xf

+
𝜕Jg
𝜕xg

⟩

. (10)

The difference between the forecast trajectories is the analysis increment xa − xb
which evolves linearly so we may write (10) as
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𝛿egf =
⟨

(xa − xb),
𝜕Jf
𝜕xa

+
𝜕Jg
𝜕xb

⟩

=
⟨

K(y − Hxb),
𝜕Jf
𝜕xa

+
𝜕Jg
𝜕xb

⟩

=
⟨

y − Hxb,KT (
𝜕Jf
𝜕xa

+
𝜕Jg
𝜕xb

)
⟩

and noting

𝜕Jgf
𝜕y

= KT
(
𝜕Jf
𝜕xa

+
𝜕Jg
𝜕xb

)

gives the relation

𝛿egf =

⟨

y − Hxb,
𝜕Jgf
𝜕y

⟩

. (11)

The observation impact is the improvement in the estimation error between two fore-

casts attributable to the Kalman gain whereas observability limits how much we can

improve the estimation error with the Kalman gain.

3 Partial Observability

The previous conventional definition of observability based on the observability

matrix (2) characterizes the concept for the full system state. However, if the dimen-

sion of a system is very high, it may not be possible or desirable to achieve observ-

ability in the entire state space. In general a family of solutions of a PDE is infinite

dimensional so it is perhaps more appropriate to look at a subspace that consists of

finite number of modes.

Partial observability provides a quantitative assessment of observability on a

low dimensional subspace. This quantitative metric has the advantage that it also

indicates of the degree of observability. The definition of observability in terms of

dynamic optimization was first introduced in Kang and Xu (2009a, b) and extended

to systems defined by PDEs in Kang (2011), Kang and Xu (2014), and King et al.

(2013). We now consider the nonlinear, time varying, dynamical system defined by

the PDE

u̇(t) = f (u, x, t), t ∈ [0,T]
u(x, 0) = u0

(12)

with output denoted by

y(t) = h(u(x, t)) (13)
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where u(⋅, t) is, for any fixed t, in a function space. It represents the state of the system

or model and is measured by sensors. The output h(⋅) is the sensor measurement. The

variation of the measured variable y(t) under the variation of u0, the initial conditions,

is

J(u0, 𝛿u0) = 𝛿uT0P1𝛿u0 + ||y(⋅; u0 + 𝛿u0) − y(⋅; u0)||P2
(14)

where P1 and P2 are weight matrices. The norm in output space is defined as

||y(⋅)||P2
=
∫

T

0
y(t)TP2y(t)dt.

Let

W = span(w1, ...,ws)

be the space for estimation which is a finite dimensional subspace of the state space.

For a solution to (12) and (13), we have a best estimate uW ∈ W, which is defined

to be the state u0 + 𝛿u0 in W that minimizes J in (14). If uW − u0 is small, then it

is practically good enough to achieve strong observability in W and ignore the rest

of the state space. The selection of the dimension of W is based on a number of

factors, such as required accuracy, which we will discuss in relation to our shallow

water equations example in Sect. 4. Assume that W has a norm denoted by || ⋅ ||W .

We define the partial observability as follows.

Definition 3.1 Let 𝜌 > 0 be a positive number. Then the number 𝜖 is defined as

𝜖

2 = min
𝛿u0

J(u0, 𝛿u0)

subject to ||𝛿u0||W = 𝜌, 𝛿u0 ∈ W
(15)

then the ratio 𝜌∕𝜖 is called the unobservability index (Kang and Xu 2009a).

The ratio 𝜌∕𝜖 measures the sensitivity of output y to the variation of the state

around u0. From an estimation viewpoint this implies that if the maximum sensor

error is 𝜖, the worst possible estimation error of the initial condition u0 is 𝜌. There-

fore a small 𝜌∕𝜖 implies strong observability of u0. Solving the problem of dynamic

minimization in (15) is challenging. We approximate (15) by using an empirical

covariance matrix. The variation of 𝛿u0 on the sphere ||𝛿u0||W = 𝜌 can be repre-

sented by

𝛿u0 =
s∑

i=1
ciwi

where {wi}si=1 is an orthonormal basis and

s∑

i=1
c2i = 𝜌

2
.
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Using the output variation in the form of 𝛿u0 = 𝜌wi, an empirical gramian can

be defined, which is denoted by G. Details about the gramian can be found in

Appendix A. Then we have

𝜖

2 ≈ min∑
c2k = 𝜌

2
[w1 w2 ⋯ws]G[w1 w2 ⋯ws]T

= 𝜎min𝜌
2

(16)

where 𝜎min is the smallest eigenvalue of G. This approach is closely related to con-

ventional control theory. In fact, for linear systems the gramian G is equal to the

standard observability gramian (Kang et al. 2013) if W spans the entire state space.

The gramian matrix depends on W and its norm. For the shallow water equations,

which will be discussed in the following section, W and || ⋅ ||W are defined in a sim-

ilar way as in King et al. (2013). Some details are given in Appendix A.

4 Observability Optimization

In this section we focus on specific applications of observability in data assimilation.

Observability can be used to discuss the merits of current observing networks and

identify weaknesses of the current networks (King et al. 2014). It can also be used

to determine the potential of new observations. We discuss the use of observability

primarily as a metric for optimization focusing on the placement of targeted obser-

vations and data thinning for high resolution observations. We use the shallow water

equations (SWEs) governed by

𝜕v
𝜕t

= −v𝜕v
𝜕x

− g𝜕h
𝜕x

(17)

𝜕h
𝜕t

= −v𝜕h
𝜕x

− h𝜕v
𝜕x

(18)

where v is the velocity, h is the height, and g is gravity. To discretize (17)–(18) we use

a staggered (“Arakawa C”) grid. For the time integration we use a leap-frog scheme

with zero velocity at the boundary. We start with an exponential initial condition and

as we move forward in time two waves form and move away from each other, see

Fig. 1. For longer time intervals these waves reflect back. Optimizing the observabil-

ity of a system allows us to improve the conditioning and estimation error of a system

by modifying H in (5). To optimize the observability of stationary configurations we

decrease the ratio 𝜌∕𝜖 by increasing 𝜖 which leads to the max-min problem

max
𝜆

min
𝛿u0

J(u0, 𝛿u0, 𝜆) subject to ||𝛿u0|| = 𝜌 (19)

where u = (v, h) and 𝜆 represents the sensor locations. This may also be formulated

to accommodate moving sensor platforms to determine the optimal trajectory by
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Fig. 1 The solutions for a the height h and b the velocity v after for 80 time steps

solving the max-min problem with an additional constraint governing the motion of

the senors given by

max
𝜆

min
𝛿u0

J(u0, 𝛿u0, 𝜆)

subject to
d𝜆
dt

= 𝜂(𝜆(t)) for all t ∈ [to, t0 + T] and ||𝛿u0|| = 𝜌.

While these optimization problems may be solved iteratively for small dimen-

sion problems it is very costly for high dimensional problems as this could require

many model evaluations. The tangent linear model (TLM), readily available in many

NWP centers, may be used in calculation of the variations to provide scalability to

computations.

4.1 Sensor Placement

We begin by considering the design of an observing network, specifically, given

sensors where are the best places for them. For this experiment we consider the case

with a limited number of sensors so we look at maximizing the smallest eigenvalue

of (16) which is essentially optimizing the worst case scenario. We generate one

hundred sets of initial backgrounds by randomly perturbing the truth u(0) such that

ubj (0) − u(0) has a Gaussian distribution. For each background we generate sensor

information by adding white Gaussian noise:

y(ti) = ytrue(ti) + R1∕2
𝜉i

where ytrue is the value of the true state, 𝜉i is white Gaussian noise, and R is the sensor

variance. For each set of initial conditions and sensor information we perform four

dimensional variational (4D-Var) type assimilation over the time interval. We assume

the background error covariance, Pb, is unknown but is of the form
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Pb = b0 exp
(
−|i − i′|2

L2

)

where b0 represents the variances of the initial errors, i is the spatial index, and L is

the spatial decorrelation length. The parameters we use are as follows:

N
𝜆

= 6 number of sensors

L = 20 length of x interval

TA = 0.8 length of assimilation window

TF = 1.6 forecast time

𝜌 = 0.01 observability tolerance

Rh = 1e − 5 variance in height measurements

Ru = 1e − 5 variance in velocity measurements

b0 = 1e − 4 used to compute Pb.

We assume each sensor measures the height and velocity. Intuitively, based on

the discussion in Sect. 2.1, we expect that increasing the observability may lead to

increased observation impact while the converse is not necessarily true. As these

concepts measure different aspects of the dynamical and assimilation systems it is

hard to quantify their exact effect on each other.

To explore the relationship between these concepts we consider the case where

we add sensors to an existing configuration. We start with an existing configuration

of three equally spaced sensors and add optimally placed sensors to create a new net-

work. We then compute the observation impact via (11). We optimize the locations

of three sensors using the Fourier space as our estimation space W, see Appendix

A for more details. Generally, the number of frequencies used in the Fourier space

should be based on the desired accuracy of the state space estimation. For our exam-

ple the higher frequencies suggested by the state space estimation were effectively

unobservable so we focus on the observable frequencies. We use two frequencies

ensuring all modes in our estimation space are observable. It is possible that if we

were optimizing all six sensors at the same time more modes would be observable

and we could potentially use more frequencies.

To solve for the optimal sensors we use the empirical gramian which reduces (19)

to an eigenvalue maximization problem

max
𝜆

𝜎min(G(𝜆))
subject to 𝜆

lower
< 𝜆 < 𝜆

upper

(20)

where 𝜎min is the smallest eigenvalue of the gramian matrix G. The derivation of G
for the shallow water equations is in Appendix A. Note that we solve for all 𝜆 simul-

taneously. Optimizing (20) can be numerically challenging due to the nonsmooth

nature of the objective function, i.e., it is not necessarily differentiable at its extrema

because of the tendency of eigenvalues to coalesce at solution points. To find the

conditions necessary for optimality let (𝜎, 𝜆) be an eigenpair for the gramian G then
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G(𝜆)x = 𝜎x.

Taking the derivative with respect to 𝜆 leads the expression

Gdx
d𝜆

+ dG
d𝜆

x = 𝜎

dx
d𝜆

+ d𝜎
d𝜆

x.

Since G is symmetric the left eigenvector of 𝜎 is given by xT so our expression

for the derivative reduces to

d𝜎
d𝜆

= xT dG
d𝜆

x = 0

assuming xTx = 1. We elected to solve this eigenvalue problem using the Broyden-

Fletcher-Goldfrab-Shanno (BFGS) method. It is by far the most popular quasi-

newton method and has proven effective for nonsmooth, nonconvex problems (Lewis

and Overton 2012). As this problem is nonsmooth we are only guaranteed a local

minimizer. Additionally, care must be taken with the selection of a line search method

in order to avoid the situation of vanishing derivatives.

When determining the optimal sensors to be added to the existing sensors we

use the entire set of sensors in our observability computations giving us the sensor

configuration in Fig. 2. This configuration with all six sensors was then used in one

hundred 4D-Var data assimilations and the average observation impacts determined

in Table 1. As a group, the equally placed sensors have a less negative average obser-

vation impact which implies they do not improve the analysis as much as the opti-

mal sensors which have a larger negative impact implying they improve the analysis

more.

-10 -8 -6 -4 -2 0 2 4 6 8 10

equal
optimal

Fig. 2 Sensor configuration after the optimal sensors were added to the equally spaced ones

Table 1 Averaged observation impacts

Configuration Observation impact

Equal −0.0298

Optimal −0.0597
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These results indicate that we have a greater performance from the optimal sensors

added to the existing framework.

We now consider the case where there is no previous observing network and we

optimally select a network configuration. We solve (20) with the parameters

N
𝜆

= 6 number of sensors

NF = 4 number of freqencies for each u, 𝜙

with the remaining parameters unchanged. As we can now adjust the positions of all

six sensors we are able to include higher frequencies with all of them being observ-

able. It is possible to target specific frequencies in the estimation space W giving the

flexibility to target specific features. We are interested in the overall estimation error

so we choose the first four frequencies.

The optimal sensor locations computed can be seen in Fig. 3. The solution of (20)

is not guaranteed to be globally optimal so it is possible that a different global solu-

tion exists. Using a different initial guess may produce a different solution entirely.

In addition to the optimal solution, we will be comparing our results to a random

configuration and an equally spaced configuration. The random configuration was

produced by taking ten random configurations and then choosing the configuration

with the lowest RMSE to compare our results against. For our experiment we use the

same one hundred initial backgrounds and sensor information as previously used. We

estimate the overall error of the analysis ua(t) using the following norm

||ua − utruth|| =
∫

T

0
||ua(t) − utruth(t)||2dt

where || ⋅ ||2 is the L2 norm with the RMSE defined as

x
-10 -8 -6 -4 -2 0 2 4 6 8 10

random
equal
optimal

Fig. 3 The sensor locations for the random, equally spaced, and optimal sensor configurations
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Fig. 4 a The average L2 error over time in the height for the equally spaced and optimal sensors

and b the average L2 error for the velocity

Table 2 RMES error, N=100

Configuration Height Velocity

Random 0.0797 0.2445

Equal 0.0721 0.2168

Optimal 0.0629 0.1915

√
√
√
√
√
√

N∑

k=1
||uak − utruth||2

N
.

We can see the RMSE of the different configurations as a function of time in Fig. 4 in

terms of both wave height and velocity. After t = 0.3 the error in all cases stabilizes.

Table 2 gives the RMSE over the entire data assimilation window. Compared to the

equally placed sensors the optimal sensors saw performance improvements of 13%
for the height and 12% for the velocity. Compared to the randomly placed sensors

there was a performance improvement of 21 and 22% for the height and velocity,

respectively. For this experiment the optimally placed sensors outperformed equally

spaced and random configurations. This indicates that increasing the observability

improves the quality of the analysis.

The worst case scenario may be significantly improved but the overall quality of

your estimation may not improve as significantly due to the nature of optimizing the

worst case scenario. Depending on the situation other measures of observability may

yield better results. For example, looking at the determinate of the gramian is more

appropriate for domains with good coverage as we will see in the next example.
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4.2 Data Thinning

Instruments such as satellites, radar, and radiosondes produce high density data sets

that are of high value in data assimilation. However, they are computationally expen-

sive and there are underlying theoretical constraints that pose issues. Data thinning

schemes are used to reduce the computational cost as well as to eliminate temporal

and spatial correlations the observations. Uniform sampling or super ob-ing are typi-

cally used operationally but other adaptive schemes based on singular vectors (Bauer

et al. 2011) or estimation error (Ochotta et al. 2005) are available. Observability as

a metric for data thinning has the advantage of being assimilation and observation

independent.

For the previous experiments, we assumed that observations are somewhat sparse

and we sought to improve the worst case scenario by looking at the minimum

eigenvalue. For data thinning we will be using the determinate of the observabil-

ity gramian to measure the overall quality of the system via

max log(det(G(𝜆)))
subject to 𝜆

lower
< 𝜆 < 𝜆

upper
.

This formulation looks at the entire spectrum of the gramian G. Care must be taken

when using this approach as a large determinate may mask small eigenvalues, i.e.,

unobservable directions of error. We use the logarithm of the determinate for com-

putational ease. We continue to use BFGS in our computations noting that now our

problem is smooth and therefore solved more easily. For this example we are assum-

ing that the observations are dense in time or space. If the observations are not dense,

then this method would not be appropriate and a combinatorial optimization tech-

nique should be utilized. We use a dense data set of ninety nine sensors with the

parameters

N
𝜆

= 12 number of sensors in the reduced set

NF = 9 number of freqencies for each u, 𝜙.

The number of observations kept may be determined by a number of factors, for

example, available resources or desired estimation error. For our example we selected

twelve sensors because given the size of our problem if we choose more sensors the

effect of the sensor placement is negligible. This is a considerable decrease of about

88% of available observations. We compare different methods of observation sam-

pling as in Fig. 5. For the dense set of ninety nine sensors the RMSE is 0.0091 and

0.0277 for the height and velocity, respectively. Using the optimal sensors the error

increased about four times the amount in the dense set but decreased the number of

observations used by about seven eighths. For comparison we have a randomly sam-

pled set that has the lowest RMSE of ten randomly sampled sets. We also compare

our results against an equally sampled set. We compute the RMSE as before over the

time interval in Table 3.
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Fig. 5 Sensor locations for the dense (gray) and thinned data

Versus the random sample the optimal sample saw a 21.4 and 20.8% improvement

for the height and velocity respectively. Compared to the equally sampled set, the

optimal saw an improvement of 10.1 and 8.7% for height and velocity, respectively.

For larger systems it would be possible to use an observability based approach that

maintains a certain level of estimation error.

5 Final Remarks

We have discussed observability as a versatile tool for data assimilation: it can predict

the potential effect of losing or gaining a sensor, it can be used to optimize observing

networks, and it can be used to optimally reduce dense observations. Observability

is a property inherent in a dynamical system which in turn affects data assimilation

systems. As was discussed in Sect. 1, observability can be viewed as a measure of

well-posedness. In our discussion of applications of observability we have used it as

a metric for the optimization of observing networks. Optimization based on observ-

ability improves the conditioning of the dynamical system by adjusting H in (5)

which may lead to an improvement of the data assimilation system regardless of the

assimilation technique used. In our examples by improving the observation locations

we were able to improve the estimation error of a 4D-Var system.

We have discussed observability’s relationship to other quantification tools in data

assimilation, namely, observation impacts. While observability has the potential to

influence observation impacts these concepts are measuring different aspects of a

data assimilation system. Observability is determined by the NWP model and obser-

vation operator and is independent of the information contained in observations,
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Table 3 RMES error, N=100

Configuration Height Velocity

Random 0.0489 0.1493

Equal 0.0427 0.1294

Optimal 0.0384 0.1182

where as sensitivity and observation impact measure the effect of the information

provided by the content of the observations. Observability is more appropriate for

information quantification a priori whereas observation impact is an a posteriori

measurement.

A Empirical Gramian

To compute the gramian G in (16) we let wi ∈ W, for i = 1, ..., s, be an orthonormal

basis. Consider the variation in the direction of wi

u0 + 𝛿u0 = u0 ± 𝜌wi.

Then, the variation of the output is

Δyi(t) =
1
2𝜌

(
y(t; u0 + 𝜌wi) − y(t; u0 − 𝜌wi)

)
. (21)

To evaluate (21), we perform an integration for u0 + 𝜌wi and u0 − 𝜌wi using the

full nonlinear model. Then

Gij =< Δyi(k),Δyj(k) >P2

where

< Δyi(k),Δyj(k) >=
∫

t

0
Δyi(t)TP2Δyj(t)dt.

Alternatively we can use the tangent linear model (TLM) which is a linearization of

the nonlinear model around a state u. Letting tk = kΔt

uk = Mk−1uk−1, uk ∈ ℝn
(22)

and

yk = Huk + Vk, Rk = E(VkVT
k ), yk ∈ ℝp

(23)

where Rk is the covariance matrix for hk. Additionally we note that
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Δyi0 = H[(u0 + 𝜌wi) − u0] = 𝜌Hwi
Δyi1 = HM0(u0 + 𝜌wi) − HM0u0 = 𝜌HM0wi

⋮
Δyik = 𝜌HMk−1 ⋯M0wi.

(24)

The TLM reduces the number of model evaluations by propagating the perturbations

in time and we avoid the centered differences approximation in (21). For the shallow

water equations in (17) and (18), the state space is given by

[h, v]T = [h0 h1 ⋯ hN v0 ⋯ vN]T and X = [x0 ⋯ xN]T

where hi = h(xi), vi = v(xi). To compute the partial observability we use the Fourier

space as our estimation space W represented by

h =
a0
√
2
+

K∑

k=1

(

ak cos
(2k𝜋

L
X
)

+ bk sin
(2k𝜋

L
X
))

v =
𝛼0
√
2
+

K∑

k=1

(

𝛼k cos
(2k𝜋

L
X
)

+ 𝛽k sin
(2k𝜋

L
X
))

where a, b, 𝛼, 𝛽 ∈ ℝn
. Suppose the tolerance of error for h and v are 𝜌h and 𝜌v then

we define the norm in W as

||(a0, a1, ..., ak, b0, ...bk, 𝛼1, ..., 𝛼k, 𝛽0, ..., 𝛽k)T ||2W =
K∑

k=0
a2k +

K∑

k=1
b2k +

𝜌

2
h

𝜌

2
u

( K∑

k=1
𝛼k +

K∑

k=1
𝛽k

)

.

The output is denoted by

y = soutput(h, v, 𝜆)

where 𝜆 is the sensor locations. We assume that the sensors measure both h and v
at the location 𝜆. In our examples if 𝜆 is not located at a grid point in X, the sensor

measurement is modeled as an interpolation operator, soutput, using the value of v
and h at the nearby grid points. To form the cost function (14) consider the nominal

trajectory (h(t), v(t)) with nominal coefficients (a, b, 𝛼, 𝛽) and perturbation given by

(a, b, 𝛼, 𝛽)T + (Δa,Δb,Δ𝛼,Δ𝛽)T (25)

with a scaled scalar tolerance

||(ΔaT ,ΔbT ,Δ𝛼T
,Δ𝛽T )T ||W = 𝜌.

Let ( ̂h(t), v̂(t)) be the trajectory associated with (25) with output ŷ(t). To compute the

variation define
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[
Δh
Δv

]

=
[
̂h(t)
v̂(t)

]

−
[
h(t)
v(t)

]

with Δyi = ŷ(ti) − y(ti)

then the variation (14) for (17) and (18) is given by

J = 1
2(N + 1)

[
Δh(0)
Δv(0)

]T

P−1
b

[
Δh(0)
Δv(0)

]

+ 1
Nt + 1

Nt∑

i=1
ΔyTi R

−1
i Δyi

=
[
Δh(0) Δv(0) ΔY

]T
⎡
⎢
⎢
⎢
⎣

P−1
b

2(N + 1)
0

0 R−1

Nt + 1

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎣

Δh(0)
Δv(0)
ΔY

⎤
⎥
⎥
⎦

where ΔY = [Δy0 ⋯ΔyNt
]T . To summarize the gramian method we first note that

the dimension of [Δa,Δb,Δ𝛼,Δ𝛽] is 4K + 2. The coefficients are perturbed by

[a, b, 𝛼, 𝛽]T ± [0⋯ 0 𝜌 0⋯ 0]T

where 𝜌 is at index i and 1 < i < 2K + 1 for perturbations associated with a, b and

2K + 2 < i < 4K + 2 associated with perturbations to 𝛼, 𝛽. Define

⎡
⎢
⎢
⎣

Δhi(0)
Δvi(0)
ΔYi

⎤
⎥
⎥
⎦

= 1
2𝜌

⎡
⎢
⎢
⎣

h+i(0) − h−i(0)
v+i(0) − v−i(0)
ΔY+i − ΔY−i

⎤
⎥
⎥
⎦

(26)

and let

Δ =
⎡
⎢
⎢
⎣

Δh1(0)⋯Δh4k+2(0)
Δv1(0)⋯Δv4k+2(0)
ΔY1 ⋯ΔY4k+2

⎤
⎥
⎥
⎦

.

Then the gramian matrix is

G = ΔT

⎡
⎢
⎢
⎢
⎣

P−1

2(N + 1)
0

0 R−1

Nt + 1

⎤
⎥
⎥
⎥
⎦

Δ

and (𝜖∕𝜌)2 ≈ 𝜎min where 𝜎min is the smallest eigenvalue ofG. We may either approxi-

mate the variation in the outputΔyi by (21) using the nonlinear model or approximate

the variation by propagating the perturbations via the TLM as in (24).
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Quantification of Forecast Uncertainty
and Data Assimilation Using Wiener’s
Polynomial Chaos Expansion

Junjun Hu, S. Lakshmivarahan and John M. Lewis

Abstract In this chapter we demonstrate the power of the Wiener’s polynomial
chaos based approach to quantify the uncertainty in the forecast of a dynamical
system when the randomness enters through initial conditions, and/or parameters
and/or forcing. This method enables an easy generation of forecast ensemble which
can then be combined with one of many known methods for ensemble Kalman
filtering.

Keywords Wiener chaos ⋅ Hermite polynomial ⋅ Data assimilation ⋅ Uncer-
tainty quantification

1 Introduction

Uncertainty in the forecast based on a dynamical model can arise from the ran-
domness in (1) the initial conditions and/or (2) the forcing term (including both the
external forcing and the boundary conditions), and/or (3) randomness in the
parameters of the model. In each of these cases, the solution of the model is a
stochastic process. Our aim in this tutorial is twofold. First is to demonstrate the
power of the Wiener’s (1938) polynomial chaos1 (PC) based expansion of a
stochastic process. This is done by expressing the (unknown) solution of the model
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in an orthogonal expansion using a stochastic basis consisting of the set of all
Hermite polynomials of the standard Gaussian random variable whose distribution
is defined over the real line, where the coefficients (or the strength of the modes) of
the expansion are (unknown) deterministic functions of time. By exploiting the
orthogonality property of the Hermite polynomial (with respect to the standard
Gaussian as the weight function), the given model is reduced to a system of coupled
nonlinear dynamics on the deterministic coefficient functions. By solving this
reduced spectral dynamics numerically, we can then effectively reconstruct the
stochastic solution of the original forecast model, based on which we can provide
probabilistic characterization of the model forecast. An overview of the properties
of both deterministic and stochastic versions of the Hermite polynomials are given
in Appendices A and B.

While this approach is quite similar in principle to the well-known Karhunen–
Loève (K-L) expansion (Loève 1977), there is a major difference in the choice of
the stochastic basis. In K-L expansion, the stochastic basis consists of the eigen
functions of the known correlation function of the underlying stochastic process. In
our case, since we do not know the (stochastic) solution of the forecast model,
let alone its underlying correlation structure, we rely on the more general approach
based on Wiener’s PC based expansion. However, like everything else in life, there
is a price to pay for this lack of knowledge about the solution, namely, the solution
based on K-L expansion is inherently optimal but the solution based on the
Wiener’s PC does not share this inherent optimality property (Loève 1977; Ghanem
and Spanos 1991). Our second goal is to use this PC expansion in an ensemble
framework to perform data assimilation.

A succinct account of the role of Wiener’s PC based approach in stochastic
analysis is given in Kallianpur (1980) and Kuo (2006). Lototsky and Rozovskii
(2006) develop a general framework for solving stochastic differential equations
(Arnold 1974) using PC approach. Solution to the nonlinear filter (which is a
general form of dynamic data assimilation for stochastic models) based on PC is
developed in Lototsky (2011). Mathematical generalization of Wiener’s PC to
include Askey scheme (called gPC) is developed in Xiu and Karniadakis (2002a).
The monograph by Xiu (2010) contains an elegant presentation of PC, gPC and
their applications.

Earliest application of Wiener’s PC based approach to quantify uncertainty in
engineering problems—applied mechanics and structural engineering is due to
Ghanem and Spanos (1991). Since then there is a virtual explosion of literature in
this area. The review paper by Ghanem (1999) provides a very good presentation of
the PC methodology and a roadmap for applications. Two recent books by Le
Maitre and Knio (2010) and Grigoriu (2012) provide excellent presentation of both
the theory of PC and its multi-faceted applications.

A note on the other methods for quantifying the forecast uncertainty is in order.
If the forecast uncertainty is only due to those in the initial condition, then the
well-known partial differential equation known as the Liouville’s equation (Saaty
1967) provides the complete solution by describing the evolution of the probability
density function of the forecast with time. If the uncertainty in the forecast arises
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from two sources—those in the initial condition and in forcing, then the evolution
of the probability density of the forecast is given by the celebrated Kolmogorov’s
forward equation (Jazwinski 1970). Soong (1973) describes several special methods
to handle the uncertainty in the parameters in an otherwise deterministic model.
But, when the uncertainty arises from all the three sources—initial condition,
forcing and parameters, as is considered in this chapter, to our knowledge, the
Wiener’s polynomial chaos and its generalization are the only known approaches to
quantify the model forecast uncertainty.

The related theory of nonlinear and non-Gaussian dynamic data assimilation is
embodied in the contemporary theory of nonlinear filtering that deals with com-
bining an uncertain nonlinear model forecast with noisy (nonlinear) observations in
a Bayesian framework (Crisan and Rozovskii 2011). In this case, the evolution of
the posterior density that describes the evolution of the uncertainty in the analysis is
given by the well-known Kushner-Zakai equation, which is a stochastic partial
differential equation (Kushner 1962; Zakai 1969). We hasten to add that there is a
natural nesting between the three well-known classes of partial differential equa-
tions mentioned above in the sense Kushner-Zakai becomes Kolmogorov’s forward
equation when there is no noisy observation and the latter in turn becomes Liou-
ville’s equation when there is no random forcing. Notice that this well-known
hierarchy does not handle uncertainty in parameters.

In this chapter we examine the power of the Wiener’s PC approach to assimilate
noisy data into linear and nonlinear stochastic models. This approach is patterned
after the ensemble Kalman filtering approach championed by Evensen (2007) and
surveyed in Lakshmivarahan and Stensrud (2009). Li and Xiu (2009) were the first
to apply the PC based approach to perform ensemble kalman fitering. Kalman’s
original paper (Kalman 1960) still continues to be a great inspiration for generations
of researchers in this area. Lewis et al. (2006) provides a comprehensive summary
of various approaches to dynamic data assimilation.

In Sect. 2 we provide a short summary of basic algorithmic framework of PC
based analysis to the forecast and data assimilation problem. In Sect. 3, we consider
the forecast analysis. In Sect. 4, PC based data assimilation approach is investigated
in linear and nonlinear problems. Section 5 contains conducting remarks.

2 PC Framework for Forecast Analysis

Let xðkÞ∈Rn denote the state of a forecast model at time k≥ 0 defined by a
nonlinear stochastic difference equation

xðk+1Þ=M ðxðkÞ,αÞ½ �+wðkÞ. ð1Þ

where M:Rn ×Rp →Rn is the one step state transition map or simply model map,
wðkÞ∼Nð0,QÞ is the white Gaussian noise representing the model error with
known covariance Q (mean 0∈Rn is a vector of all zeros), α∈Rp is a random
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parameter vector drawn from a known Gaussian distribution, that is, α∼Nðᾱ,ΣÞ
where ᾱ is the mean and Σ is its covariance, and xð0Þ∼Nðxa0,Pa

0Þ is the random
initial condition which is again Gaussian with the known mean xa0 = xa(0) and
covariance Pa

0 =Pa(0). It is further assumed that xð0Þ, α and wðkÞ are stochastically
independent.

Remark 2.1 The key idea of the Wiener’s PC approach is centered on the
orthogonality of Hermite polynomials with respect to the standard Gaussian density
as the weighting function. To be consistent with this philosophy and for added
simplicity in the analysis that follows, it is tacitly assumed that xð0Þ, α and wðkÞ are
all Gaussian. If it turns out these are not Gaussian, we could then use the gener-
alized polynomial chaos (gPC) expansion to deal with these cases. The mathematics
is however very similar. Refer to the monograph by Xiu (2010) for an elegant
treatment of gPC and their applications.

Let xðkÞ= xðk, ξÞ be the discrete time stochastic process defined by the (un-
known) solution of (1). The basic premise of PC approach is to approximate the
evolution of x kð Þ by an orthogonal expansion using Hermite polynomials as

xðkÞ= ∑
N

i=0
viðkÞϕiðξÞ ð2Þ

where viðkÞ∈Rn are the unknown deterministic coefficient vectors to be determined
and ϕiðξÞ is the known ith degree Hermite polynomial in the standard Gaussian
random variable ξ∼Nð0, 1Þ. Refer to Appendices A and B for a review of the
properties of Hermite polynomials.

It follows from Appendices A and B that, ξ=ϕ1ðξÞ and fϕiðξÞg constitute an
orthogonal basis based on the inner product

⟨ϕi,ϕj⟩=
Z

R
ϕiðξÞϕjðξÞpðξÞdξ= ði!Þδij. ð3Þ

where

pðξÞ= 1
ffiffiffiffiffi
2π

p exp −
ξ2

2

� �
.

and δij =1 if i= j and 0 otherwise. To simplify the notation, we now define an
extension of the definition of the inner product in (3). Let f = f1, f2, . . . , fnð ÞT ∈Rn,
then define a new vector f j ∈Rn, where

f j = ⟨f,ϕj⟩= f 1̄j, f 2̄j, . . . , f n̄j
� �T . ð4Þ

with f īj = ⟨fi,ϕj⟩.
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As the first step in deriving the dynamics of evolution of the unknown coefficient
vectors viðkÞ, 0≤ i≤N and k≥ 0 in (2), we start by expanding the initial condition
xð0Þ, parameter α and the model forcing wðkÞ using Hermite polynomials.

PC expansion of xð0Þ: Let

xð0, ξÞ= ∑N
j=0 IjϕjðξÞ. ð5Þ

be the PC expansion of the initial condition xð0Þ, where Ij ∈Rn are the unknown
constant coefficient vectors to be determined. Taking inner product of both sides of
(5) with ϕiðξÞ, it follows from (4) that for 0≤ i≤N,

Ii =
⟨xð0, ξÞ,ϕiðξÞ⟩

i!
. ð6Þ

where 0! = 1 by definition.
But recall that xð0, ξÞ∼N xað0Þ,Pað0Þð Þ. Let Pað0Þ=AAT be the Cholesky

factorization of Pað0Þ, where A= ½aij� is a lower triangular matrix. Then it can be
verified that

xð0, ξÞ= xað0Þ+A1ϕ1ðξÞ. ð7Þ

where 1∈Rn is a vector of all ones and we have used the fact that ξ=ϕ1ðξÞ (Refer
to Appendices A and B). Substituting (7) in (6) and simplifying, it follows that the
rth component of the numerator on the right hand side of (6) is given by

⟨xrð0, ξÞ,ϕiðξÞ⟩= ⟨xar ð0Þ,ϕiðξÞ⟩+ ⟨ ∑r
s=1 ars

� �
ϕ1ðξÞ,ϕiðξÞ⟩

= xar ð0Þδ0i + ∑r
s=1 ars

� �
δ1i.

ð8Þ

Substituting (8) in (6), it follows that, for 0≤ i≤N

Ii = xað0Þδ0i + ðA1Þδ1i. ð9Þ

That is, the new initial condition for the amplitudes is given by

I0 = xað0Þ, themean of xð0, ξÞ

I1 =A1, sum of the columns of A

and

Ij ≡ 0 for 2≤ j≤N. ð10Þ

Hence, the PC expansion for the initial condition is given by
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xð0, ξÞ= xað0Þ+ ðA1Þϕ1ðξÞ. ð11Þ

Remark 2.2 If the initial condition is deterministically specified, then Pað0Þ is a
zero matrix and so is A. In this case, I0 = xað0Þ and Ij ≡ 0 for 1≤ j≤N.

PC expansion of the parameter α: Let

αðξÞ= ∑N
j=0 αjϕjðξÞ. ð12Þ

be the PC expansion of the parameters where αj ∈Rp are the unknown constant
coefficients and αðξÞ∼Nðα ̄,ΣÞ. Let Σ=CCT be the Cholesky decomposition of Σ
with C= ½cij� being a lower triangular matrix. Then, by repeating the procedure
described above, it can be easily verified that

α0 =α ̄, themean of α

α1 =C1, sum of the columns of C

αj =0, for 2≤ j≤N. ð13Þ

Hence, the PC expansion for the parameter α is given by

αðξÞ=α ̄+ ðC1Þϕ1ðξÞ. ð14Þ

Remark 2.3 When α is nonrandom, then α0 = ᾱ and αj =0, for 1≤ j≤N.
PC expansion of the forcing term wðkÞ:
Since wðkÞ is a stationary Gaussian white noise with a common distribution

Nð0,QÞ, let

wðk, ξÞ= ∑N
j=0 FjϕjðξÞ. ð15Þ

where Fj ∈Rn are the unknown, time invariant coefficient vectors to be determined.
Let Q=BBT be the Cholesky factorization of Q with B= ½bij� being a lower tri-
angular matrix. By proceeding along similar line, it immediately follows that

F0 = 0,F1 =B1, the sumof the columns of B

and

Fj =0, 2≤ j≤N. ð16Þ

Hence the PC expansion of wðk, ξÞ is
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wðk, ξÞ= ðB1Þϕ1ðξÞ. ð17Þ

We now turn to our main task.
PC expansion for the solution xðk, ξÞ:
Substituting (2), (14), and (17) in (1), the latter becomes

∑N
j=0 vjðk+1ÞϕjðξÞ=M ∑N

j=0 vjðkÞϕjðξÞ,α ̄+ ðC1Þϕ1ðξÞ
h i

+ ðB1Þϕ1ðξÞ. ð18Þ

Taking inner products of both sides with ϕiðξÞ and simplifying, in view of (3) it
follows that

i !viðk+1Þ= ⟨M ∑N
j=0 vjðkÞϕjðξÞ, ᾱ+ ðC1Þϕ1ðξÞ

h i
,ϕiðξÞ⟩+ ⟨ðB1Þϕ1ðξÞ,ϕiðξÞ⟩

ð19Þ

Define a new vector VðkÞ∈Rn× ðN +1Þ by concatenating (N + 1) vectors
v0ðkÞ,v1ðkÞ, …, vNðkÞ as

VðkÞ= vT0 ðkÞ, vT1 ðkÞ, . . . , vTNðkÞ
� �T

.

Also, let β denotes a new parameter vector that contains the elements of the
vector α and the lower triangular matrix C. Performing the inner product on the
right side of (19), we obtain a nonlinear dependence of viðk+1Þ on VðkÞ and β, and
a linear dependence on B, denoted by

viðk+1Þ=MiðVðkÞ,βÞ+ ðB1Þδ1i
i!

. ð20Þ

with

v0ð0Þ= I0, v1ð0Þ= I1, and við0Þ=0, 2≤ i≤N

given in (10) as the initial conditions. The actual functional form of Mi depends on
the model map M.

By combining the (N + 1) equations, the system (20) can be succinctly repre-
sented as

Vðk+1Þ=M VðkÞ,β½ �+ gðkÞ. ð21Þ

where the forcing gðkÞ and the initial condition Vð0Þ are given in the partitioned
form as
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gðkÞ=

0
B1
0
⋮
0

2

6664

3

7775
∈Rn× ðN +1Þ andVð0Þ=

I0 = xa 0ð Þ
I1 =A1

0
⋮
0

2

6664

3

7775
∈Rn× ðN +1Þ. ð22Þ

Solving the first-order, nonlinear deterministic recurrence relation (21) in
Rn× ðN +1Þ, we can compute the evolution of the time varying coefficients viðkÞ for
0≤ i≤N and k>0. Hence, we obtain an approximate representation of the actual
solution xðkÞ of (1).
Remark 2.4 It can be shown that the accuracy of this approximation improves as
N increases. Only for simplicity in this tutorial, we have used Hermite polynomials
in a single Gaussian variable. One could readily develop a parallel derivation using
multivariate Hermite polynomials. One can also readily undertake the analysis of
the impact of the use of multivariate versus univariate Hermite polynomials as well
as the number N of terms on the accuracy of the representation such as (2).

Using (2) we can indeed quantify the approximate expressions for the mean and
covariance of xðkÞ. Taking expectations on both sides of (2) and using the prop-
erties of the Hermite polynomials (Appendices A and B), it follows that

x ̄ðkÞ=E½xðkÞ�= v0ðkÞ.

and

PðkÞ=Cov½xðkÞ�= ∑N
i=1 i ! viðkÞvTi ðkÞ

� �
. ð23Þ

By drawing samples of ξrð1≤ r≤MÞ from the standard normal distribution, we
can indeed construct the rth member of the forecast ensembles of the solution (1) as

½xðkÞ�r = ∑N
i=0 viðkÞϕiðξrÞ. ð24Þ

Using this forecast ensemble, one can in principle build a histogram and analyze
its evolution experimentally.

3 Examples

In this section we apply the theory developed in Sect. 2 to the analysis of the
ensemble forecast from a stochastic dynamics.
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3.1 Experiment 3.1 A Linear Problem

To establish the base, we first consider the deterministic version of linear model
given by the scalar ðn=1Þ differential equation

x ̇= f ðxÞ= ax. ð25Þ

The solution xðtÞ of (25) is given by

xðtÞ= xð0Þeat. ð26Þ

where xð0Þ is the initial condition.
The standard Ito type stochastic differential equation (Arnold 1974) corre-

sponding to (25) is

dxðtÞ= f ½xðtÞ�dt + q ̄dwðtÞ. ð27Þ

where dwðtÞ∼Nð0,ΔtÞ is the (Gaussian distributed) Wiener independent increment
process and q ̄ controls the intensity of the forcing term in (27). Discretizing (27)
using the standard Euler scheme, we get

xðk+1Þ=M½xðkÞ, α�+wðk+1Þ. ð28Þ

where αð= aÞ is a real stochastic parameter α∼Nðᾱ, σ2Þ and wðkÞ∼Nð0, q2̄ΔtÞ
with

M½xðkÞ, α�= xðkÞ+ αΔtxðkÞ. ð29Þ

It is further assumed that the initial condition for (28) xð0Þ∼N xað0Þ,Pað0Þð Þ.
Following the development in Sect. 2, it follows that the initial condition xð0Þ,

the parameter α and the forcing wðkÞ admit the following PC expansion:

xð0, ξÞ= xað0Þ+
ffiffiffiffiffiffiffiffiffiffiffi
Pað0Þ

p
ϕ1ðξÞ. ð30Þ

α= α ̄+ σ ϕ1ðξÞ. ð31Þ

and

wðk, ξÞ= q ̄
ffiffiffiffiffi
Δt

p
ϕ1ðξÞ. ð32Þ

For definiteness, we seek a PC expansion of the solution xðkÞ of (28) in the form

xðkÞ= ∑N
j=0 vjðkÞϕjðξÞ. ð33Þ
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where the spectral amplitudes vjðkÞ∈R for 0≤ j≤N and k≥ 0. Substituting (31)
−(33) in (28), we get

∑N
j=0 vjðk+1ÞϕjðξÞ=M ∑N

j=0 vjðkÞϕjðξÞ, α ̄+ σ ϕ1ðξÞ
h i

+ q ̄
ffiffiffiffiffi
Δt

p
ϕ1ðξÞ. ð34Þ

From (29),

M ∑N
j=0 vjðkÞϕjðξÞ, α ̄+ σ ϕ1ðξÞ

h i
= ð1+ ᾱΔt+ σ ϕ1ðξÞΔtÞ∑N

j=0 vjðkÞϕjðξÞ. ð35Þ

Computing the inner product of both sides of (34) with ϕiðξÞ for 0≤ i≤N, while
is quite straightforward, involves tedious work. To avoid distraction from the main
flow of things, we provide the details of these computations in Appendix C.

Let VðkÞ= v0ðkÞ, v1ðkÞ, . . . , vN − 1ðkÞ, vNðkÞ½ �T ∈RN +1 be the vector of spectral
coefficients in the PC expansion of xðkÞ in (33), β denotes a new parameter vector
that contains ᾱ and σ. From above, it follows that the evolution of VðkÞ is given by
the following deterministic vector difference equation

Vðk+1Þ=M½VðkÞ,β�+ gðkÞ. ð36Þ

where the forcing term gðkÞ= 0, q ̄
ffiffiffiffiffi
Δt

p
, 0 . . . 0

� �T
and

Vð0Þ= xað0Þ, ffiffiffiffiffiffiffiffiffiffiffi
Pað0Þp

, 0 . . . 0
� �T

.
Solving (36) numerically we obtain the values of VðkÞ for k≥ 0, using which we

get an expression for the stochastic solution (33). The PC based approximate mean
and variance of xðkÞ are given by

E½xðkÞ�= v0ðkÞ. ð37Þ

and

Var ½xðkÞ�= ∑N
j=1 j !v

2
j ðkÞ. ð38Þ

We can create an ensemble of xðkÞ by creating an ensemble of ξ. That is, the ith
ensemble xiðkÞ induced by ith ensemble ξi is given by

xiðkÞ= ∑N
j=0 vjðkÞϕjðξiÞ. ð39Þ

This ensemble reflects the randomness in the solution induced by that of the
initial condition, the parameter and the forcing.

One thing that needs to be clarified is that when the parameter α is deterministic,
then the system operator M in Eq. (28) is not only linear but deterministic. In this
case, the solutions will be Gaussian distributed all the time. There is no need to use
the PC expansion method (since the expansion reduces to its first two terms). In real
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applications such as meteorology, the true linear problem considers random initial
conditions, rand parameters and random forcing.

In the experiment, we consider random initial conditions, random parameter and
random forcing for the linear problem given by

xð0Þ∼Nð0.8, 1Þ, α∼Nð0.1, 0.1Þ,wðkÞ∼Nð0, 0.5Þ. ð40Þ

The results are compared with those obtained from the Monte Carlo
(MC) method with 10,000 samples. Figure 1 shows the ensemble mean and vari-
ance evolution over the time for N =4.

A comparison of the evolution of the histograms of the PC based solution in (39)
and a direct MC method using (28) and the distributions in (40) at different times
are given in Fig. 2 through 5. As can be seen from these figures, the PC method and
MC method produce very similar results (Figs. 2, 3, 4 and 5).
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Fig. 1 The evolution of the ensemble mean and variance obtained from Polynomial Chaos
(PC) expansion method and Monte Carlo (MC) method for linear problem: a mean b variance
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Fig. 2 Histogram of the ensembles for linear problem at time t = 0.1. a PC, b MC
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Fig. 3 Histogram of the ensembles for linear problem at time t = 0.2. a PC, b MC
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Fig. 4 Histogram of the ensembles for linear problem at time t = 0.5. a PC, b MC
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Fig. 5 Histogram of the ensembles for linear problem at time t = 1. a PC, b MC
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3.2 Experiment 3.2 Nonlinear Problem

Next, we consider the nonlinear population equation given by Li and Xiu (2009),

dx
dt

= − r 1−
x
A

	 

x. ð41Þ

The standard Ito type stochastic differential equation corresponding to (41) is
represented as

dxðtÞ= − r 1−
x
A

	 

xðtÞdt+ q ̄dwðtÞ. ð42Þ

where dwðtÞ∼Nð0,ΔtÞ is the (Gaussian distributed) Wiener independent increment
process and q ̄ controls the intensity of the forcing term in (42). Discretizing (42)
using the standard Euler scheme, we get

xðk+1Þ=M½xðkÞ, α, β�+wðk+1Þ. ð43Þ

where α= r and β=A are stochastic parameters with α∼Nðα ̄, σ21Þ, β∼Nðβ, σ22Þ and
wðkÞ∼Nð0, q2̄ΔtÞ with

M½xðkÞ, α, β�= xðkÞ− αΔt 1−
xðkÞ
β

� �
xðkÞ. ð44Þ

It is further assumed that the initial condition for (41) xð0Þ∼N xað0Þ,Pað0Þð Þ.
Following the development in Sect. 2, it follows that the initial condition xð0Þ,

the parameter α, β and the forcing wðkÞ admit the following PC expansion:

xð0, ξÞ= xað0Þ+
ffiffiffiffiffiffiffiffiffiffiffi
Pað0Þ

p
ϕ1ðξÞ. ð45Þ

α= ᾱ+ σ1ϕ1ðξÞ. ð46Þ

β= β+ σ2ϕ1ðξÞ. ð47Þ

and

wðk, ξÞ= q ̄
ffiffiffiffiffi
Δt

p
ϕ1ðξÞ. ð48Þ

For definiteness, we seek a PC expansion of the solution xðkÞ of (43) in the form

xðkÞ= ∑N
j=0 vjðkÞϕjðξÞ. ð49Þ
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where the spectral amplitudes vjðkÞ∈R for 0≤ j≤N and k≥ 0. Substituting (49) in
(43), we get

∑N
j=0 vjðk+1ÞϕjðξÞ=M ∑N

j=0 vjðkÞϕjðξÞ, α, β
h i

+ q ̄
ffiffiffiffiffi
Δt

p
ϕ1ðξÞ. ð50Þ

From (44) and (46)−(48),

M ∑N
j=0 vjðkÞϕjðξÞ, α, β

h i

= 1− α ̄ Δt− σ1ϕ1ðξÞΔtð Þ∑N
j=0 vjðkÞϕjðξÞ+

ᾱ+ σ1ϕ1ðξÞ½ �Δt
β+ σ2ϕ1ðξÞ

∑N
j=0 vjðkÞϕjðξÞ

h i2
.

ð51Þ

The details of computing the inner product of both sides of (51) with ϕiðξÞ are
given in Appendix D, where we consider A as a deterministic parameter, that is,
σ2 = 0 in (51).

As in the linear problem, let VðkÞ= v0ðkÞ, v1ðkÞ, . . . , vN − 1ðkÞ, vNðkÞ½ �T ∈RN +1

be the vector of spectral coefficients in the PC expansion of xðkÞ in (49). The
evolution of VðkÞ will be given by a deterministic vector difference equation with
formula (36). The values of VðkÞ for k≥ 0 are obtained by solving (36) numerically.
Afterwards, the stochastic solution can be constructed by using (49). Same as linear
problem, the PC based mean and variance estimates of xðkÞ are given by (37) and
(38). And the creation of an ensemble of xðkÞ can be done similarly as that for linear
problem.

In this experiment, we consider the stochastic dynamic model with random
initial condition, random parameters r, deterministic parameter A, but with forcing.
The values are

xð0Þ∼Nð0.1, 0.005Þ, r∼Nð1, 0.04Þ,A=2.0, q ̄=0.02. ð52Þ

Again, the experiments results are compared to those obtained from Monte Carlo
method with 10,000 samples. The evolution of the ensemble mean and variance
when N =4 are given in Fig. 6. As can been seen, the PC method has similar
performance with MC method, but the difference between them is not as small as
that for linear problem.

Same as for linear problem, the histograms for the ensembles obtained at dif-
ferent times are given in Figs. 7, 8, 9, and 10.

More terms (N =8) are added to solve the nonlinear problem, but the results
show us that there is little improvement when we increase the term number from 5
to 9, that is from N =4 to N =8. The experiment results for N =8 are given in
Figs. 11, 12, 13, 14, and 15.
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Fig. 6 The evolution of the ensemble mean and variance obtained from PC method (N = 4) and
MC method for nonlinear problem: a mean, b variance
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Fig. 7 Histogram of the ensembles for nonlinear problem at time t = 0.1. a PC (N = 4) b MC
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Fig. 8 Histogram of the ensembles for nonlinear problem at time t = 0.2. a PC (N = 4), b MC
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Fig. 9 Histogram of the ensembles for nonlinear problem at time t = 0.5. a PC (N = 4) b MC

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

[PC] x (t=1)

F
re

n
q

u
en

cy
 (%

)

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

[MC] x (t=1)

F
re

n
q

u
en

cy
 (%

)
(a) (b)

Fig. 10 Histogram of the ensembles for nonlinear problem at time t = 1. a PC (N = 4), b MC
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Fig. 11 The evolution of the ensemble mean and variance obtained from PC method (N = 8) and
MC method for nonlinear problem: a mean, b variance
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Fig. 12 Histogram of the ensembles for nonlinear problem at time t = 0.1. a PC (N = 8), b MC
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Fig. 13 Histogram of the ensembles for nonlinear problem at time t = 0.2. a PC (N = 8), b MC
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Fig. 14 Histogram of the ensembles for nonlinear problem at time t = 0.5. a PC (N = 8), b MC
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4 Data Assimilation Using PC and Ensemble Method

By combining the forecast ensemble that is generated at time k in (24) and the
observation zk ∈Rm available at time k, we can now obtain analysis ensemble using
one of the several known methods (Evensen 2007; Lewis et al. 2006; Lakshmi-
varahan and Stensrud 2009).

To this end, first define, using (23)−(24), the forecast anomaly

½eðkÞ�r = ½xðkÞ�r − xk̄, 1≤ r≤M. ð53Þ

The goal is then to generate the analysis ensemble. This can be done in one of
several ways: (a) stochastic method using the virtual observation and (b) deter-
ministic methods that transform the forecast anomaly ensemble into analysis
anomaly ensemble.

In the following we use the stochastic method which may be summarized as
follows: The analysis mean and anomaly are given by

x ̄ak = xk̄ +Kk zk −Hxk̄½ �. ð54Þ

½eak �r = ½eðkÞ�r + eKkH½eðkÞ�r, 1≤ r≤M. ð55Þ

where H is the observation operator and the gain matrices are given by

Kk =PkHT HPkHT +R
� �− 1

. ð56Þ

eKk =PkHT HPkHT� �− 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HPkHT +R

q
+

ffiffiffiffi
R

p� �− 1

. ð57Þ
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Fig. 15 Histogram of the ensembles for nonlinear problem at time t = 1. a PC (N = 8), b MC
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where eKk is the solution of

I− eKkH
h i

Pk I− eKkH
h i

= I− eKkH
h i

Pk . ð58Þ

The analysis ensemble then is given by

½xaðkÞ�r = x ̄ak + ½eak �r, 1≤ r≤M. ð59Þ

Let the PC expansion of the analysis xak at time k be given by

xak = ∑N
i=0 v

a
i ðkÞϕiðξÞ. ð60Þ

Then

vai ðkÞ=
1
i!
< xak ,ϕiðξÞ>≈

1
i!M

∑M
r=1 ½xak �rϕiðξrÞ. ð61Þ

Now using vai ðkÞ, 0≤ i≤N as the initial condition for the deterministic dynamics
(21), we can readily obtain the forecast viðk+1Þ, 0≤ i≤N at time (k + 1), and the
assimilation forecast cycle repeats.

Experiment 4.1 Linear problem In this section, we study the linear problem
discussed in Sect. 3.1. In our example, Runge–Kutta method is firstly used to solve
the deterministic Eq. (25) in which a=0.1, and the initial values xð0Þ=0.8, to
obtain the deterministic solutions in the time interval t∈ ½0, 1�. The time increment
is set to be Δt=0.01. Afterwards, observations are created every Δt=0.05 time
unit by adding Gaussian measurement noise ui following Nð0,RÞ to the deter-
ministic solutions, that is

zi = xi + ui. ð62Þ

where i is observation time.
In the data assimilation experiment, the stochastic linear model with parameter

and uncertainties given in Eq. (40) is considered. The 4th-order PC approximation
(N = 4) method is adopted to solve the stochastic model in the experiment. In order
to study the behavior of the PC based data assimilation, we have selected three
different values for the measurement noise variance R, which are 0.22, 0.52 and 1,
along with four different values for the number of ensemble members M, which are
10, 102, 103 and 104 in the experiment. Figures 16 and 17 present the results when
R=1 and M =104.

We have two sets of designs in the experiment for each combination of R and
M. As shown in Fig. 16, the first design does not take into consideration of data
assimilation. Open-Loop solutions at different times are obtained through the
evolution of the stochastic model equation using PC based method. Figure 16
presents the Open-Loop ensemble mean at each observation time. The second
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design studies the combination of PC method and data assimilation scheme. As
shown in Fig. 17, at each observation time, the forecast ensembles are obtained by
using the analysis at previous time. The analysis ensembles are calculated by
assimilating the observations into forecast ensembles. The forecast and analysis
shown in Fig. 17 are the forecast ensemble mean and analysis ensemble mean.
From Figs. 16 and 17, we can see that the analysis stays much closer to observation
than Open-Loop solution.
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Fig. 16 Open-Loop solution for linear problem
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Fig. 17 Data assimilation for linear problem
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In order to quantify the impact of assimilation, we compute the Root Mean
Square Error (RMSE) as follows:

RMSEo =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑q

i=1 opi − obsið Þ2
q

s

. ð63Þ

RMSEa =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑q

i=1 ai − obsið Þ2
q

s

. ð64Þ

Here, opi refers to the Open-Loop ensemble mean at each observation time i,
obsi is the observation value at time i, and ai is the analysis ensemble mean at time
i.

Values of RMSEo and RMSEa resulting from different selection of R and M are
given in Table 1. The numbers in Table 1 further show us that data assimilation
method can make analysis much closer to observation, even when we only use 10
ensemble members in the experiment.

Table 1 Difference to observations for linear problem

R\M 10 102 103 104

RMSEa RMSEo RMSEa RMSEo RMSEa RMSEo RMSEa RMSEo

0.22 0.0113 3.7194 0.0040 0.5180 0.0004 0.2148 0.0009 0.2129

0.52 0.0308 3.6845 0.0204 0.7500 0.0027 0.6595 0.0062 0.6398

12 0.0571 4.2124 0.0498 1.2194 0.0197 0.8976 0.0681 0.9620
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Fig. 18 Open-Loop solution for nonlinear problem
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Experiment 4.2 Nonlinear problem The design of the nonlinear problem
experiment is similar as that for the linear problem. The problem is concentrating on
the nonlinear problem discussed in Sect. 3.2.

First, a series of deterministic solutions are generated by using Runge–Kutta
method to solve the deterministic nonlinear population problem (41) in time
interval [0, 1], with parameters r=1, A=2.0 and initial condition xð0Þ=0.1. The
time increment is set to be Δt=0.01. Observations are generated at every Δt=0.05
time unit by adding the measurement error ui(i is obsertation time) following
Nð0,RÞ to the deterministic solutions.

Same as linear problem, the 4th-order PC approximation (N = 4) method is
adopted to solve the stochastic model with parameter and uncertainties in Eq. (52).
In the experiment, three different values 0.062, 0.22 and 0.52 for R, and four dif-
ferent values 10, 102, 103, 104 for the number of ensemble members M are studied.

Figures 18, 19 and Table 2 are given in the same way as those for linear
problem. Figures 18 and 19 show the case when R=0.52 and M =104. Table 2
gives the detailed RMSE values for different selection of R and M. As can be seen in
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Fig. 19 Data assimilation for nonlinear problem

Table 2 Difference compared to observations for nonlinear problem

R\M 10 102 103 104

RMSEa RMSEo RMSEa RMSEo RMSEa RMSEa RMSEa RMSEa

0.062 0.0064 0.0973 0.0190 0.0788 0.0061 0.0759 0.0192 0.0766

0.22 0.0588 0.2097 0.0583 0.1929 0.0505 0.1899 0.0522 0.1907

0.52 0.1049 0.4720 0.1921 0.4712 0.0977 0.4712 0.1352 0.4712
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Figs. 18, 19 and Table 2, PC method can be used in combination with data
assimilation scheme (here EnSRF) to produce analysis which has less difference to
observation than Open-Loop solution without assimilation does.

5 Conclusions

Using simple scalar linear and nonlinear models we have amply demonstrated the
power of the PC based approach. We can readily create forecast ensemble using the
PC based spectral expansion as in (24) and can derive histogram of forecast. This
histogram can be the basis for generating various types of forecast products. We
also combined the above forecast ensemble with EnSRF scheme to perform data
assimilation in linear and nonlinear problems. By varying R, the observation
variance and M, the number of ensemble members, we have shown the effective-
ness of the PC based method for dynamic data assimilation. For simplicity, the
polynomials used in this chapter are univariate Hermite (for Gaussian variables)
polynomials. In general case, multivariate polynomials from Askey-scheme may be
used.

The framework presented in the chapter is actually the stochastic Garlerkin
(SG) method in which the original dynamic system has been transformed to a set of
equations for expansion coefficients. Though Galerkin method is effective and has
been adopted in various applications (Ghanem and Spanos 1991; Xiu and Karni-
adakis 2002a, b, 2003; Babuska et al. 2004; Le Maitre et al. 2004; Frauenfelder
et al. 2005), there are some limitations to SG method. From the implementation
perspective, the process of deriving PC equations is sometimes tedious and chal-
lenging. When the governing equations take complicated forms, e.g. highly com-
plex and nonlinear equations, it is difficult to derive the explicit equations for the
PC coefficients. To overcome the disadvantage of SG method, the stochastic Col-
location (SC) method has been investigated (Xiu 2007). Refer to (Xiu 2009) for the
comparison of SG and SC in the context of complex dynamic system. The future
work will be applying PC approach in more complex dynamic systems and the
study on its efficiency and effectiveness.

Acknowledgements We are grateful to Dongbin Xiu and an anonymous reviewer for their
comments on the earlier version of this chapter.

Appendix A

Hermite Polynomials
In this appendix we provide a succinct characterization of the deterministic

Hermite polynomials in single and multiple variables.
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1. Hermite polynomial—Scalar Case:

The Hermite polynomial HmðxÞ of degree m in a scalar variable x is defined by
(Kuo 2006).

HmðxÞ= ð− 1Þmex2
2
dm

dxm
e−

x2
2

h i
. ð65Þ

There are number of equivalent characterizations (Kuo 2006) of HmðxÞ. In
particular, the generating function for HmðxÞf gm≥ 0 is given by

etx−
t2
2 = ∑∞

m=0
tm

m!
HmðxÞ. ð66Þ

In generating a polynomial for a specific degree m, the following formula is
useful:

HmðxÞ= ∑
m
2½ �
k=0 ð− 1Þk m

2k

� �
ð2k− 1Þ !! xm− 2k . ð67Þ

where ½x� denotes the integer part of x,

m
2k

� �
=

m!
2k!ðm− 2kÞ! ,

and m! is the usual factorial of m and ð2k− 1Þ!! = 1 ⋅ 3 ⋅ 5 ⋅ . . . ⋅ ð2k− 1Þ.
2. Orthogonality property:

Let

wðxÞ= 1
ffiffiffiffiffi
2π

p e−
x2
2 . ð68Þ

denotes the standard Gaussian density function.
For integers m and k, define the inner product

⟨Hm,Hk⟩w =
Z ∞

−∞
HmðxÞHkðxÞwðxÞdx. ð69Þ

This inner product induces a norm HmðxÞk kw of HmðxÞ defined by

HmðxÞk k2w =
Z ∞

−∞
H2

mðxÞwðxÞdx. ð70Þ

It can be verified that
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⟨Hm,Hk⟩w = Hmk k2wδmk. ð71Þ

where δmk =0, if m≠ k; and = 1, if m= k. That is, Hm and Hk are orthogonal for
m≠ k.

Hmk k2w =m!. ð72Þ

Consequently,fHmðxÞgm≥ 0 constitutes an orthogonal system of polynomials and
HmðxÞffiffiffiffi

m!
p

n o

m≥ 0
constitutes an orthonormal system.

Examples of HmðxÞ for 0≤m≤ 4 are given in Table 3.

3. Hermite polynomials—Multivariate Case:

Let x= x1, x2, . . . , xnð ÞT ∈Rn and define the n-variate weight function

WðxÞ= 1

ð2πÞn 2̸ e
− xTx

2 = ∏n
i=1

1
ffiffiffiffiffi
2π

p e−
x2
i
2 = ∏n

i=1 wðxiÞ. ð73Þ

where wðxiÞ is defined in (68). Let

m= p1 + p2 + . . . + pn with 0≤ pi ≤m. ð74Þ

be an additive partition of the integer m≥ 0. We define such a partition of m as a n-
turple (p1, p2, . . . , pn). For example, when n=2, there are 3 partitions
— ð2, 0Þ, ð1, 1Þ, ð0, 2Þf g of m=2.

Given m and one of its partitions (p1, p2, . . . , pn), define an n-variate homoge-
neous Hermite polynomial of degree m,

Hp1p2...pnðxÞ= ð− 1ÞmexTx
2

∂
m

∂xp11 ∂x
p2
2 . . . ∂xpnn

e−
xTx
2 . ð75Þ

Using (73) in (75), it can be verified that

Hp1p2...pnðxÞ= ∏n
i=1 ð− 1Þpie

x2
i
2

∂
pi

∂xpii
e−

x2
i
2

� �
= ∏n

i=1 HpiðxiÞ. ð76Þ

Table 3 A list of Hm (x), 0
≤ m ≤ 4

Degree m HmðxÞ Hmk k2W
0 1 1
1 x 1
2 x2 − 1 2

3 x3 − 3x 3! = 6

4 x4 − 6x2 + 3 4! = 24
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By combining the multiplicative decomposition of the multi-variate Hermite
polynomials in terms of the univariate Hermite polynomials given in (76) and the
orthogonality of the latter expressed in (69)−(71), we can readily infer the
orthogonality of the multivariate Hermite polynomials.

Hence, if m= p1 + p2 +⋯+ pn and k= q1 + q2 +⋯+ qn, then

⟨HmðxÞ,HkðxÞ⟩W =0, if m≠ k

= ∏n
i=1 HpiðxiÞ2wδpiqi , if m= k.

ð77Þ

Clearly,

Hp1p2...pnðxÞ
 2

W = ∏n
i=1 pi!. ð78Þ

While there is a unique total ordering of singly indexed scalar Hermite poly-
nomials HkðxÞ as shown in Table 3, there are many ways of ordering the
multi-indexed Hermite polynomials in (76).

A useful ordering of this latter class of polynomials is called graded lexico-
graphic ordering. In this ordering scheme, polynomials of lower total degree
precede those of higher degree. Among polynomials of same degree, the members
are ordered according to the lexicographic order induced by the natural ordering of
the indeterminates, that is x1 > x2 > . . . > xn. Thus, polynomials degree one precede
those of degree two. For m=3, n=2, the lexicographic ordering of the two tuples is
given by (3, 0), (2, 1), (1, 2), (0, 3).

It can be verified that there are exactly
m+ n− 1

n

� �
members in the lexico-

graphic ordering of n tuples (p1, p2, . . . , pn), such that ∑n
i=1 pi =m. Hence, there

are this many linearly independent n-variate Hermite polynomials of degree
m. Further, it can be verified that the total number of linearly independent n-variate

Hermite polynomials of degree less than or equal to m is given by
m+ n
n

� �
.

Table 4 provides a list of the set of all 15 two variate ðn=2Þ Hermite polyno-
mials of degree less than or equal to 4. The last column in Table 4 gives the value

of Hp1p2ðx1, x2Þ
 2

W .

4. Hilbert Space:

Let L2 = L2ðRn,WÞ denote the set of all square integrable functions on Rn, that is

L2 = f :Rn →R:
Z

Rn
f 2ðxÞWðxÞdx<∞

� �
. ð79Þ

where W is defined in (73). If f , g∈ L2, then a natural inner product on L2 is defined
by
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⟨f , g⟩W =
Z

n
f ðxÞgðxÞWðxÞdx. ð80Þ

Hence, the norm fWk k is defined by

fk k2W =
Z

Rn
f 2ðxÞWðxÞdx. ð81Þ

It is well known that L2 is a Hilbert space which is an infinite dimensional,
complete, normal linear space where the norm is induced by the inner product.

5. Basis for L2.

Let Pm denote the linear span of set of all the n-variate Hermite polynomials
HkðxÞ of degree k≤m. That is,

Pm = PðxÞj∑m
k=0 ∑p1 + p2 + ...+ pn = k ap1, p2, ..., pnHp1, p2, ..., pnðxÞ

n o
and p1, p2, . . . , pn ∈R

ð82Þ

Since there are
m+ n
n

� �
linearly independent n-variate Hermite polynomials of

degree less than or equal to m, Pm is a linear vector space of finite dimension. Let
P⊥
m− 1 denote the orthogonal complement of Pm− 1. That is, members of Pm and

Table 4 Two variate (n = 2) Hermite polynomials, degree less than or equal to m = 4

Degree m Multi index Hp1p2 ðx1, x2Þ Hp1 ðx1ÞHp2 ðx2Þ
0 0 0 1 1 1
1 1 0 x1 H1ðx1ÞH0ðx2Þ 1

0 1 x2 H0ðx1ÞH1ðx2Þ 1
2 2 0 x21 − 1 H2ðx1ÞH0ðx2Þ 2

1 1 x1x2 H1ðx1ÞH1ðx2Þ 1
0 2 x22 − 1 H0ðx1ÞH2ðx2Þ 2

3 3 0 x31 − 3x1 H3ðx1ÞH0ðx2Þ 6

2 1 x21x2 − x2 H2ðx1ÞH1ðx2Þ 2

1 2 x1x22 − x1 H1ðx1ÞH2ðx2Þ 2

0 3 x3
2
− 3x2 H0ðx1ÞH3ðx2Þ 6

4 4 0 x4
1
− 6x21 + 3 H4ðx1ÞH0ðx2Þ 24

3 1 x3
1
x2 − 3x1x2 H3ðx1ÞH1ðx2Þ 6

2 2 x2
1
x22 − x21 − x22 + 1 H2ðx1ÞH2ðx2Þ 4

1 3 x1x32 − 3x1x2 H1ðx1ÞH3ðx2Þ 6

0 4 x42 − 6x22 + 3 H0ðx1ÞH4ðx2Þ 24

Quantification of Forecast Uncertainty and Data Assimilation … 167



P⊥
m− 1 are mutually orthogonal. Now define the set of all homogeneous polynomials

HPm of degree exactly equal to m as

HPm =Pm ∩P⊥
m− 1. ð83Þ

It can be verified that members of HPm are mutually orthogonal to those in
Pm− 1.

Define

HP=⊕∞
m=0HPm. ð84Þ

The direct sum of homogeneous polynomials of degree m≥ 0. Clearly, for a
fixed n,

HPj j= limN→∞ ∑N
m=0

m+ n− 1
n

� �
=∞. ð85Þ

We now state a number of properties without proof.
P1. Basis for L2:
HP⊂L2 and HP constitutes a basis for L2. Thus, any f ∈ L2 can be uniquely

expressed as

f ðxÞ= ∑∞
m=0 ∑p1 + p2 + ...+ pn =m ap1, p2, ..., pnHp1, p2, ..., pnðxÞ. ð86Þ

where

ap1, p2, ..., pn =
⟨f ðxÞ,Hp1, p2, ..., pnðxÞ⟩

Hp1, p2, ..., pnðxÞ
 2

. ð87Þ

P2. Orthogonal Projection:
Let, for any N finite, define

∏N ðf Þ= fNðxÞ= ∑N
m=0 ∑p1 + p2 + ...+ pn =m ap1, p2, ..., pnHp1, p2, ..., pnðxÞ. ð88Þ

Then it can be verified that ∏N ðf Þ is orthogonal projection of f ðxÞ onto the
subspace PN .

Define the error in the projection as

εNðxÞ= f ðxÞ− fNðxÞ. ð89Þ

Then, it can be verified that

168 J. Hu et al.



⟨fNðxÞ, εNðxÞ⟩=0 for eachN >0. ð90Þ

P3. Mean Square Convergence:
It can be verified that

limN→∞ f ðxÞ− fNðxÞk k2 = 0.

i.e. the quality of the projection fNðxÞ improves as N grows large.

Example A.1 From (66), it follows that

etx = e
t2
2 ∑∞

m=0
tm

m!
HmðxÞ. ð91Þ

and

e− tx = e
t2
2 ∑∞

m=0
tm

m!
ð− 1ÞmHmðxÞ. ð92Þ

Since HmðxÞ=Hmð− xÞ for m even and Hmð− xÞ= −HmðxÞ for m odd. By
truncating, the infinite sum in (91) and (92), we can get a good family of
approximation to etx and e− tx. Using these we can readily obtain approximation to
sinðtxÞ, cosðtxÞ, etc.

It would be a good exercise to compute the quality of these approximations for
varying degree of truncation and ranges of values for x.

Appendix B

Hermite Polynomial Chaos

Let ðΩ, f , PÞ be a standard probability space where Ω represents the set of all
elementary events, f denotes the σ− algebra of subsets of simple events and P is the
probability measure defined on the members of f. Let x:Ω→R be a real valued
random variable. Let PxðxÞ be the distribution induced by x and let pxðxÞ be the
corresponding probability density function. Then, the properties of x can be
equivalently described using the triplet ðR, B, pxðxÞÞ where B denotes the Borel
σ− algebra over R, and pxðxÞ is the density of x.

Let x and y be two real valued random variables with joint density px, yðx, yÞ.
Define an inner product

⟨x, y⟩=EðxyÞ=
Z

Ω
x(wÞy(wÞdp(wÞ=

Z

R

Z

R
xypx, yðx, yÞdxdy. ð93Þ
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and the corresponding norm (second moment)

xk k2 =E(x2Þ=
Z

Ω
x2ðwÞdp(wÞ=

Z

R
x2pxðxÞdx. ð94Þ

Let L2ðΩÞ denotes the set of all random variables with finite second moment,
that is,

L2ðΩÞ= x:Ω→Rj
Z

Ω
x2ðwÞdp(wÞ<∞

� �
. ð95Þ

It can be verified L2ðΩÞ is a Hilbert space.
Let x be a Gaussian random variable with mean m and variance σ2. Then

pxðxÞ=
1
ffiffiffiffiffi
2π

p
σ
exp −

ðx−mÞ2
2σ2

" #

. ð96Þ

A random variable is said to be centered if its expectation is zero. Let x be a
centered Gaussian, that is, x∼Nð0, σ2Þ. Then it can be verified

E(xmÞ=0 if m is odd.

= 1 ⋅ 3 ⋅ 5⋯ðm− 1Þσmif m is even.
ð97Þ

Let G denotes the set of all centered Gaussian random variables (differing only in
their variance). Clearly, G is an infinite set. Let G denotes the closure of the linear
span of G. It can be verified G⊂L2ðΩÞ and is itself a Hilbert space, called the
Gaussian Hilbert space. If ξ1, ξ2, . . . , ξn ∈G, then it can be well known that

E ξ1ξ2 . . . ξnð Þ= ∑∏ði1, i2Þ E ξi1ξi2
� �

. ð98Þ

where ði1, i2Þ runs through the pairwise distinct partition of 1, 2, . . . , nf g and the
sum is over all such partitions. For example,

E ξ1ξ2ξ3ξ4ð Þ=E ξ1ξ2ð ÞE ξ3ξ4ð Þ+E ξ1ξ3ð ÞE ξ2ξ4ð Þ+E ξ1ξ4ð ÞE ξ2ξ3ð Þ. ð99Þ

Recall, the probability density pðξÞ of a standard Gaussian random variable ξ is
given by

pðξÞ= 1
ffiffiffiffiffi
2π

p exp −
ξ2

2

� �
. ð100Þ
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Since pðξÞ in (100) is the same as wðxÞ in (68), it is immediate that the properties
of the Hermite polynomials HmðxÞ given in Appendix A directly carry over to
HmðξÞ where ξ is a centered standard Gaussian random variable.

We now state the following properties of HmðξÞ which can be easily verified.

(1) Examples of HmðξÞ are obtained by replacing x by ξ in Table 3.
(2) E HmðξÞ½ �=0, for m>0.
(3) HmðξÞf gm≥ 0 are orthogonal, that is

⟨HmðξÞ,HkðξÞ⟩=E HmðξÞHkðξÞ½ �=0 if m≠ k.

(4) The norm of HmðξÞ is

⟨HmðξÞ,HmðξÞ⟩= HmðξÞk k2 =E H2
mðξÞ

� �
=m!.

(5) HmðξÞffiffiffiffi
m!

p
n o

m≥ 0
form an orthonormal system of Hermite polynomials.

The above properties can be readily extended to multivariate Hermite poly-
nomials over a set of n centered Gaussian random variables ξ1, ξ2, . . . , ξn.

(6) Let p1 + p2 + . . . + pn =m, where 0≤ pi ≤m for 1≤ i≤ n. Then

Hp1, p2, ..., pn ξ1, ξ2, . . . , ξnð Þ=Hp1 ξ1ð ÞHp2 ξ2ð Þ . . .Hpn ξnð Þ.

(7)

Hp1, p2, ..., pn ξ1, ξ2, . . . , ξnð Þ 2 = var Hp1, p2, ..., pn ξ1, ξ2, . . . , ξnð Þ� �
= p1!p2! . . . pn!.

(8) The definitions of the sets Pm, H Pm directly carry over to the case of Hermite
polynomial over a finite set of centered Gaussian random variables.

(9) The linear space HPm are called mth order polynomial chaos in n centered
Gaussian random variables.

(10) Pm is called homogeneous chaos in n centered Gaussian random variables.

Appendix C

In this Appendix we derive the functional form of the mapping M:RN +1 →RN +1 in
(36) by taking inner product of both sides of (34):

xðk+1Þ=M xðkÞ, α½ �+ q ̄
ffiffiffiffiffi
Δt

p
ϕ1ðξÞ. ð101Þ

with ϕiðξÞ for 0≤ i≤N. Using the PC expansion for xðkÞ in (33), it follows that
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i!viðk+1Þ= ⟨xðk+1Þ,ϕiðξÞ⟩ ð102Þ

Similarly,

⟨q ̄
ffiffiffiffiffi
Δt

p
ϕ1ðξÞ,ϕiðξÞ⟩= q ̄

ffiffiffiffiffi
Δt

p
δ1i. ð103Þ

Then we readily get the expression for the forcing term gðkÞ in (36). According
to (35),

M xðkÞ, α½ �= 1+Δt α ̄+ σ ϕ1ðξÞð Þ½ �∑N
j=0 vjðkÞϕjðξÞ. ð104Þ

Let

⟨M xðkÞ, α½ �,ϕiðξÞ⟩=TermI + TermII. ð105Þ

where

TermI = ð1+ ᾱΔtÞ⟨xðkÞ,ϕiðξÞ⟩= i!ð1+ ᾱΔtÞviðkÞ. ð106Þ

and

TermII = σΔt⟨ϕ1ðξÞ∑N
j=0 vjðkÞϕjðξÞ,ϕiðξÞ⟩. ð107Þ

Here, N = 4 and N = 8 are considered. The values of these ðN +1Þ× ðN +1Þ
inner products in (107) are listed in Table 5.

Combining (101)−(107) with the entries in Table 5, we get the explicit form of
the spectral dynamics in (36) as follows:

For N = 4,

v0ðk+1Þ= ð1+ α ̄ ΔtÞv0ðkÞ+ σΔt v1ðkÞ

Table 5 Values of the 5 × 5 inner product <x, y>, where the 5 values of x are given in the row
and values of y in the column

ϕ0ðξÞ ϕ1ðξÞ ϕ2ðξÞ ϕ3ðξÞ ϕ4ðξÞ ϕ5ðξÞ ϕ6ðξÞ ϕ7ðξÞ ϕ8ðξÞ
ϕ1ðξÞϕ0ðξÞ 0 1 0 0 0 0 0 0 0
ϕ1ðξÞϕ1ðξÞ 1 0 2 0 0 0 0 0 0
ϕ1ðξÞϕ2ðξÞ 0 2 0 6 0 0 0 0 0
ϕ1ðξÞϕ3ðξÞ 0 0 6 0 24 0 0 0 0
ϕ1ðξÞϕ4ðξÞ 0 0 0 24 0 120 0 0 0
ϕ1ðξÞϕ5ðξÞ 0 0 0 0 120 0 720 0 0
ϕ1ðξÞϕ6ðξÞ 0 0 0 0 0 720 0 5040 0
ϕ1ðξÞϕ7ðξÞ 0 0 0 0 0 0 5040 0 40320
ϕ1ðξÞϕ8ðξÞ 0 0 0 0 0 0 0 40320 0
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v1ðk+1Þ= ð1+ α ̄ ΔtÞv1ðkÞ+ σΔt v0ðkÞ+2v2ðkÞ½ �+ q ̄
ffiffiffiffiffi
Δt

p
.

v2ðk+1Þ= ð1+ αΔtÞv2ðkÞ+ σΔt
2!

2v1ðkÞ+6v3ðkÞ½ �.

v3ðk+1Þ= ð1+ ᾱΔtÞv3ðkÞ+ σΔt
3!

6v2ðkÞ+24v4ðkÞ½ �

v4ðk+1Þ= ð1+ ᾱΔtÞv4ðkÞ+ σΔt
4!

24v3ðkÞ½ �. ð108Þ

For N = 8,

v0ðk+1Þ= ð1+ α ̄ ΔtÞv0ðkÞ+ σΔtv1ðkÞ.
v1ðk+1Þ= ð1+ α ̄ ΔtÞv1ðkÞ+ σΔt v0ðkÞ+2v2ðkÞ½ � + q ̄

ffiffiffiffiffi
Δt

p
.

v2ðk+1Þ= ð1+ α ̄ ΔtÞv2ðkÞ+ σΔt
2!

2v1ðkÞ+6v3ðkÞ½ �.

v3ðk+1Þ= ð1+ α ̄ΔtÞv3ðkÞ+ σΔt
3!

6v2ðkÞ+24v4ðkÞ½ �

v4ðk+1Þ= ð1+ α ̄ ΔtÞv4ðkÞ+ σΔt
4!

24v3ðkÞ+120v5ðkÞ½ �.

v5ðk+1Þ= ð1+ α ̄ ΔtÞv5ðkÞ+ σΔt
5!

120v4ðkÞ+720v6ðkÞ½ �.

v6ðk+1Þ= ð1+ α ̄ ΔtÞv6ðkÞ+ σΔt
6!

720v5ðkÞ+5040v7ðkÞ½ �.

v7ðk+1Þ= ð1+ α ̄ ΔtÞv7ðkÞ+ σΔt
7!

5040v6ðkÞ+40320v8ðkÞ½ �

v8ðk+1Þ= ð1+ α ̄ ΔtÞv8ðkÞ+ σΔt
8!

40320v7ðkÞ½ �.

ð109Þ

Appendix D

In this Appendix we derive the functional form of the mapping M:RN +1 →RN +1 in
(36) for nonlinear problem by taking inner product of both sides of (43):

xðk+1Þ=M xðkÞ, α, β½ �+ q ̄
ffiffiffiffiffi
Δt

p
ϕ1ðξÞ. ð110Þ

with ϕiðξÞ for 0≤ i≤N. Using the PC expansion for xðkÞ in (49), it follows that

i!viðk+1Þ= ⟨xðk+1Þ,ϕiðξÞ⟩. ð111Þ

Similarly,
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⟨q ̄
ffiffiffiffiffi
Δt

p
ϕ1ðξÞ,ϕiðξÞ⟩= q ̄

ffiffiffiffiffi
Δt

p
δ1i. ð112Þ

According to (51), let

⟨M xðkÞ, α, β½ �,ϕiðξÞ⟩= TermI + TermII. ð113Þ

Where

TermI = 1− ᾱΔt− σ1ϕ1ðξÞΔtð Þ⟨xðkÞ,ϕiðξÞ⟩
= i!ð1− ᾱΔtÞviðkÞ− σ1Δt⟨ϕ1ðξÞxðkÞ,ϕiðξÞ⟩.

ð114Þ

and

TermII =Δt⟨
α ̄+ σ1ϕ1ðξÞ
β+ σ2ϕ1ðξÞ

∑N
j=0 vjðkÞϕjðξÞ

h i2
,ϕiðξÞ⟩. ð115Þ

In our experiment, we pay attention to the deterministic parameter A, i.e. σ2 = 0.
TermII becomes

TermII =
ᾱ+ σ1ϕ1ðξÞ

β
Δt⟨ ∑N

j=0 vjðkÞϕjðξÞ
h i2

,ϕiðξÞ⟩. ð116Þ

Here, the explicit form of the spectral dynamics in (36) when N = 4 is as
follows:

v0ðk+1Þ= 1− ᾱΔtð Þv0ðkÞ− σ1Δt v1ðkÞ
+

α ̄
β
Δt v0ðkÞ½ �2 + v1ðkÞ½ �2 + 2 v2ðkÞ½ �2 + 6 v3ðkÞ½ �2 + 24 v4ðkÞ½ �2

	 


+2
σ1Δt
β

v0ðkÞv1ðkÞ+2v1ðkÞv2ðkÞ+6v2ðkÞv3ðkÞ+24v3ðkÞv4ðkÞ½ �.

v1ðk+1Þ= ð1− ᾱΔtÞv1ðkÞ− σ1Δtðv0ðkÞ+2v2ðkÞÞ
+

ᾱ

β
Δt 2v0ðkÞv1ðkÞ+4v1ðkÞv2ðkÞ+12v2ðkÞv3ðkÞ+48v3ðkÞv4ðkÞ½ �

+
σ1Δt
β

v0ðkÞ½ �2 + 4v0ðkÞv2ðkÞ+3 v1ðkÞ½ �2 + 12v1ðkÞv3ðkÞ+10 v2ðkÞ½ �2
	

+48v2ðkÞv4ðkÞ+42 v3ðkÞ½ �2 + 216 v4ðkÞ½ �2


+ q ̄

ffiffiffiffiffi
Δt

p
.
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v2ðk+1Þ= ð1− ᾱΔtÞv2ðkÞ− σ1 Δtðv1ðkÞ+3v3ðkÞÞ
+

ᾱ

2!β
Δt 4v0ðkÞv2ðkÞ+2 v1ðkÞ½ �2 + 12v1ðkÞv3ðkÞ+8 v2ðkÞ½ �2

	

+48v2ðkÞv4 kð Þ+36 v3 kð Þ½ �2 + 192 v4 kð Þ½ �2



+
4σ1Δt
2!β

v0ðkÞv1ðkÞ+3v0ðkÞv3ðkÞ+5v1ðkÞv2ðkÞð
+12v1ðkÞv4ðkÞ+24v2ðkÞv3ðkÞ+132v3ðkÞv4ðkÞÞ

v3ðk+1Þ= ð1− ᾱΔtÞv3ðkÞ− σ1Δtðv2ðkÞ+4v4ðkÞÞ
+

ᾱ

3!β
Δt 12v0ðkÞv3ðkÞ+12v1ðkÞv2ðkÞð

+48v1ðkÞv4ðkÞ+72v2ðkÞv3ðkÞ+432v3ðkÞv4 kð ÞÞ
+

6σ1Δt
3!β

v1ðkÞ½ �2 + 14v1ðkÞv3ðkÞ+8 v2ðkÞ½ �2 + 88v2ðkÞv4ðkÞ
	

+2v0ðkÞv2ðkÞ+54 v3ðkÞ½ �2 + 384 v4ðkÞ½ �2 + 8v0ðkÞv4ðkÞ



v4ðk+1Þ= ð1− α ̄ΔtÞv4ðkÞ− σ1Δt v3ðkÞ
+

ᾱ

4!β
Δt 48v0ðkÞv4ðkÞ+48v1ðkÞv3ðkÞ+24 v2ðkÞ½ �2

	

+384v2ðkÞv4ðkÞ+216 v3ðkÞ½ �2 + 1728 v4ðkÞ½ �2



+
48σ1Δt
4!β

v0ðkÞv3ðkÞ+ v1ðkÞv2ðkÞ+9v1ðkÞv4ðkÞð
+11v2ðkÞv3ðkÞ+96v3ðkÞv4ðkÞÞ
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The Treatment, Estimation, and Issues
with Representation Error Modelling

Daniel Hodyss and Elizabeth Satterfield

Abstract This chapter links the theory of data assimilation to representation error
and then illustrates several issues with applying observation covariance estimation
algorithms to contemporary data assimilation systems. This work will show that
contemporary data assimilation systems cannot precisely identify representation
error using standard estimation procedures, and this issue will be traced back to the
definition of what is the “optimal” data assimilation system for forecast models that
represent the true system using a truncated state space.

1 Introduction

Data assimilation schemes blend observational data, with limited coverage, with a
short term forecast to produce an analysis, which is meant to be the best estimate of
the atmospheric state. Appropriately specifying error statistics is necessary to obtain
an optimal analysis. Errors associated with sub-grid scale features, or errors of
representation, are often poorly accounted for or overlooked entirely. Representa-
tion error is a key, if not dominant, contributor to correlated observation errors
(Stewart et al. 2010; Weston et al. 2011; Waller et al. 2014, 2015), which are often
neglected. However, properly accounting for such errors of representation is more
complicated than a more sophisticated model of the observation error covariance, or
compensating for neglected, potentially correlated, errors through inflation. More
generally, properly accounting for errors of representation changes the Kalman
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Filter equations. The Kalman gain must then incorporate terms associated with
unresolved scales and the covariance between resolved and unresolved scales.
Unfortunately, simplifying assumptions must be made in an operational setting,
leading to the typical practice of neglecting such terms.

1.1 Definition of a “True State”

In order to discuss error statistics, one must have in mind a verification state about
which such errors could be calculated. Lorenc (1986) discussed such a verification
state as being obtained by projecting the true state of the atmosphere onto the model
basis. (Please see Sect. 2, Eq. (2.5) for further discussion.) Mitchell and Daley
(1997b) further explained that model variables at grid points are usually thought of
as representing actual point values; however, these values are combined with
physical parameterizations that are considered to be a box averaged quantity.
Frehlich (2011) discussed the truth for error statistics as the convolution for the
continuous atmospheric variables by the effective spatial filter of a model.

Since models are only capable of representing such a filtered true state, the
background error does not contain errors associated with the inability of relatively
coarse grids to resolve small-scale features, or errors of representation. Such terms
must be included in the observation error covariance matrix. However, these terms
are often poorly modeled or neglected. Further complicating the issue, appropriate
treatment in data assimilation requires the knowledge of the covariance between
resolved and unresolved scales as well as the unresolved error covariance.

1.2 Modifications of the Kalman Filter Equations

Mitchell and Daley (1997a, b) explored discretization errors both in the numerical
models used in atmospheric data assimilation and the forward interpolation from the
analysis mesh to the observation. Forward interpolation errors were defined as the
difference between the true state in observation space and the model representation
of the truth mapped into observation space by an approximate observation operator.
Their study extended to the case where errors in the forward interpolation were due
to the impacts of unresolved scales as well as an approximate observation operator.
To clarify their discussion, they stated that grid point values should represent only
those scales that can be represented by a coarse mesh and therefore defined unre-
solved scales through the resulting though implicit spectral truncation. They con-
sidered a generalization of the standard Kalman Filter gain matrix, which would
require knowledge not only of the complete forward interpolation error, but also of
the covariance between the forecast error and the truth as well as the covariance
between the forecast error and the forward interpolation error. Since such a gain
matrix would be computationally infeasible in an operational setting, they
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consequently defined a more conventional gain matrix, formed by neglecting terms
involving the covariance between the forecast errors on the grid and the truth, and
examined the behavior of both forms.

Liu and Rabier (2002) defined representation error following Mitchell and Daley
(1997a, b) by specifically invoking a spectral truncation of the true state. A sim-
plified one-dimensional framework allowed them to consider under which condi-
tions the best balance between correlation and thinning could be reached and
whether the inclusion of observation-error correlation in a cost function could
further improve the analysis quality.

Janjić and Cohn (2006) mathematically formalized the issue of representation
error through the definition of a projection of a continuum state onto a finite
dimensional spectral-space. They also decomposed the forward interpolation error,
as defined by Mitchell and Daley (1997a, b), into the sum of two components, the
error due to approximating the observation operator and the error of representation,
defined as the difference between a perfect observation of the complete state and a
perfect observation of the resolved component of the state. Similar to Daley (1997a,
b) they compared the performance of two filters: the Schmidt-Kalman filter, similar
to the generalized filter formulation of Mitchell and Daley (1997a, b), and the
traditional discrete Kalman filter. Numerical experiments demonstrated that
approximate filters worked well for the model problem given that the exact
covariance of the unresolved scales is known. Unfortunately, the covariance matrix
of the unresolved scales is rarely known in practice.

Therefore, Hodyss and Nichols (2015) generalized the work ofMitchell and Daley
(1997a, b) by reframing the problem through an arbitrary linear operator which acts on
the true state to generate the forecast state. The Hodyss and Nichols (2015) formu-
lation of this problem removes the requirement of explicitly producing an
unresolved-scale covariance matrix and places the emphasis on estimating a matrix
operator that can map from high-resolution to low-resolution. This generalized
framework properly accounts for both unresolved-scale errors of representation as
well as resolved-scale errors through a matrix operator that acts to map between the
true attracting manifold, which is being observed by the observational instruments,
and the forecast attracting manifold that is available to make state estimates.

1.3 Estimating Observation Error Covariance Matrices
in an Operational Setting

Recently, increased emphasis has been placed on methods to statistically estimate
observation error covariance matrices. Methods based on using (observation-minus-
background) innovation statistics and separating statistics into observation and
background error covariances were introduced by Rutherford (1972) and Höllings-
worth and Lonnberg (1986, hereafter HL). The HL method constructs a histogram of
innovation covariances binned by separation distance. The histogram can be fit to an
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isotropic correlation function and extrapolated to zero distance, providing a partition
of innovation variance into correlated and uncorrelated components. The assumption
of this method is that the observation error should be uncorrelated, so we can identify
the correlated error component as background (forecast) error variance. The uncor-
related observation error variance is then computed by taking the difference between
the innovation variance and the background error variance. Although, the HLmethod
is not dependent on prescribed covariance models, this method requires a dense
observing network to bin observations by distance, is dependent on the choice of
correlation function, and the presence of any correlated observation error can lead to
errors in the estimation.

More recently, the Desroziers method (Desroziers et al. 2005), which relies on
the assumptions of an optimal data assimilation algorithm, has become increasingly
popular due to the simplicity of the required calculations. This method involves
taking the expected value of the outer product of the analysis residual and the
innovation to obtain the observation error covariance matrix. Although, simple to
implement, this method is usually referred to as a consistency check due to its
dependence on prescribed covariance models and an iterative method is suggested.
Waller et al. (2015) showed that, although this method is subject to prescribed
background and observation covariance matrices, a useful solution can often be
obtained in a single iteration even when iterative techniques cannot be expected to
converge. Further, Ménard (2015) examined the theoretical foundation of the
Desroziers’ method and carried out a mathematical analysis of convergence,
proposing a combination of the Desroziers’ scheme and maximum likelihood
estimation be used to estimate the spatial correlation length of observation errors.

Both the Desroziers method and the HL method have been used extensively to
obtain correlation terms for certain observation types (Stewart et al. 2009, 2014;
Borman et al. 2002, 2010; Borman and Bauer 2010; Weston et al. 2014; Waller
et al. 2015). Stewart et al. (2012) showed benefit to the analysis even when
approximate correlation structures were used. Such correlation terms are, at least in
part if not dominantly, due to representation error (Stewart et al. 2010; Weston et al.
2014; Waller et al. 2014). Waller et al. (2014) further showed that the errors of
representation are correlated and more significant for humidity than for temperature
and vary with altitude.

While the Desroziers method and the HL method can be used to estimate the
total observation error covariance matrix, other methods focus on estimating the
structure of representation error from observational data and model analyses. Oke
and Sakov (2008) and Forgot and Wunch (2007) used observations which were
averaged to model resolution and interpolated to represent the model resolved state
from which raw observations were subtracted to produce maps of representation
error. Richman et al. (2005) produced maps of representation error by taking dif-
ferences between sequence of innovations and their orthogonal projections on the
space spanned by the leading model empirical orthogonal functions (EOFs).

Such observation error covariance estimation schemes produce static estimates
from a predefined training period. Frehlich (2006) addressed spatial variations of
the observation sampling error, which is dependent on the statistics of small scales,
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by calculating observation sampling error covariances based on estimates of local
turbulence. In this way, the total observation error, consisting of both instrument
error and observation sampling error, was defined to be dependent on the location
of the observation with respect to the analysis coordinate. Frelich (2008) further
showed that temporal and location dependence of total observation error derived
from innovation statistics can be dominated by observation sampling error and
therefore determined by atmospheric turbulence.

In this manuscript we will thoroughly link the theory of data assimilation to
representation error and then illustrate several issues with applying observation
covariance estimation algorithms to contemporary data assimilation systems. In
Sect. 2 we review the theory of Hodyss and Nichols (2015). The goal there is to
remind the reader that the Kalman gain must be different from the common form
when one accounts for representation error. This difference implies that, contrary to
typical operational practice, one must not only change the observation error
covariance matrix to account for representation error, but also the numerator of the
Kalman gain must also be modified. In Sect. 3 we will show that typical obser-
vation covariance matrix estimation algorithms only deliver the correct observation
error statistics if the correct form of the Kalman gain is used or if there is no model
error on the resolved scales. If the typical form of the Kalman gain is used, and even
if the diagonal of the observation error covariance matrix has been tuned to account
for representation error, the result of common observation error covariance matrix
estimation procedures will result in an estimate that includes a portion of the
background covariance. In Sect. 4, we build on the work of Waller et al. 2015 and
show that mis-specifying the background covariance matrix in the data assimilation
algorithm will result in an estimated observation error covariance matrix that also
appears to depend on the background covariance matrix. Section 5 closes the
manuscript with a summary of the results and their most important conclusions.

2 Representation Error in Data Assimilation

In this section we review the general theory for multi-resolution data assimilation
presented in Hodyss and Nichols (2015). Our review will only cover the aspects
necessary to build the tools required to analyze common estimation procedures used
to find representation error. Here, we will build a Gaussian covariance model and
from it deduce the correct state-estimation procedure for the case where the
observations are viewing a state with a higher dimension than the available forecast
model is capable of reproducing.

A simple way to construct a Gaussian problem that is amenable to analysis is
through the use of a discrete Fourier series representation. To this end we assume a
Gaussian covariance model for the high-resolution states of the form
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xH = xH̄ +Zη ð2:1Þ

where xH̄ is an N-vector, Z is the square-root of the true forecast error covariance
matrix,

PH =ZZT ð2:2Þ

and η is an N-vector of random numbers drawn from N(0, I). We construct (2.2)
using a sinusoidal basis in which the columns of EH (N × N) contain the sinusoids
such that

PH =EHΓET
H ð2:3Þ

Γ is a diagonal matrix whose ith element of the diagonal defines the weight given to
that basis function.

We connect the high-resolution states (of length N) to the low-resolution states
(of length M)

xL = SxH ð2:4Þ

through a “smoother” that operates as:

S=EL D1 2̸T 0
� �

ET
H ð2:5Þ

where D (M × M) is a diagonal matrix whose diagonal elements are di =e− β2k2i , EL

(M × M) is the low-resolution basis whose columns are also the sinusoids, T(M ×
M) is a diagonal matrix with the value

ffiffiffiffiffiffiffiffiffiffi
M N̸

p
along the diagonal, and ki is the

wavenumber associated with the ith basis function of EH. If we assume that the
columns of EL are simply the subsampled columns of EH then the interpretation of
(2.5) becomes straightforward. The matrix D represents the climatological “model
error” on the resolved scales and would be equal to the identity matrix if the
forecast model’s climate at the resolved scales was identical to the true model’s
climate at those same scales. The matrix implied by the bracket in (2.5) performs a
truncation of the high-resolution basis to the M-dimensional subspace while the
matrix T assures that the Fourier coefficients calculated from the high-resolution
basis are reweighted consistently with respect to the low-resolution basis.

Equation (2.5) allows for the creation of the low-resolution forecast states from
the high-resolution true states in (2.1). This implies that the low-resolution error
covariance matrix may be written as

PL = SPHST =EL D1 2̸T 0
� �

Γ D1 2̸T 0
� �TET

L ð2:6Þ

Because Γ are the true, high-resolution eigenvalues, Eq. (2.6) shows that the
forecast covariance matrix would be correct up to its M eigenvalues if the
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climatological model error D could be removed. We show next how to remove this
climatological model error from the state estimate by accounting for the error of
representation.

It is shown in Hodyss and Nichols (2015) that the best linear unbiased estimate
of the low-resolution forecast state given observations of the high-resolution true
state for the problem setup here is

x ̄aL = xL̄ +G vL − ⟨vL⟩½ � ð2:7Þ

where

G= PLHT
L +PLH

� �
HLPLHT

L + R̄*
L

h i− 1
ð2:8Þ

PLH = SPH HH −HLSð ÞT ð2:9Þ

R̄*
L =Rins +HHPHHT

H −HLPLHT
L ð2:10Þ

vL = y−HLxL̄ ð2:11Þ

⟨vL⟩=HHxH̄ −HLxL̄ ð2:12Þ

In (2.7) through (2.12), y is a p-vector of observations, HH is a p × N obser-
vation operator, xH̄ is the high-resolution prior mean, x ̄L is low-resolution prior
mean, and Rins is the instrument observation covariance matrix whose diagonal
contains the instrument error variances.

It is shown in Hodyss and Nichols (2015) that a portion of HHPHHT
H −HLPLHT

L
in (2.10) is the representation error and takes the following form for this problem:

R̄rep =HHEHΘET
HH

T
H ð2:13Þ

where Θ is a diagonal matrix with the value of the diagonal of Θ satisfying:

Θi =
0, i=1, . . . ,M
Γi, i=M +1, . . . ,N

�
ð2:14Þ

Equation (2.13) clearly shows that the representation error is simply the portion
of the high resolution spectrum that is missing from the low-resolution states. Note
that for M = N, and therefore no truncation, the elements of Θ vanish and there is
no representation error. This point is important because it shows that the climato-
logical model error on the resolved scales (D) is irrelevant to both the existence of
representation error and to the structure of the representation error.

An important quantity in the theory of Hodyss and Nichols (2015) was the
state-dependent bias of the forecast model’s estimate of the observation, viz.:

The Treatment, Estimation, and Issues with Representation … 183



yL xLð Þ=
Z∞

−∞

yρ yjxLð Þdy=HLxL +b ð2:15Þ

where ρ yjxLð Þ is the observation likelihood but conditioned on the low-resolution
forecast states,

b= HHS† −HL

h i
xL +HH xH̄ −S†xL̄

h i
ð2:16Þ

and the superscript † in (2.16) denotes the Moore-Penrose pseudo-inverse (Golub
and Van Loan 1996). The first term in (2.16) is interesting because it corresponds to
the mismatch between the forecast model’s estimate of the true observation operator

HHS† and the observation operator we are actually using HL. We emphasize here
that this mismatch is not one in which we are implying that HL is incorrect in the
sense that if, for example, we had a point measurement that there would be some
form of inaccuracy in the interpolation to the observation location. Indeed, even in
this case of a point measurement, in which we are assuming we have a perfect
interpolation, the mismatch implied by (2.16) is between the statistically derived

observation operator HHS†, which now corresponds to more than just an interpo-
lation, and the operator, HL.

The Eq. (2.16) suggests that if we define HL such that,

HL ≡HHS† ð2:17Þ

we may remove this state-dependent portion of the bias term, which subsequently
renders PLH = 0. This implies that in this data assimilation system the observation
operator does not simply map the truth to the observation, but rather it maps the
forecast to the observation and, because the forecast is in a different portion of state

space than the truth, this requires the matrix operator, HHS† rather than HH.
By employing (2.17) Hodyss and Nichols (2015) showed that the gain matrix,

(2.8), is now:

G=PLS†THT
H HHS†PLS†THT

H + R̄*
L

h i− 1
ð2:18Þ

The denominator of the gain, (2.18), has a modified covariance matrix within it.
Note that this covariance matrix is

HLPLHT
L =HHS†PLS†THT

H =HHEH
ΓM 0
0 0

� �
ET
HH

T
H ð2:19Þ
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where ΓM denotes the first M eigenvalues of Γ and 0 is the zero matrix. Equa-
tion (2.19) shows that the choice (2.17) results in HLPLHT

L being correct up to the
resolution of the forecast model in the sense that the climatological model error
denoted by D has been removed.

3 Estimation of Representation Error

The estimation of observation error covariance matrices is commonly performed
using two different methods. One of the methods is that of Desroziers et al. (2005)
and the other is that of HL. To our knowledge their behavior when applied to
forecast models with a reduced state-vector as compared to the true state has not
been examined.

3.1 Desroziers’ Method

To focus our discussion of representation error, here we will explicitly extend the
method of Desroziers’ et al. (2005) to the case where the model state vector is
shorter than the true system state vector. The mathematical setup will closely
parallel Sect. 2. We will assume that the true state-vector has a length N and the
low-resolution vector has a length M, such that M < N. We also assume that the
observations observe this high-resolution true state. In principle, there exists a data
assimilation algorithm for the high-resolution state:

x ̄aH = xH̄ +GHvH ð3:1Þ

where

vH = y−HHxH̄ ð3:2Þ

GH =PHHT
H HHPHHT

H +Rins
� �− 1 ð3:3Þ

The data assimilation algorithm (3.1) is not possible in numerical weather pre-
diction because of computational constraints. Hence, the data assimilation is per-
formed at a lower resolution:

x ̄aL = xL̄ +GL vL − ⟨vL⟩½ � ð3:4Þ

with

GL =PLHT
L HLPLHT

L +RL
� �− 1 ð3:5Þ
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Note that in (3.4) and (3.5) we have not assumed the optimal data assimilation
algorithm in (2.8) or (2.18); we have assumed a data assimilation algorithm of
standard form in order to show that standard observation error estimation tech-
niques do not work unless the data assimilation algorithm they are using is optimal
for the reduced resolution data assimilation problem defined in Sect. 2.

In any event, we know that an accurate variance in the denominator of the
Kalman gain GL must be equal to the innovation variance,

⟨ vL − ⟨vL⟩½ � vL − ⟨vL⟩½ �T⟩= ⟨vHvTH⟩=Rins +HHPHHT
H ð3:6Þ

Therefore, we must allow the matrix RL to be defined by,

HLPLHT
L +RL =HHPHHT

H +Rins ð3:7Þ

We show next that the Desroziers’ technique is constrained to deliver a result
consistent with (3.7).

The Desroziers’ estimate for the observation error covariance matrix, RD, is:

RD = ⟨ y−HLx ̄aL − ⟨vaL⟩
� �

vL − ⟨vL⟩½ �T⟩ ð3:8Þ

Note that we must de-bias both the innovation as well as the difference of the
analysis from the observations. The analysis innovation bias is

⟨vaL⟩= ⟨y−HLx ̄aL⟩= ⟨y⟩−HLxL̄ = ⟨vL⟩ ð3:9Þ

Now we can rewrite (3.8) as,

RD = I−HLGL½ �⟨ vL − ⟨vL⟩½ � vL − ⟨vL⟩½ �T⟩ ð3:10Þ

By substituting (3.6) we obtain,

RD = I−HLGL½ � Rins +HHPHHT
H

� � ð3:11Þ

which may be written as

RD =Rins +HHPHHT
H −HLPLHT

L ð3:12Þ

Equation (3.12) is in agreement with (3.7). Furthermore, Eq. (3.12) shows that
the Desroziers’ estimate calculates the observation covariance matrix as the
instrument error variance plus the difference between the high-resolution and
low-resolution covariance matrices as mapped into observation space.

Therefore, we need to understand what HHPHHT
H −HLPLHT

L means. To this end,
we will re-write the relationship (2.4) between the high and low-resolution states in
the following way:
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xL =SscxH + S− Sscð ÞxH ð3:13Þ

where Ssc is the smoother from a “spectral-cut”, viz.

Ssc =EL T 0½ �ET
H ð3:14Þ

We employ a “spectral-cut” operator in (3.13) because we desire to develop a
term below that is solely induced by the implicit spectral cut from our truncated
forecast model. Equation (3.13) can be thought of as having in its first term a
spectral cut of the high-resolution state to the low-resolution state and this term
corresponds to any missing small-scale phenomena. In the second term of (3.13)
any resolved scale model error between the high and low-resolution models is
represented. If there is no resolved scale model error, and therefore the second term
is missing, then the results below will reduce to those of Liu and Rabier (2002).

Equation (3.13) implies that the difference in the high and low resolution
covariance matrices is

HHPHHT
H −HLPLHT

L =HHPHHT
H −HLSscPHSTscH

T
L −HLSscPH S− Sscð ÞTHT

L

−HL S−Sscð ÞPHSTscH
T
L −HL S− Sscð ÞPH S− Sscð ÞTHT

L

ð3:15Þ

We will assume that the low-resolution observation operator is:

HL =HHS†sc ð3:16Þ

Therefore, we have not assumed (2.17). The assumption (3.16) is the optimal
observation operator in the case where the low-resolution forecast model is exact at
the resolved scales. This assumption is being used to create a specific term that is
the covariance matrix of the unresolved scales to be associated with representation
error.

Note the following properties:

S†scSsc =EH T− 1 0
� �TET

LEL T 0½ �ET
H =EH

I 0
0 0

� �
ET
H ð3:17Þ

S†scS=EH T− 1 0
� �TET

LEL D1 2̸ T 0
� �

ET
H =EH

D1 2̸ 0
0 0

� �
ET
H ð3:18Þ

Use (3.16) through (3.18) in (3.15) to obtain

HHPHHT
H −HLPLHT

L = HHEHΓN −MET
HH

T
H|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Representation Error

+ HHEH D− I½ �ΓMET
HH

T
H|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Model Error on Resolved Scales

ð3:19Þ
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where

ΓN −M =
0 0
0 I

� �
Γ 0 0

0 I

� �
=Θ ð3:20Þ

which are simply the eigenvalues of PH that are not in PL and is precisely equiv-
alent to (2.13). Note in (2.5) that if there is no model error in the low-resolution
forecast model at the resolved scales then D = I, and therefore the only process in
(3.19) is the representation error. Similarly, if we replace (3.5) in (3.11) with (2.18)
we will obtain,

RD =Rins + HHEHΓN −MET
HH

T
H|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Representation Error

ð3:21Þ

which is only a function of the instrument error and the representation error.
Therefore, we have shown that the Desroziers’ method is only a self-consistent
estimator of the representation error when (1) the forecast model is perfect at the
resolved scales or (2) the data assimilation system is of the form (2.18).

3.2 HL Method

The central assumption of the HL method is that the correlated portion of the
innovations as a function of distance between observations is a property of the prior
covariance matrix; all other contributions to the innovation variance is due to the
observations. Hence, we need to co-vary innovations at different distances. To this
end we denote the ith innovation as

vi = yi −hiLxL̄ ð3:22Þ

where hiL is the row of HL that extracts the low-resolution forecast model estimate
of the ith observation.

Therefore, the covariance of the innovation for all observations separated a
distance, d, apart is

⟨vivj⟩d = ⟨ yi − hiLxL̄ − ⟨vL⟩i
	 


yj − h j
LxL̄ − ⟨vL⟩j

	 

⟩d

= ⟨ yi − hiHxH̄
	 


yj − h j
HxH̄

	 

⟩d

ð3:23Þ

where the different subscripts i and j denote different innovations, but all separated a
distance, d, apart and where hiH is the row of HH that extracts the high-resolution
forecast model estimate of the ith observation.
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Note that under the assumptions of (1) all innovations are from a single
observational instrument and (2) uncorrelated instrument errors, (3.23) reduces
simply to

⟨vivj⟩d =
rins + hiHPHhiH

	 

d, i= j, d=0

hiHPHh
j
H

	 

d, i≠ j, d>0

(

ð3:24Þ

where rins is the instrument error variance for the particular instrument in the
innovations (3.22) and the parenthesis around hiHPHh

j
H is meant to refer to the prior

covariance of the observed variable at a separation distance, d.
In contrast to the Desroziers’ technique, the HL method obtains an estimate of

the high-resolution covariance matrix for d values greater than 0. Note however that
this is true if one can actually calculate the expectation in (3.23) at precisely the
separation distance d. In practice, one must always use bins of a non-zero width to
define the samples that are used to evaluate the expectation in (3.23). The width of
these bins effect a smoothing upon the resulting prior covariance estimate. Bin
widths used in global numerical weather prediction typically range from 100 to
200 km wide. Such a bin width acts as a spatial filter, smoothing the resulting
covariance structure and reduces the value of the prior covariance estimate from
that of the high-resolution covariance matrix to that more similar to the
low-resolution covariance matrix.

The impact of this smoothing is critical because if the bin widths effected a
spatial smoothing at approximately the same scale as the low-resolution model
resolution then one would obtain a smoothing of (3.24) for d > 0:

⟨vivj⟩d =
rins + hiHPHhiH

	 

d, i= j, d=0

hiLPLh
j
L

	 

d, i≠ j, d>0

(

ð3:25Þ

To back out the HL estimate of the observation error one would subtract the zero
separation innovation variance from the d > 0 prior covariance structure extrapo-
lated to zero separation, viz.

RHL = ⟨vivj⟩d=0 − hiLPLh
j
L

	 

d→ 0 = rins + hiHPHhiH

	 

d=0 − hiLPLh

j
L

	 

d=0 ð3:26Þ

which is clearly the same as the Desroziers’ estimate (3.12). Therefore, the com-
parison of the HL method and Desroziers’ method can be considered to be a
self-consistency check. However, as shown in Eq. (3.19) they both have the
property that they contain a portion of the resolved scale error variance in their
estimates.
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4 Issues with Incorrectly Specified Prior Error Variances

This section will illustrate another way in which observation error estimation
procedures can erroneously place a portion of the background error variance into
the observation error estimate. It is well known (Ménard 2015; Waller 2015) that
the Desroziers diagnostic will overestimate (underestimate) the observation error
variance if the background error variances are underestimated (overestimated). In
the following, we turn our attention to the case where the prior error variances are
defined (or partly defined) by flow dependent ensemble variances. As in the pre-
vious section, we will use a data assimilation algorithm here that is of standard
form, and therefore does not include the modifications suggested in (2.8) and
(2.18).

It has been well established that the Desroziers method is dependent on the
prescribed error covariance matrices. Here, we address how such dependence
impacts the results when the method is binned by ensemble variance. For this
purpose, we implement a simplified framework as follows:

1. The true state is drawn from a Gaussian distribution with prescribed mean and
variance Nðxt, σtÞ. In what follows, we define xt =2.22 and σt =0.62.

2. The forecast is modeled as the true state plus a forecast error, x f = xt + ε f , where
ε f ∼Nð0, σ2f Þ and σ2f is defined by an inverse gamma distribution. This allows
for a simple model that qualitatively represents spatial and temporal changes to
the forecast error variances. In what follows, σ2f is a random draw from an

inverse gamma distributions with mean σ2f =2.22 and variance 0.62; the cor-
responding inverse-gamma shape and scale parameters are given by α=10 and
β=20.

3. Observations are created following yo = xt + εo, where εo ∼Nð0, σ2oÞ. In what
follows, we set σ2o =2.5.

4. Ensemble variances are modeled following s2 = aσ2f
� �

η, where a specifies the

over or under dispersion and η∼ χ2ðKÞ
K − 1ð Þ is drawn from a chi-squared distribution

to account for sampling errors due to an ensemble size K.

5. Analyses are defined following xa = σ2o
σ2o + σ2s

x f + σ2s
σ2o + σ2s

yo.

We set our experiment to run for 10,000 independent trials and then calculate the
Desroziers diagnostic in 5 equally populated bins based on variance. In the first
experiment we use K = 1000 ensemble members and set a=1. The result is shown
in Fig. 1a, the Desroziers result (blue) line is a random fluctuation about the true
observation error variance (red line). In Fig. 1b we show results based on an under
dispersive ensemble with a=0.2, here we do see a positive slope, which is a case in
which dispersion errors could mimic the appearance of representation error. For the
over dispersive case with a=2 shown in Fig. 1c we see the opposite result, a
negative slope. Figure 1d–f repeat a–c with variance of σ2f set at 0.006 and the mean
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σ2f =0.22 (α=10, β=2). As the distribution from which the forecast error variance
is drawn tightens, the day to day variations in ensemble variance lessen and our
result converges to what is typically seen in the literature, a flat over (under)
estimation when the background error variance is under (over) estimated, as in
Fig. 1e (Fig. 1f). Now we repeat (a–c) with only 10 ensemble members. The dis-
persion errors due to too few members have created a negative slope in Fig. 1g. For
the under dispersive (a=0.2) case (Fig. 1h) we now see a higher magnitude over
estimation but the slope has decreased. For the over dispersive (a=2) case (Fig. 1i)
we now see an increased slope.

This analysis indicates that errors in ensemble dispersion, as well as sampling
errors, can lead to an estimate of observation error that is a function of ensemble
variance, even in cases where the observation error variance has no flow
dependence.
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Fig. 1 The Desrozier diagnostic (blue) and the prescribed observation error variances (red) versus
ensemble variance (x-axis) for a a perfectly dispersive ensemble (a = 1) b an under dispersive
ensemble a = 0.2 and c an over dispersive ensemble (a = 2). d–f repeat (a–e) with reduced day to
day variation of forecast error variance. g–i repeat (a–c) with reduced ensemble size
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5 Summary and Conclusions

In this chapter we have reviewed the theory of data assimilation when it includes
the effect of misrepresentation of the number of degrees of freedom in the true
system. When the forecast model has fewer degrees of freedom, or equivalently,
when the data assimilation is chosen to be performed at a reduced resolution than
the true system that is being observed, the data assimilation algorithm must be
modified to address this deficiency. This modification includes a change to the
observation error covariance matrix to account for this error in representation of the
true state, but as discussed here it also must include a change to the “background”
portion of the covariance matrix.

We have shown that observation error estimation procedures must be modified
to account for this change in the definition of the “optimal” data assimilation
system. We have shown that the method of Desroziers’ et al. (2005) does not
deliver the correct estimate unless (1) the data assimilation method is modified to
the form described in Sect. 2, which includes modification to the observation
covariance matrix as well as to the numerator of the gain or (2) the truncated
forecast model is perfect at all of the resolved scales. Note however that the method
of HL will not deliver the correct estimate of the observation covariance matrix
unless (1) the bin widths in its estimation procedure have infinitesimal width or
(2) the truncated forecast model is perfect at all of the resolved scales. When these
conditions are not met then standard estimation techniques will include background
error covariance structure in the observation error covariance estimate. Lastly, we
showed that the misspecification of the background error variance in a traditional
data assimilation method will also lead to an estimate of the observation error
variance that includes the background variance.

These results show that fruitful performance improvements in the quality of the
analysis are likely obtainable by carefully constructing the data assimilation system
to properly account for the misrepresentation of the number of degrees of freedom
in the true system. This will require research into applying the data assimilation
algorithm of Sect. 2 to the computationally intensive real-world, as well as
accounting for the issues in Sects. 3 and 4. Research in these directions is already
underway.
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Soil Moisture Data Assimilation

Viviana Maggioni and Paul R. Houser

Abstract Soil moisture plays an important role in the global to regional water and
energy cycle, as it controls the partitioning of water and radiation into runoff,
evaporation and infiltration at the land-atmosphere interface. Soil moisture infor-
mation can be obtained through in situ observations, land surface models and
remote-sensing retrievals. This chapter reviews the capability of land data assimi-
lation systems to merge observations (either in situ or remotely sensed) with the
spatially and temporally complete information from land surface models, in order to
provide an improved dynamic representation of surface and root-zone soil moisture.
Among the different data assimilation techniques, the ensemble Kalman Filter and
variational methods are becoming the methods of choice for large-scale soil
moisture data assimilation. The improvement in soil moisture estimation via data
assimilation largely depends on the quality of the land surface model meteoro-
logical forcings. Since precipitation is the major driver for soil moisture, uncertainty
in precipitation affects the efficiency of assimilating soil moisture observations most
profoundly. Data assimilation systems have also been demonstrated to be extremely
valuable for downscaling coarser resolution satellite brightness temperature
observations in order to produce higher resolution soil moisture estimates. Skill
metrics for evaluating the improvement in soil moisture estimates via land data
assimilation is also maturing. Besides biases and root mean square errors, common
metrics to evaluate data assimilation are the anomaly correlation coefficient, the
exceedance and uncertainty ratios and rank histograms.

1 Background

Soil moisture is the quantity of water contained in the unsaturated soil on a volu-
metric or gravimetric basis (Hillel 1998). Surface and root zone soil moisture are
key variables of the water and energy cycle, as they represent the land storage for
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water and energy, effectively controlling the balance between sensible and latent
heat flux at the land-atmosphere interface (Fig. 1). Thus, soil water content may
impact atmospheric processes, such as cloud coverage and rainfall and hydrological
processes, such as runoff and plant transpiration (Betts and Ball 1998). Soil
moisture-temperature and soil moisture-precipitation feedbacks have the potential
to significantly impact weather dynamics and climate-change projections from the
local to the regional and global scale (Seneviratne et al. 2010). By constraining
plant transpiration and photosynthesis, soil moisture also plays an important role in
biogeochemical cycles (e.g. carbon and nitrogen cycles) and, therefore, in fields like
agriculture and ecology.

A realistic characterization of surface and root-zone soil moisture and its asso-
ciated uncertainty can lead to improvements in several areas: from weather and
climate forecast to the mitigation of extreme events, like floods and droughts, water
budgeting in agriculture, and water resources management. For instance, soil
moisture is commonly used for deriving flood-warning schemes that are based on
precipitation thresholds (Martina et al. 2006; Carpenter et al. 1999). In order to
issue flood warnings, quantitative information about the soil water content is
adopted for selecting the most appropriate rainfall-runoff threshold curve to be used
together with the estimated rainfall volume. Information on soil moisture can be
assessed through three main approaches: (i) in situ measurements (Walker et al.
2004); (ii) remotely sensed observations from low-frequency active and passive
microwave sensors (Schmugge et al. 2002); and (iii) integration of a land surface
model forced with meteorological data (Peters-Lidard et al. 2007).

There are direct and indirect methods to measure soil moisture. In direct
approaches, soil samples are collected and their moisture content is evaluated in the
laboratory. Making a spatially-representative measurement may require collecting a
large number of samples sufficient to include soil, terrain, micro-climate, and
vegetation variability. The most common direct approach is the gravimetric

Fig. 1 The saturated and unsaturated soil zones. A and B denote two distinct soil moisture
volumes. From Seneviratne et al. (2010)
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method. Soil samples of about 50 g are removed from the field with tools like
shovels and augers and placed in leak-proof, seamless, pre-weighed containers. The
samples and container are then weighed before and after drying and the difference is
the soil water content estimate. Volumetric soil moisture measurements require a
known volume of soil to be collected. Indirect approaches measure soil properties
that can be related back to soil moisture (e.g., through dielectric constant, variations
of gravity field, or soil suction), as the capacity of a soil to retain water is a function
of its texture and structure. These methods are valuable especially because infor-
mation on soil moisture can be collected at the same location several times without
disturbing the soil water system. However, in situ measurements, both direct and
indirect, are very localized and limited in spatial and temporal coverage (Robock
et al. 2000; Robinson et al. 2008; Dorigo et al. 2011).

Surface soil moisture can be estimated remotely using microwave radiation
measurements (Jackson 1993; Njoku et al. 2003). Active and passive L-band
microwave remote sensing has been well established through many ground and
aircraft studies. These paved the way for the ESA Soil Moisture and Ocean Salinity
(SMOS) and the NASA Soil Moisture Active Passive (SMAP) mission, launched in
2009 and 2015 respectively. However, L-band microwave remote sensing provides
mostly surface soil moisture information (top 5 cm of the soil column), where most
agricultural, hydrological and meteorological applications require root zone infor-
mation. Remote sensing soil moisture retrievals are also affected by errors due to
(i) limitations in the sensor sampling (i.e., the coverage is not spatially and tem-
porally continuous), (ii) effects of land cover heterogeneity within the pixel,
(iii) difficulties in defining the physical processes that relate brightness temperature
to soil moisture, and (iv) uncertainty in the retrieval algorithm parameters.
Retrievals are also limited in areas where the fraction of open water is significant,
and where the soil is frozen or densely vegetated. Therefore, the usefulness of the
remotely-sensed soil moisture products alone is limited. However, when combined
with land surface models, soil moisture and its variations over time, space and with
depth in the soil column can be estimated.

Land surface models (LSMs) integrate atmospheric forcings to produce con-
tinuous and spatially distributed soil moisture fields. Current LSMs have mostly
had their roots in coupled weather and climate models, with the intent of parti-
tioning energy and water at the land surface to provide a lower boundary condition
to the atmosphere. Accordingly, the spatial resolution of current LSMs has largely
been dictated by the spatial resolutions to which global weather and climate models
are constrained by computational limitations: currently, at best, ∼100 km for cli-
mate models and ∼20 km for weather models (somewhat higher resolutions are
used by regional models). Much higher resolutions, which are referred to as
hyper-resolution (100 m to 1 km globally), will soon be feasible and will provide
more detailed information about the storage, movement, and quality of carbon and
water at and near the land surface (Wood et al. 2011). LSM predictions are affected
by uncertainties in the meteorological forcing variables, model parameters, and
model formulations (Reichle et al. 2004).
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In order to remedy for the scarcity of in situ measurements and the uncertainties
in both remotely-sensed retrievals and LSM estimates, land data assimilation sys-
tems combine the complementary information from observations and the spatially
and temporally complete information given by LSMs into a superior estimate of soil
moisture (e.g., Reichle and Koster 2005; Li et al. 2010).

2 Land Data Assimilation Systems for Soil Moisture
Estimation

Land data assimilation systems (LDASs) merge remotely-sensed and/or
ground-based observations with the spatially and temporally complete informa-
tion provided by land surface models to generate a superior product of soil moisture
(Houser et al. 1998; Hoeben and Troch 2000; Walker and Houser 2001; Reichle
et al. 2002a, b; Margulis et al. 2002; Reichle and Koster 2003; Crow and Wood
2003; Seuffert et al. 2003; Crow and van Loon 2006; De Lannoy et al. 2007; Dunne
and Entekhabi 2006; Pan and Wood 2006; Zhou et al. 2006; Parajka et al. 2006;
Reichle et al. 2008b; Drusch et al. 2009). The LDAS captures the key land surface
processes, such as the vertical transfer of water between the surface and root zone
reservoirs, and interpolates the observations in time and in space. Specifically,
model predictions of soil moisture are corrected with a stochastic filtering technique
towards the observations, by accounting for the relative observation and prediction
uncertainties. The corrected model state is then used to make improved forecasts,
but can also be used to diagnose and correct model deficiencies.

The first LDASs assimilating soil moisture were mainly tested using measure-
ments collected during field campaigns (and therefore limited in time and space)
and synthetic satellite retrievals, as global observations were not available yet.
However, in the recent past, a number of satellite-based soil moisture products have
become available: the Advanced Microwave Scanning Radiometer for the Earth
Observing System (AMSR-E; Njoku 2011; Owe et al. 2008), the Tropical Rainfall
Measuring Mission (TRMM) Microwave Imager (TMI; Gao et al. 2006; Owe et al.
2008), Windsat (Li et al. 2007), the historic Scanning Multichannel Microwave
Radiometer (SMMR; Owe et al. 2008), the European Remote Sensing satellites
(Wagner et al. 2007), the Advanced Scatterometer (ASCAT; Bartalis et al. 2008),
the ESA SMOS (Kerr et al. 2010), the NASA Aquarius mission (Lagerloef et al.
2008), and the NASA SMAP mission (Entekhabi et al. 2010a). Satellite soil
moisture products are based on C- and X-band microwave observations with an
effective sensing depth of roughly 1 cm, and L-band microwave sensors that
measure moisture in the top 5 cm of the soil.

Constraining LSMs with satellite soil moisture retrievals using data assimilation
techniques has been demonstrated to be an effective way to estimate soil moisture
dynamics (Reichle and Koster 2005; Drusch 2007; Reichle et al. 2007). The
ensemble Kalman Filter (EnKF) is becoming a method of choice for large-scale soil
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moisture data assimilation systems (Evensen 1994; Garcia-Pintado et al. 2013). The
EnKF technique is a Monte Carlo-based filter that requires a number of model runs
to represent the forecast uncertainty. Perturbations are applied to the model forcing
and state variables to obtain an ensemble of state fields that reflects prediction
uncertainty. The major advantages of the EnKF technique are its flexibility in
treating errors in model equations and parameters, its independence from the model
code, and its suitability for nonlinear problems, such as soil dynamics (Andreadis
and Lettenmaier 2006; Durand and Margulis 2008; Kumar et al. 2008; Pan and
Wood 2006).

Reichle et al. (2002a) tested the EnKF by assimilating L-band (1.4 GHz)
microwave brightness temperature observations into a LSM and demonstrated its
superiority with respect to a dynamic variational assimilation method. They also
showed how wetting and drying processes dominate the dynamic evolution of error
variances. During dry-down variances are large and the soil moisture ensemble
distribution is symmetric. But when the soil is either very wet or very dry, variances
are smaller and the model nonlinearities are significant. The actual errors are
therefore larger than the ones derived by the ensemble forecast, which means that
the update is suboptimal. However, the degree of sub-optimality is relatively small
and their conclusion is that the EnKF is still a robust data assimilation option even
for modest ensemble sizes.

Reichle et al. (2002b) performed a comparison between the extended Kalman
filter (EKF) and the EnKF for soil moisture estimation in a twin experiment over the
southeastern United States. EKF is a generalization of the traditional Kalman Filter
for nonlinear applications, but the computational demand due to the error covari-
ance integration limits the size of the problem (Gelb 1974). For this reason EKF has
been used only for estimating the vertical profile of soil moisture (Katul et al. 1993;
Entekhabi et al. 1994). For instance, Walker and Houser (2001) have used an EKF
technique to estimate soil moisture across North America by neglecting the hori-
zontal error correlations and treating each surface hydrological catchment inde-
pendently. The way EKF and EnKF treat nonlinearities is different: EKF linearizes
the equation of the error covariance propagation while the EnKF propagates a set of
ensemble of model trajectories. Both EKF and EnKF filters have been proven to
provide satisfactory estimates of soil moisture at comparable computational cost.
However, the EnKF was shown to be more flexible, as it avoids integrating the state
error covariance matrix by propagating an ensemble of equally probable states from
which to obtain the covariance information at each update step.

Gruber et al. (2015) investigated the potential for introducing a two-dimensional
LDAS that uses spatial error auto-correlations of active and passive microwave soil
moisture observations and LSM predictions. They showed that including infor-
mation regarding the spatial error auto-correlation of these three products does not
significantly improve the performance of the LDAS when compared to the skills of
a simpler one-dimensional system.

Variational assimilation methods have the capability of achieving optimal per-
formance, like Kalman filters, but with enhanced computational efficiency, as they
do not explicitly estimate the large error covariance matrices that are propagated by
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KFs (Thepaut and Courtier 1991; Courtier et al. 1993; McLaughlin 1995). Varia-
tional methods process all data concurrently during the assimilation interval and
implicitly account for the dynamic error by propagating an adjoint. Specifically, the
adjoint equation describes how measurement information obtained at a given step
propagates backward in time.

Reichle et al. (2001) assessed the feasibility of estimating large-scale soil
moisture from L-band passive microwave measurements, using a four-dimensional
variational method that considers model and observation uncertainties. Their syn-
thetic experiments showed that adequate soil moisture estimates could be obtained
using the proposed approach. They also demonstrated that reducing the length of
the assimilation interval resulted in poorer performances but in substantial
improvements in computational efficiency.

In terms of the available software platforms for soil moisture data assimilation,
the Land Information System (LIS) represents one of the most mature and complete
land data assimilation systems currently available (Reichle et al. 2009; Kumar et al.
2008). LIS provides a common software framework capable of ensemble land
surface modeling on points, regions, or the entire globe at spatial resolutions from
2 × 2.5 degrees down to meter scales. It is an interagency test bed for land surface
modeling and data assimilation that allows customized land data assimilation sys-
tems to be built, assembled, and reconfigured easily, using shared plugins and
standard interfaces. The NASA Goddard Earth Observing System Model, Version 5
(GEOS-5) has recently been integrated with LIS.

3 Data Assimilation Skill Evaluation

Fluctuations between estimated and reference soil moisture, expressed in terms of
biases or root mean square errors (RMSEs), may vary considerably. Data assimi-
lation systems commonly apply a cumulative density function transformation to the
observations that are merged with the model predictions to remove the systematic
error. Therefore, a statistical metric that is independent of any bias in the mean and
standard deviation of the observations is needed to evaluate soil moisture predicted
by LDASs (Entekhabi et al. 2010b). A common metric that measures the corre-
spondence in phase between estimates and the benchmark, regardless of seasonal
mean biases or differences in the standard deviation, is the anomaly correlation
coefficient (ACC):

ACC =
E θest −E θest½ �ð Þ θtrue −E θtrue½ �ð Þ½ �

σestσtrue
ð1Þ

where θ represents the soil moisture anomalies and σ2 is the time variance at each
location. Soil moisture anomalies are commonly defined as differences between the
current values and the monthly climatological average values.
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In order to evaluate the skills of the data assimilation system in producing soil
moisture ensembles, the combination of exceedance ratio and uncertainty ratio
provides a useful tool (Hossain et al. 2004; Hossain and Anagnostou 2005; Mag-
gioni et al. 2012a). The exceedance ratio (ER) is defined as follows

ER=
Nexceedance

Nt
ð2Þ

where Nexceedance is the number of times the true soil moisture falls outside the
ensemble bounds and Nt represents the sample size. ER captures the ability of the
estimated ensemble to encapsulate the reference soil moisture. A value of ER equal
to 1 corresponds to a probability of 0 % that the reference falls within the ensemble
bounds, while a value of ER close to 0 shows a good predictability of the model that
most of the time encapsulates the reference inside the estimated envelope.

The uncertainty ratio (UR) is the ratio of the simulated uncertainty, defined as
the average difference between the upper and lower limits of the ensemble, and the
average true soil moisture:

UR=
∑
Nt

i− 1
θiupper − θilower

� �

∑
Nt

i− 1
θi
� �

ð3Þ

UR measures the variability in the estimated soil moisture ensemble relative to the
typical value that reference soil moisture assumes. A perfect ensemble spread
would have a UR equal to 1. A UR value lower than 1 indicates an underestimation
of the model prediction error which means there are insufficient weights given to
observations in an ensemble-based data assimilation system. On the other hand, UR
greater than 1 corresponds to an overestimation of the error spread, which can
translate into excessive weights given to the observations to be merged by the
LDAS. The combination of these metrics account for two contrasting issues: if the
uncertainty limits are too narrow (high UR values and low ER values) the model
errors are underestimated, and if the ensemble width is too large (low UR values
and high ER values) the LDAS has poor predictive capability.

Another valuable tool to evaluate soil moisture ensemble predictions is the rank
histogram, introduced by Hamill (2001). Rank histograms are based on the
assumption that all ensemble members would be equally probable realizations of
the reference dataset, if the land data assimilation were able to reproduce the
forecast distribution. In other words, if the simulated ensemble is statistically
consistent, the number of times that the reference falls within any two adjacent
members does not depend on the position of those members within the ordered
ensemble (Siegert et al. 2012). In this case, the rank histogram will have a flat shape
(Talagrand et al. 1997; Hamill and Colucci 1997; Hamill 2001). A U-shaped rank
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histogram indicates a lack of variability in the ensemble, while a sloped histogram
suggests consistent biases in the model (Fig. 2).

Some tests are necessary to verify whether the LDAS filtering technique operates
in accordance with its assumptions and whether model and observational uncer-
tainties are appropriately chosen. For instance, if the EnKF functions properly, the
mean of the innovations should be statistically indistinguishable from zero. Inno-
vations are defined as the difference between the observations and the soil moisture
ensemble mean prior to the assimilation update. Moreover, the normalized inno-
vations, i.e., innovations divided by their expected standard deviation, should be
normally distributed with zero mean and standard deviation equal to 1 (Reichle
et al. 2007). Therefore, hypothesis testing should be performed to verify whether
the normalized innovations could be modeled with a standard normal distribution.

Fig. 2 Rank histograms where verification is sampled from a standard normal distribution and the
25-member ensemble is sampled from a normal distribution with mean μ and standard deviation σ.
(Adopted from Hamill 2001)
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4 Root-Zone Soil Moisture Estimation

Root-zone soil moisture plays a prime role in the regulation of water and energy
budgets at the soil–vegetation–atmosphere interface by regulating evaporation and
transpiration processes (Shukla and Mintz 1982). If the initialization of root-zone
soil moisture in numerical weather and climate prediction models is not accurate, it
may cause drifts of the temporal evolution of the surface state variables and degrade
the forecast (Beljaars et al. 1996; Dirmeyer 2000; Koster and Suarez 2003).
Root-zone soil moisture cannot be sensed by L-band microwave remote sensing.
However, near-surface soil moisture (0–5 cm) is physically related to root-zone soil
moisture through diffusion processes. Hence, assimilating satellite retrievals of
near-surface soil moisture can yield improvements not only in surface soil moisture
estimates, but also in root zone soil moisture estimation.

Sabater et al. (2007) investigated several assimilation techniques derived from
Kalman filters and variational methods to correct the model forecasts of root-zone
soil moisture from the Interaction between Soil, Biosphere, and Atmosphere (ISBA)
LSM. Surface soil moisture ground measurements from the Surface Monitoring of
the Soil Reservoir Experiment (SMOSREX) in France over a 4-year period were
used as observations. The EnKF and a simplified one-dimensional variational data
assimilation (1DVAR) were shown to perform best and both showed an
improvement in the updated root-zone soil moisture products.

Das et al. (2008) showed that the assimilation of airborne remotely sensed surface
soil moisture had limited influence on the profile soil moisture, as root zone soil
moisture depended mostly on the soil type. A caveat of this study is that it focused on a
limited area, i.e., theWalnut Gulch ExperimentalWatershed, Arizona, and on a limited
period of time, i.e. August 2–27 2004 (Soil Moisture Experiment 2004—SMEX04).
Surface soil moisture observed from aircraft was assimilated into a distributed Soil–
Water–Atmosphere–Plant (SWAP) model, using an ensemble square root filter, based
on a Kalman filter approach, at a spatial resolution of 800 m × 800 m. Assimilated
soil moisture profile estimates were compared to in situ measurements collected during
the experiment. These comparisons showed a reasonable agreement between the
ground observations at various depths and the modeled profile of soil moisture.
However, the open-loop (i.e., no-assimilation runs) and the assimilation experiments
performed equally well in terms of root zone soil moisture at various depths.

Crow et al. (2008) substantiated the potential of improving root-zone soil
moisture through assimilation of near-surface soil moisture showed by Sabater et al.
(2007). Specifically, they proved the advantage of assimilating thermal remote
sensing (RS) observations into soil-vegetation-atmosphere transfer (SVAT) models
for root-zone soil water predictions. RS-SVATs use surface radiometric tempera-
ture from thermal remote sensing on cloud-free days and combine them with
vegetation information obtained in the visible and near-infrared spectra for solving
the surface energy balance (Norman et al. 1995). This methodology was shown to
be superior to Water and Energy Balance (WEB) SVATmodels (Noilhan and
Planton 1989; Montaldo et al. 2003) in the characterization of root-zone soil
moisture.
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The USDA Soil Climate Analysis Network (SCAN, http://www.wcc.nrcs.usda.
gov; Schaefer et al. 2007) represents a valuable validation dataset for soil moisture
profile studies, providing hourly soil moisture measurements at 123 sites across the
continental United States, taken at depths of 5, 10, 20, 50, and 100 cm with Stevens
Water Hydra Probe sensors. Liu et al. (2011) assessed the performance of assim-
ilating surface soil moisture retrievals from AMSR-E using 35 SCAN sites.
Assimilating AMSR-E retrievals was shown to increase root zone soil moisture skill
in terms of the anomaly time series correlation coefficient.

Maggioni et al. (2012a, b) showed improved root zone soil moisture perfor-
mance metrics, exhibiting higher ACCs and lower RMSEs when either synthetic or
actual satellite surface soil moisture was assimilated in comparison with open-loop
experiments. Similarly, the work by Draper et al. (2012) merged near-surface soil
moisture data from the active microwave ASCAT and the passive microwave
AMSR-E sensors with the NASA Catchment LSM predictions using an EnKF.
They analyzed 85 sites in the US and Australia where ground observations were
available to be used as reference. They found that the assimilation of ASCAT and
AMSR-E held very similar improvements when compared to the open-loop
experiments, as the mean root-zone soil moisture anomaly correlation coefficient
increased from 0.45 to 0.55, 0.54, and 0.56 by assimilating ASCAT, AMSR-E, and
both (Fig. 3).

(a)

(b)

Fig. 3 Mean correlation
coefficient for a surface and
b root zone soil moisture
averaged across each land
cover class (the number of
sites in each class is given in
the axis label). 95 %
confidence levels are also
shown. (Adopted from Draper
et al. 2012)
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5 Uncertainty Characterization in the Precipitation
Forcing

The improvement due to the assimilation of soil moisture observations highly
depends on the quality of the LSM meteorological forcings. Since precipitation is
the major driver for soil moisture, uncertainty in the precipitation forcing plays a
fundamental role in the efficiency of assimilating soil moisture observations. Liu
et al. (2011) showed that assimilating satellite retrievals of near-surface soil
moisture and correcting the precipitation forcing with rain gauge measurements
similarly improve the skill of a LDAS in estimating surface and root zone soil
moisture (Fig. 4). Specifically, an increase of ∼0.08 in the surface soil moisture
anomaly correlation coefficient was observed when AMSR-E retrievals were
assimilated and an increase of ∼0.06 was obtained by adding precipitation infor-
mation. By combining information from both sources, soil moisture anomaly cor-
relation coefficients improved by ∼0.13.

The quality of EnKF assimilation techniques largely depends on the represen-
tation of model and observational uncertainties (Reichle et al. 2008a). A poor
characterization of these uncertainties is likely transferred to the land surface out-
puts (Crow and Van Loon 2006). The way model and observational errors are
currently treated in LDASs is very basic. For instance, in the NASA Global

Fig. 4 Improvements in anomaly correlation coefficients due to precipitation corrections and
retrieval assimilation. (Adopted from Liu et al. 2011)

Soil Moisture Data Assimilation 205



Modeling and Assimilation Office Land Data Assimilation System (GMAO-LDAS)
the model error scheme is a simple multiplicative perturbation applied to the pre-
cipitation forcing and to the state variables (Reichle et al. 2007). Although these
precipitation perturbations are spatially and temporally correlated and log-normally
distributed, a purely multiplicative error model implies that all ensemble members
will be set to zero every time the input precipitation is zero. This kind of approaches
is numerically convenient but not appropriate for precipitation errors, characterized
not only by biases, but also by multi-dimensional correlations especially at fine
space and time scales, detection uncertainties and false alarms. A more complex and
complete precipitation error model has the impact of improving the skill of surface
and root zone soil moisture estimated by a LDAS.

Past research studies have developed more sophisticated satellite rainfall error
models for generating error ensembles of satellite rainfall fields (Hossain and
Anagnostou 2006a; Gebremichael et al. 2011; Maggioni et al. 2014). A series of
articles by Maggioni et al. (2011, 2012a, b) investigated the potential of imple-
menting one of these more complex precipitation error approaches in a LDAS for
soil moisture estimation. Specifically, they adopted the model proposed by Hossain
and Anagnostou (2006a), the multi-dimensional Satellite Rainfall Error Model
(SREM2D). SREM2D employs stochastic formulations to characterize the error
structure of satellite retrievals based on high-accuracy reference rain fields and
generates equally probable ensemble members of satellite rain fields. SREM2D
accounts for the joint probability of successful delineation of rainy and non-rainy
areas, temporal and spatial correlations of the error, missed rain events, and false
alarms. Moreover, it was proven capable of conserving the rainfall error structure
across scales, unlike simpler error models that commonly show significant
scale-dependent biases (Hossain and Anagnostou 2006b).

Maggioni et al. (2011) expanded the study by Hossain and Anagnostou (2006b)
to investigate the impact of satellite-rainfall error complexity on soil moisture
uncertainty simulated by the NASA Catchment land surface model (CLSM, Koster
et al. 2000). SREM2D was compared to the standard model (hereinafter CTRL)
used to generate rainfall ensembles in the GMAO-LDAS. Both rainfall error models
were shown to reproduce the satellite rainfall error characteristics across different
spatial scales. Though, SREM2D generated an ensemble with higher variability
than the traditional error scheme and was able to better envelop the rain gauge–
calibrated radar rainfall fields, considered as the reference rain dataset. In terms of
soil moisture modeled by CLSM, forced with perturbed rain fields, the
SREM2D-based soil moisture ensemble also presented larger spread than the one
generated using CTRL and showed lower probability of exceedance, i.e., the
probability that the reference soil moisture falls outside the ensemble envelope
(Fig. 5). Nevertheless, soil moisture was found to be less sensitive than precipita-
tion to the complexity of the rainfall error scheme, due to the characteristics of soil
moisture dynamics, which are highly dissipative and nonlinear.

When rain error modeling techniques are compared in the assimilation system, in
which synthetic soil moisture observations are merged with CLSM predictions, the
more complex rainfall error model was shown to only slightly improve soil
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moisture ACCs and the RMSEs (Maggioni et al. 2012a). The relative improvement
due to SREM2D over the standard error scheme was observed to be larger for root
zone soil moisture, which carries the memory of previous rainfall events (Fig. 6).
Maggioni et al. (2012a) also studied the impact of a more complex rain error model
on soil moisture data assimilation as a function of a climatological wetness indi-
cator. A positive (negative) value of this indicator indicates an area that is generally
wetter (drier) then the domain climatology. The spatial variability in the RMSE
reduction amplifies with increasing the climatological wetness indicator, whereas
the maximum relative increase in anomaly correlation coefficients is near neutral
regimes (i.e., non-extreme rainfall conditions). The fact that normal to wetter cli-
matological conditions are more affected by the way rainfall error is characterized in
the LDAS demonstrates the high dependence of soil moisture on precipitation
variability.

Similar conclusions were drawn when actual near-surface soil moisture retrievals
from AMSR-E were assimilated in a LDAS, adopting the two different rainfall error
models to perturb satellite precipitation fields (Maggioni et al. 2012b). First off, the
LDAS soil moisture estimates performed as well as the benchmark model simu-
lation forced with high-quality radar precipitation. Both open-loop and data

Fig. 5 Time series of cumulative rainfall (a and b), surface soil moisture (c and d), and root zone
soil moisture (e and f). Results are shown are for the CTRL error model from (a, c, and e) and for
SREM2D (b, d, f). (Adopted from Maggioni et al. 2011)
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assimilation simulations performed better in the wetter conditions, but the relative
improvement in surface and root zone soil moisture skills due to data assimilation
was larger in drier conditions (Fig. 7). SREM2D exhibited slight improvements in
soil moisture estimates in terms of anomaly correlation coefficients with respect to
the CTRL model. Satellite rainfall retrievals are largely affected by false alarms.
This is particularly evident in arid and semiarid areas, where microwave techniques
are limited in detecting low rain rates, because of potential effects of soil wetness
and below-cloud evaporation. It is therefore promising that SREM2D adds more
value in the drier regimes.

Errors in the precipitation forcing are not the only source of uncertainty in a
LDAS and the contribution of rainfall forcing errors relative to model structure and
model parameter uncertainty should be further investigated. A first attempt is
offered by Maggioni et al. (2012c), who studied this problem for soil moisture
estimates obtained by integrating the NASA CLSM. SREM2D was used to generate
an ensemble of rainfall fields from satellite rainfall retrievals and model errors were
represented (i) by perturbations in the model parameters only and (ii) by pertur-
bations in the model prognostics to represent the combination of model structure

Fig. 6 Normalized RMSE reduction (top) and anomaly correlation coefficient improvements
(bottom) as function of rainfall climatology. (Adopted from Maggioni et al. 2012a)
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and parameter uncertainty. Their findings showed that the method currently used in
the NASA LDAS to perturb model variables does not fully describe the modeled
soil moisture uncertainty, even when combined with rain forcing perturbations.
A better characterization of soil moisture uncertainty is possible by adding model
parameter perturbations to rainfall forcing perturbations. Future research work
should focus on a more accurate characterization of uncertainty in a LDAS that
combines rainfall and model parameter errors to improve soil moisture estimation.

Fig. 7 Daily anomaly correlation coefficients for a surface and b root zone soil moisture with
95 % confidence intervals for dry and wet conditions. (Adopted from Maggioni et al. 2012b)
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6 Multi-scale Soil Moisture Data Assimilation

Data assimilation systems have been commonly used for downscaling coarser
resolution satellite retrievals, which update land surface model prognostics to
produce higher resolution soil moisture estimates. For instance, Reichle et al.
(2001) conducted several synthetic experiments to evaluate the possibility of
assimilating L-band passive microwave measurements, using a four-dimensional
variational assimilation method. They observed that adequate soil moisture esti-
mates could be obtained at resolutions of a few kilometers, much finer than the
resolution of the satellite brightness temperature retrievals (i.e., tens of kilometers).
Nevertheless, this is only possible if high quality meteorological, soil texture, and
land cover inputs are available at that finer scale.

De Lannoy et al. (2009) tested different assimilation techniques to merge
coarse-scale snow water equivalent observations into finescale land model simu-
lations (Fig. 8). Specifically, they directly assimilated coarse-scale observations

Fig. 8 Schematic of the multi-resolution EnKF proposed by De Lannoy et al. (2009)
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using an observation operator for mapping between the coarse and fine scales or,
alternatively, after disaggregation (re-gridding) to the finescale model resolution
prior to data assimilation. Observations were assimilated either simultaneously or
independently for each location. Their results indicated that assimilating disag-
gregated finescale observations independently is less efficient than assimilating a
collection of neighboring disaggregated observations.

De Lannoy et al. (2009) also showed that direct assimilation of coarse-scale
observations is superior to a priori disaggregation. Independent assimilation of
individual coarse-scale observations was shown to bring the overall mean field
close to the truth, without necessarily improving estimates of the finescale structure.
A clear benefit to simultaneously assimilating multiple coarse-scale observations
was demonstrated even as the entire domain was observed, indicating that under-
lying spatial error correlations can be exploited to improve the state estimate.

Although land surface models can provide useful information on spatial and
temporal soil moisture variability, they are well known to produce biased forecasts
(e.g., multi-model NLDAS results). A simple method for bias removal, proposed by
Reichle and Koster (2004), is to match the cumulative distribution functions of the
observations—typically satellite retrievals—and model predications. However, in
order to accurately estimate those functions, a long record of satellite data is
required. Thus, downscaled satellite soil moisture products can largely benefit
hyper-resolution modeling, as they have the potential to correct for those biases.

7 Summary

By regulating the exchange of water and energy at the interface between land and
atmosphere, soil moisture plays a fundamental role in atmospheric, hydrologic, and
biogeochemical processes. Soil moisture can be measured from in situ observations,
remote-sensing retrievals from active and passive microwave sensors, and by
integrating a land surface model. In situ measurements are limited in space and time
and include direct and indirect approaches. Direct methods collect soil samples that
are evaluated in the laboratory (e.g., gravimetric method), whereas indirect methods
measure soil properties that are physically related to the soil water content (e.g.,
dielectric constant, soil suction). Surface soil moisture (top 5 cm of the soil) can be
also estimated using land surface brightness temperature observed by satellite
microwave sensors. These estimates are quasi-global, spatially and temporally
distributed, but provided at coarse resolutions and inadequate in coastal areas and
regions where the surface is frozen or densely vegetated.

Another common technique to estimate soil moisture is by integrating a land
surface model. However, these predictions are affected by errors in the model
parameters and formulation and uncertainties in the meteorological forcings. Land
data assimilation systems combine the information from ground and/or satellite
observations and model prediction into an improved estimate of surface and
root-zone soil moisture. Ensemble Kalman filters and variational methods are
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among the most popular for soil moisture data assimilation. The EnKF is extremely
flexible in treating model and parameter errors and is suitable for nonlinear prob-
lems, while variational methods have are able to achieve optimality more effi-
ciently, from a computational point of view.

Data assimilation has been proven to be particularly useful to estimate root zone
soil moisture, which is not directly measurable from L-band microwave
remote-sensing. Root-zone soil moisture controls the water and energy budgets at
the interface between soil, vegetation and atmosphere through evapotranspiration.
Soil moisture initialization in weather and climate models is fundamental to prevent
degrading the forecast performance. Past studies show that both EnKF and varia-
tional data assimilation methods were able to improve root-zone soil moisture
estimates by updating the model output with surface soil moisture from ground and
satellite measurements. Additionally, LDASs have been used to downscale satellite
brightness temperature observations, which are available at coarse resolutions to
generate higher resolution soil moisture products.

The efficiency of assimilating soil moisture data depends on the way uncertainty
in the meteorological forcings, model structure, model parameters and observations
are addressed. Current methods used to perturb model forcings, variables, and
parameters in LDASs are often too simplistic and do not entirely describe the
uncertainty of the system. For instance, using a more complex rainfall error model
than a traditional multiplicative approach was shown to improve soil moisture
anomaly correlation coefficients and root mean square errors. This improvement is
larger for root zone soil moisture and under non-extreme rainfall climatological
conditions.

Common skill metrics to evaluate land data assimilation improvement are biases,
root mean square errors, and anomaly correlation coefficients. This latter is par-
ticularly suitable as it is independent of any systematic errors, which are commonly
removed in LDASs through cumulative density function transformations. Further-
more, two useful statistics are the exceedance ratio, which measure the probability
of the estimated soil moisture ensemble to encapsulate the reference, and uncer-
tainty ratio, which captures the variability in the simulated ensemble. Rank his-
tograms are also commonly used to verify whether the estimated ensemble is
statistically consistent, whether it lacks variability or whether it carries consistent
biases.
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Surface Data Assimilation
and Near-Surface Weather
Prediction over Complex Terrain

Zhaoxia Pu

Abstract Owing to sparse observations, terrain misrepresentations, and compli-
cated interactions between the atmosphere and complex terrain, numerical predic-
tion of near-surface atmospheric conditions and surface data assimilation over
mountainous regions present particularly challenging problems. With studies and
results obtained from a recent field program, Mountain Terrain Atmospheric
Modeling and Observations (MATERHORN), for both model evaluation and data
assimilation, this chapter provides an overview and sample of these problems and
challenges. Forecast evaluation for the mesoscale community Weather Research
and Forecasting (WRF) model and results from an ensemble Kalman filter method
for assimilating surface observations are presented.

1 Introduction

About 70 % of the Earth’s land surface is characterized by complex topography,
and thus atmospheric processes typical of complex terrain airsheds have been
studied extensively in the context of air quality; reviews are given by Whiteman
(2000), Fernando et al. (2010), and Zardi and Whiteman (2010). Yet the weather in
heavily mountainous areas has received less attention. Accurate weather forecasting
in complex terrain, especially in mountainous areas, presents a challenging problem
in modern numerical weather prediction (NWP) due to a number of difficulties,
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including sparse observations, terrain misrepresentation in numerical models, and
complicated interactions between the atmosphere and complex terrain.

In addition, near-surface weather forecasts are critical for the protection of life
and property, economic and operational activities, and routine day-to-day planning.
Aviation, military, wind energy, and energy consumption operations rely on
accurate near-surface forecasts, and even small forecast errors can have major
consequences. Temperature, wind, and precipitation are some of the more important
variables to forecast, but visibility-reducing phenomena, such as dust, fog, and
smog, also need to be accurately forecast. Therefore, improving forecasts for any of
these near-surface variables has far-reaching significance.

However, previous studies of numerical models (Liu et al. 2008a, b; Hart et al.
2005; Mass et al. 2002; Zhang et al. 2013) have demonstrated the unavoidable
errors of near-surface atmospheric simulation that are either related to or caused by
complex terrain. Specifically, Liu et al. (2008a, b) performed a verification of model
analyses and forecasts for five United States Army test and evaluation command
ranges over a 5-year period. Their results indicated that forecast errors varied from
range to range and from season to season, but larger errors were typically associated
with complex terrain. Zhong and Fast (2003) compared three mesoscale numerical
models and evaluated simulations over the Salt Lake Valley, Utah, in the United
States for cases influenced by both weak and strong synoptic forcing scenarios.
A cold bias was present in the valley extending from the surface to the top of the
atmosphere. The simulated nocturnal inversion was much weaker than what was
observed. Hanna and Yang (2001) evaluated four mesoscale model simulations of
near-surface variables. They found that the models tended to predict weaker tem-
perature inversions than observed and also underestimated the vertical temperature
gradients in the lowest 100 m during the nighttime. They also suggested that the
uncertainties regarding wind speed and direction in the lower atmosphere were
primarily due to random turbulent processes that were not appropriately represented
in the numerical model, and to errors in the subgrid terrain and land use. Zhang
et al. (2013) recently conducted a comprehensive study of the error characteristics
in numerical simulations of near-surface temperature and wind from the advanced
research version of the Weather Research and Forecasting (WRF) model in regions
of complex terrain. They found that forecasts not only suffered from the model’s
inability to reproduce accurate atmospheric conditions in the lower atmosphere but
also struggled with representative issues due to mismatches between the model and
the actual complex terrain. In addition, surface forecasts at finer resolutions did not
always outperform those at coarser resolutions. Forecast errors in near-surface
variables were significant even when the WRF model was able to reproduce those
weather phenomena reasonably well.

In order to improve the forecasts of near-surface variables, accurate initial
conditions are vital. One can easily believe that assimilation of surface observations
is beneficial to numerical forecasts of near-surface atmospheric conditions. How-
ever, although surface observations are important for weather forecasts, their use in
numerical weather prediction (NWP) has proven difficult. In particular, surface
observations have not been used in traditional three-dimensional variational data
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assimilation (3DVAR) methods at many operational centers (e.g., Kalnay et al.
1996; Mesinger et al. 2006; Simmons et al. 2004).

Recent studies show progress in surface data assimilation using an advanced
data assimilation method, namely, the ensemble Kalman filter (EnKF). For instance,
Hacker and Snyder (2005) showed that assimilation of surface observations in a
one-dimensional column model resulted in error reductions throughout the atmo-
spheric boundary layer. Ancell et al. (2011) demonstrated that surface analyses
using an ensemble Kalman filtering method and subsequent short-term forecasts
were generally better than surface forecasts from the NCEP Global Forecast System
(GFS) and North American Mesoscale (NAM) model. More recently, Zhang and Pu
(2014) have also demonstrated that assimilation of surface observations can
potentially have a significant impact on the numerical prediction of landfalling
hurricanes. Most importantly, using the WRF model and ensemble adjustment
Kalman filter (EAKF) data assimilation for WRF, developed at NCAR (Anderson
et al. 2009) with the Data Assimilation Research Testbed (WRF/DART) in an
observing system simulation experiment (OSSE) framework, Pu et al. (2013)
showed that EnKF performs better than 3DVAR in terms of analyses and short-term
weather forecasts in complex terrain because it is more capable of handling surface
data in the presence of terrain misrepresentation with Observing System Simulation
Experiments (OSSEs).

In this chapter, the aforementioned problem and progress in the numerical
prediction of near-surface atmospheric conditions and in surface data assimilation
are highlighted and demonstrated by the author of this chapter and her students’
research as well as results obtained from the recent field program Mountain Terrain
Atmospheric Modeling and Observations (MATERHORN).

Specifically, the WRF model (Skamarock et al. 2008) and its 3DVAR data
assimilation system (Barker et al. 2004), as well as WRF/DART (Anderson et al.
2009), are used to obtain the numerical prediction and data assimilation results in
this chapter.

2 Characteristics of Errors in Near-Surface Atmospheric
Conditions

In order to understand the characteristics of the errors in numerical weather pre-
diction over complex terrain, Zhang et al. (2013) conducted a comprehensive study
to evaluate the accuracy of numerical weather prediction, with attention to the near-
surface atmospheric conditions, specifically the 2-m temperature and 10-m wind
speed and direction, in numerical weather prediction. Numerical simulations pro-
duced by Version 3.3 of the WRF model were first evaluated for three typical
weather events (i.e., a low-level jet, a cold front, and a wintertime persistent
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inversion) over the Southern Great Plains (SGP) and the Intermountain West of the
United States, and then for a 1-month-long forecast over a region of complex
terrain.

Based on the three typical weather events, it was found that the WRF model was
able to reproduce all three weather phenomena reasonably well. Verification of
near-surface conditions (i.e., 2-m temperature and 10-m wind) indicated the com-
plexity in forecasting surface variables. For the frontal case and low-level jet case over
the central United States (flat terrain), the model terrain matched the actual terrain and
thus mitigated representative errors. The forecasts of surface variables generally
agreed well with the observations. However, errors still occurred, depending on the
model’s ability in forecasting the structures in the lower-atmospheric boundary layer.
For the inversion case over the Salt Lake Valley (over complex terrain), different error
characteristics were found over the mountain and valley stations. Forecasts not only
suffered from the model’s inability to reproduce accurate atmospheric conditions in
the lower atmosphere but also struggled with representative issues due to mismatches
between the model and the actual terrain.

In addition, it is also found that forecasts of near-surface variables at finer
resolutions did not always outperform those at coarser resolutions. Increasing the
vertical resolution did not help predict the near-surface variables, although it did
improve the forecasts of the structure of mesoscale weather phenomena. Numerical
forecasts of near-surface atmospheric conditions were sensitive to the planetary
boundary layer (PBL) scheme in the WRF model, but there was no single PBL
scheme that performed better than the others. More importantly, forecast errors in
near-surface atmospheric variables showed flow-dependent features in all three of
the individual cases when strong synoptic forcings were present.

Then, to further understand the general characteristics of the errors in
near-surface forecasts in complex terrain, additional verification was conducted for
forecasts over a 1-month period (from 15 September to October 2011, prior to the
MATERHORN field program) in the Dugway Proving Ground (DPG), Utah. The
major findings are the following: (1) The forecast errors of surface variables (2-m
temperature and 10-m winds) depended to a large degree on the diurnal cycle of the
surface variables themselves, especially when the synoptic forcing was weak.
Specifically, the forecast errors for 2-m temperature reached two daily maxima at
0300 and 1500 local time, and two daily minima at 0700 and 1900 local time.
Errors in wind speed and direction followed the same trends, with a maximum at
night and a minimum in the afternoon. Forecast errors were independent of the
initialization time and forecast lead time. (2) The model forecasts showed positive
(warm) temperature biases at night and negative (cold) biases during the daytime.
In contrast to the 2-m temperature, wind direction and speed had no systematic
biases from a long-term perspective. (3) Under strong synoptic forcing, diurnal
patterns in forecast errors were broken, while flow-dependent errors were clearly
shown (See details in Zhang et al. 2013).
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3 Surface Data Assimilation: 3DVAR Versus EnKF

The aforementioned results from Zhang et al. (2013) along with those of other
studies (as mentioned in the introduction) illustrate the complexity and challenges
involved in near-surface simulation/forecasting over complex terrain. Since surface
observations are the main conventional meteorological observations, it is easy to
claim that assimilation of surface observations can result in improvements in the
numerical prediction of near-surface atmosphere variables. However, as shown in
early studies (Kalnay et al. 1996; Mesinger et al. 2006; Simmons et al. 2004) and as
overviewed by Pu et al. (2013), the traditional 3DVAR method has problems
assimilating surface observations, especially 2-m temperature, into the NWP model.
Thus, in both the NCEP reanalysis and ECMWF global reanalysis (ERA-40),
surface data were not assimilated.

In order to examine the problem with surface data assimilation using 3DVAR
and also to evaluate the ability of the ensemble Kalman filter to assimilate surface
observations, Pu et al. (2013) performed a series of data assimilation experiments
using a configuration of Observing System Simulation Experiments (OSSEs) with
the WRF model and its data assimilation system (e.g., 3DVAR and WRF/DART, as
mentioned in the introduction). A series of data assimilation experiments with both
a single observation in a mountain valley and multistation observations over the
continental U.S. were conducted.

For a quick background, the WRF 3DVAR system was developed based on the
NCAR/Penn State University Mesoscale Model Version 5 (MM5) 3DVAR system
(Barker et al. 2004). 3DVAR provides an analysis xa via the minimization of a
prescribed cost function J(x),

JðxÞ= Jb + Jo =
1
2
ðx− xbÞTB− 1ðx− xbÞ+ 1

2
∑
n

i=1
ðy − yoÞTO− 1

i ðy− yoÞ ð1Þ

In Eq. (1), the analysis xa represents an a posteriori maximum likelihood
(minimum variance) estimate of the true atmospheric state given two sources of
information: the background (previous forecast) xb and observations yo (Lorenc
1986). The analysis fit to these data is weighted by the estimates of their errors:
B and O are the background and observational error covariance matrices, respec-
tively; y = H(x), and H is a linear or non-linear operator projecting the grid point
state x to estimated observations. In many studies, the background error covariance
term (B) is generated with the so-called NMC (National Meteorological Center,
now known as NCEP) method (Parrish and Derber 1992; Wu et al. 2002; Barker
et al. 2004) to fit the specific region and season. For instance, statistics of the
differences between two short-range forecasts (e.g., 24-h and 12-h) valid at
0000UTC and 1200UTC for 1 month (June 2008) are paired (i.e., a total of 60
samples) to generate the background error covariance. Since the B in 3DVAR is
generated by statistics, it is static throughout the data assimilation experiment.
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In contrast to the 3DVAR method, the background error covariance term is
estimated using an ensemble of forecasts in an ensemble Kalman filter. The
ensemble mean is supposed to be the best estimate of the true state. The analysis is
updated via the equation

xa = xf +K½yo −Hðxf Þ� ð2Þ

with a Kalman gain matrix

K=P fHTðHP fHT +RÞ− 1 ð3Þ

where yo is the observation vector, and the superscripts f and a indicate, respec-
tively, forecast (background) and analysis. H is a linearized observation operator,
which relates the model state x and observation yo by

y=Hx+ ε ð4Þ

and ε is a Gaussian variable with mean zero and covariance R. Pf is the background
error covariance and is estimated using an ensemble of k forecasts x fk ðtiÞ (Evensen
1994).

Pf≈
1

K − 1
∑
K

k=1
ðxfk − x ̄f Þðxfk − x ̄f ÞT ð5Þ

where the overbars represent the ensemble average. As ensemble forecasts are used
in generating the background error term, the background error covariance in the
ensemble Kalman filter is flow-dependent.

Owing to the fundamental differences between the 3DVAR and ensemble
Kalman filter methods, Pu et al. (2013) found that the two methods behave dif-
ferently regarding surface data assimilation. Specifically, it is found that there are
fundamental difficulties in assimilating surface observations with 3DVAR, espe-
cially when assimilating surface observations in a mountain-valley region. Results
from the assimilation of observations at a single observation station demonstrate
that EnKF can overcome some of the fundamental limitations of 3DVAR in
assimilating surface observations over complex terrain. Specifically, through its
flow-dependent background error term, EnKF produces more realistic analysis
increments over complex terrain in general. Figure 1 shows sample structures of the
estimated background error standard deviation of the streamfunction in 3DVAR
(static) and the EnKF over the assimilation period for a case presented in Pu et al.
(2013). In 3DVAR, the error variance is homogeneous in each statistical bin and
has no correlation with terrain and the synoptic situation. In contrast, error variances
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in the EnKF reflect the structure of the synoptic system. As a result, for analysis
increments from a single observation in the mountain valley, the shapes of the
analysis increments from 3DVAR follow classical correlation and cross-correlation
functions of variables using the geostrophic increment assumption (Fig. 2). Anal-
ysis increments from the observation station within the mountain valley area have
been spread across the mountains (Fig. 3). With the EnKF, the analysis increments
resulting from the assimilation of the same single observation in the valley remain
inside the valley (Fig. 4). No cross-mountain analysis increment is found. Since it is
expected that the air temperature and wind conditions can be inhomogeneous over
the mountain valley and cross-mountain areas, the cross-mountain analysis

Fig. 1 Sample figure comparing the structures of the 3DVAR and the EnKF background terms.
a Estimated background error standard deviation of the streamfunction (shaded contour; unit: 105

m2 s−1) in 3DVAR (static in time) and b in EnKF [averaged over the data assimilation period
(from 0000 UTC to 0600 UTC 5 June 2008)] near 800 m AGL. Contour lines denote the terrain
heights (interval: 500 m). [Figure adopted from Pu et al. (2013)]
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increments in 3DVAR could be unrealistic. The EnKF helps mitigating the problem
by reproducing more reasonable analysis increments.

More comprehensive comparisons are conducted in a short-range weather
forecast using synoptic cases with multiple station surface observations. EnKF is
better than 3DVAR for the analysis and forecast of the weather system over flat
terrain. Over complex terrain, EnKF clearly performs better than 3DVAR, because
it is more capable of handling surface data in the presence of terrain misrepre-
sentation. Results also suggest that caution is needed when dealing with errors due

Fig. 2 Schematic illustration of the correlation and cross-correlation functions for multivariate OI
analysis derived using the geostrophic increment assumption (courtesy Gustafsson 1981 and
Kalnay 2003). ‘φ’ is a thermodynamic variable related to temperature, and u and v denote the
horizontal components of wind
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to model terrain representation. Data rejection may cause degraded forecasts
because data are sparse over complex terrain (see Pu et al. 2013 for details).

These major findings and conclusions from the aforementioned early studies by
Zhang et al. (2013) and Pu et al. (2013) were further corroborated during the
MATERHORN field program with observations obtained.

Fig. 3 3DVAR analysis increments of temperature (K; top row), u-component (m s−1; middle
row), and v-component (m s−1; bottom row) of wind at the lowest model level with assimilation of
2-m temperature (left column), 10-m winds (middle column), and both 2-m temperature and 10-m
winds (right column) from a single observation station over complex terrain. The shaded contours
show the terrain heights (unit: m). ‘+’ denotes the location of the observation station. [Courtesy Pu
et al. 2013]
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4 Results from the MATERHORN Field Program

To address scientific needs and help improve the prediction of mountain weather,
the US Department of Defense has funded a research effort—the Mountain Terrain
Atmospheric Modeling and Observations (MATERHORN) Program—that draws
on the expertise of a multidisciplinary, multi-institutional, and multinational group
of researchers. The ultimate goal of MATERHORN is to identify and study the
limitations of current state-of-the-science mesoscale models for mountain terrain
weather prediction and develop scientific tools to help realize leaps in predictability.
The program has four principal thrusts, encompassing Modeling, Experimental,
Technology, and Parameterization components, directed at diagnosing model

Fig. 4 Same as Fig. 3, except for the EnKF analysis increments. [Courtesy Pu et al. 2013]
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deficiencies and critical knowledge gaps, conducting experimental studies, and
developing tools for model improvements (Fernando et al. 2015).

During the MATERHORN program, two major field campaigns were con-
ducted, from September to October 2012 (Fall Campaign) and in May 2013 (Spring
Campaign), respectively, over the Dugway Proving Ground (DPG). The DPG is
located approximately 80 miles southwest of Salt Lake City, Utah. It is charac-
terized by complex terrain not only because of it is surrounded on three sides by
mountain ranges but also due to the various land covers (e.g., playa and sagebrush,
etc.). Figure 5a shows the DPG area map and land features as well as a total of 31
automatic surface stations in the area. Considering the height of its mountains
relative to its flat regions, the DPG area is representative of common complex
terrain features.

Comprehensive observations were collected of near-surface atmospheric con-
ditions, profiling measurements from multiple platforms (e.g., tethersondes, lidar,
radiosondes, etc.), soil states, and surface energy budgets during the field program.
They offer a great opportunity for evaluating numerical prediction and data
assimilation over complex terrain.

4.1 Evaluation of Real-Time WRF Forecasts During
MATERHORN

A real-time forecast was performed by the author at the University of Utah with the
WRF model at high resolution (∼1 km horizontally) four times a day (at 00, 06, 18,
and 24 UTC) during both MATERHORN Fall (September to October 2012) and
Spring (May 2013) campaigns. The purpose of this real-time forecasting was not
only to support decision-making during the field program but also to provide a
useful database to evaluate the performance of WRF model in predicting synoptic
flows over mountainous terrain. During the field program, a series of 48-h forecasts
were produced for over 200 forecast lead times and for all Intensive Observational
Periods (IOPs) during September–October 2012 and May 2013. After the field
experiments, these forecast results were compared with observations collected from
the field experiments. The results presented in the following section are from the
MATERHORN Fall Campaign (September to October 2012).

The real-time forecasting system was built using Version 3.3 of WRF. Four
one-way nested domains, with horizontal grid spacings of 30, 10, 3.33, and
1.11 km, were used (Fig. 5b). The innermost domain (1.11 km) focused on the
DPG area. The WRF model includes 41 vertical levels; the top of the model was set
to 50 hPa. The physical parameterization schemes included the Kain-Fritsch
cumulus scheme (for 20 and 10 km grid spacings only), the Thompson micro-
physics scheme, the Rapid Radiative Transfer Model (RRTM) for longwave radi-
ation and Dudhia for shortwave radiation, and the YSU PBL scheme (see details of
the physical schemes in Skamarock et al. 2008). A topography dataset with a 30
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Fig. 5 a The area map of Dugway Proving Ground (DPG) with surface stations. Red triangles
represent “Playa” stations and blue triangles represent “Sagebrush” stations. Black circles denote
those stations that do not count as either Playa or Sagebrush. The two purple plus signs represent
the two sounding stations during the MATERHORN field program over Playa and Sagebrush
regions, respectively. b Locations of model domains for real-time WRF forecasting during
MATERHORN. The innermost domain covers DPG
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arc-second (about 1000 m) resolution and an updated land-use dataset with 27
land-use categories (instead of the 24 land-use categories provided by the WRF
Version 3.3 release) from the U.S. Geological Survey (USGS) were used in order to
ensure more accurate surface conditions, especially for playa and desert regions in
the western United States. The Noah land surface model was used because it
predicts the land states, such as surface temperature and soil moisture and tem-
perature, in each layer with time. Initial and boundary conditions were derived from
the analyses and forecasts produced by the NCEP North American Model (NAM)
forecast system at 0000, 0600, 1200, and 1800 UTC. Over a 1-month period from
21 September to 20 October 2012, a total of 120 forecasts were generated.

Early evaluation of the real-time forecasts was conducted after the field program.
It was found that the WRF model was capable of producing reasonable forecasts in
large-scale synoptic conditions and average mesoscale conditions over the DPG
region. However, forecast errors were present in small-scale and local flows and
their associated near-surface conditions. Some results are highlighted in the fol-
lowing two subsections.

4.1.1 General Statistics and Diurnal Variations

We calculated various statistical metrics to characterize the error of near-surface
variables in forecasts. For instance, root-mean-square errors (RMSEs), mean
absolute errors (MAEs), and bias errors (BEs) were calculated against surface
observations to evaluate the overall performance of WRF forecasts.

The statistical calculations are as follows:

MAE=
1
n
∑
n

i=1
Fi −Oij j

BE=
1
n
∑
n

i=1
ðFi −OiÞ

where i denotes the ith observation, t denotes the observation at time t, Oi represents
the value of the observation at the ith location, Fi denotes the forecast value
interpolated to that observation location, and n is the total number of stations.

The MAEs and mean BEs were calculated for each of the four initialization
times. Specifically, all forecasts initialized at 00 UTC, 06 UTC, 12 UTC, and 18
UTC during the month were averaged over all stations to calculate the MAEs and
BEs as a function of forecast lead time. Figure 6a–c show the MAEs for 2-m
temperature and 10-m wind speed and direction calculated in the DPG area in the
1.11 km domain for forecasts initialized at 00 UTC, 06 UTC, 12 UTC, and 18
UTC. A clear diurnal pattern is found in the errors of all variables. Specifically, the
temperature error peaks twice per day, around 0300 mountain standard time
(MST) and 1500 MST (corresponding to 1000 and 2200 UTC). There are also two
error minima for temperature, at around 0700 and 1900 MST (corresponding to

Surface Data Assimilation and Near-Surface Weather Prediction … 231



1400 and 0200 UTC). Wind speed and direction follow the same error trends, with
a maximum in the early evening or before sunrise and a minimum in the afternoon.
The dependence of the surface forecasts on initialization time was examined.
Figures 6a-c show that the error trends are independent of initialization time and
forecast lead time and follow the same diurnal variation. However, compared with
the forecasts initialized during the daytime (0000 and 1800 UTC), relatively large
errors occur in the first 2–3 h in 2-m temperature for the forecasts initialized at night

Fig. 6 Variation of mean absolute errors for a temperature, b wind speed, and c wind direction
and mean biases for d temperature, e wind speed, and f wind direction along with forecast time,
calculated for each forecast initial time from 00UTC, 06UTC, 12UTC, and 18 UTC and averaged
over the whole month (21 September to 20 October 2012) over all surface stations
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(0600 and 1200 UTC). The large errors in the nighttime-initiated forecasts could be
caused by the erroneous surface and soil conditions in the stable boundary layer in
the North American Mesoscale Forecast System (NAM) analysis. Apparently, the
large errors associated with initial conditions in the nighttime-initiated forecasts do
not persist beyond a few hours.

Figure 6d–f further demonstrate the diurnal patterns of the bias errors in 2-m
temperature over the whole month, averaged over all stations. Positive (warm)
biases are found at night and negative (cold) biases are present during the daytime.
No systematic biases are found in wind direction and speed.

So far, the above results are consistent with the findings in Zhang et al. (2013),
as the statistics were done in the same season. Because data are available, additional
comparison is conducted.

4.1.2 Playa Versus Sagebrush

Although the real-time WRF forecasts reasonably characterize the overall statistics
of the near-surface variables, because the near-surface atmospheric conditions vary
with underlying land surfaces, it is very important to evaluate whether the WRF
model can distinguish the characteristics of atmospheric boundary layer structures
and near-surface variables in these areas. Over the DPG area, the underlying land
surface is dominated by two types: playa and sagebrush. Fortunately, during the
intensive observation periods (IOPs) of the field campaign, two sounding stations
were operated over the DPG, one in a Playa area and the other in a Sagebrush area
(Fig. 5a). There were also tethersonde balloons.

Figure 7 compares the sounding profiles from WRF forecasts and radiosonde
observations of temperature and wind at 2030 UTC 3 October 2012 and 0030 UTC
7 October 2012. Although discrepancies are found in model-simulated and
observed soundings, it is apparent that the model was able to distinguish the
atmospheric conditions over both Sagebrush and Playa. In both sounding obser-
vations, the Sagebrush was warmer (colder) than the Playa below (above) about
750 hPa. The model was able to capture these features well, although biases were
present in the temperature forecasts. Meanwhile, the model was not able to capture
the warm surface layer revealed by soundings, perhaps due to the lack of vertical
resolution between the surface and the lowest model level. This can be clearly seen
in Fig. 8, where the model results are compared with the tethersonde balloon
observations. In fact, Fig. 8 clearly reveals that the WRF model completely missed
the larger gradients of temperature and wind near the bottom of the atmosphere or
very close to the ground, implying that the mesoscale model is incapable of
resolving the rapid change in temperature and wind conditions near the bottom of
the atmosphere.

Figure 9 illustrates the overall comparison between observations from surface
stations and WRF forecasts for temperature over the Playa stations and the
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Fig. 7 Comparison of the temperature and wind profiles from (a and c) radiosonde observations
and (b and d) WRF forecasts at (a and b) 2030 UTC 3 October 2012 and (c and d) 0030 UTC 7
October 2012. The blue and red curves denote the conditions over Playa and Sagebrush areas,
respectively

Fig. 8 Comparison of the temperature and wind profiles from a tethersonde balloon observations
and b WRF forecast at 2000 UTC 01 October 2012. The blue and red curves denote the conditions
over Playa and Sagebrush areas, respectively
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Sagebrush stations during the whole month at all forecast lead times. It indicates
that the Sagebrush area has larger biases in temperature forecasts than the Playa
region does, perhaps due to its complex terrain features relative to the flat Playa
region.

4.2 Surface Data Assimilation with EnKF

The above evaluation proves that errors in near-surface weather prediction can be
serious due to complex terrain. The errors not only have diurnal patterns but also
depend on the terrain features. To further understand the impact of assimilating
surface observations on numerical prediction of near-surface atmospheric condi-
tions, and also to confirm the findings from Pu et al. (2013), a month-long EnKF
data assimilation was conducted for the fall 2012 MATERHORN field campaign,
covering the whole period from 21 September to 21 October 2012. The first several
days can be considered a spin-up period because the first IOP started at 2000 UTC
25 September.

A continuous, 3-hourly cycled EnKF data assimilation was performed for the
whole period with 60 ensemble members. The initial perturbations were generated
at 0000 UTC 21 September 2012 by adding ensemble perturbations to the deter-
ministic initial conditions using fixed covariance perturbations (Torn et al. 2006).
The data assimilation was conducted with the DART EnKF system (Anderson et al.
2009), and the 3-h forecasts during the cycles were integrated with the WRF model.
The assimilated observations included NCEP PREBUFR (NCEP Automated Data

Fig. 9 Scatterplots for 2-m temperature of WRF forecast/simulations and surface observations for
the a Playa area and b Sagebrush area over the whole month. In each pane, the thin gray line
denotes x = y; the dashed line denotes a linear fit of the data
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Processing Global Upper Air and Surface Weather Observations in the PREBUFR
format) conventional observations, Mesonet surface observations (including the 31
stations over the DPG area as shown in Fig. 5a), and radiosondes from the
MATERHORN field campaign (see Fig. 5a). A covariance inflation that varies
temporally and spatially was used in this data assimilation system (DART/WRF) to
avoid filter divergence and to reduce the impact of model error (Anderson 2007).

The RMSEs and BEs were calculated against surface observations during the
1-month period to evaluate the overall performance of the EnKF analysis. Figure 10
compares the RMSEs of the 3-hourly WRF forecast (guess field) and analyses,

Fig. 10 The diurnal variation
of root-mean-square error
(RMSE) of a temperature
(°C), b wind speed (m s−1),
and c wind direction
(degrees), calculated every
3 h for EnKF analysis (black
curve) and WRF 3-h forecast
(Guess, blue curve) averaged
over the whole month (21
September to 20 October
2012) over all surface stations
and all 60 ensemble members
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averaged over all stations and all ensemble members as well as during the entire
evaluation period (00 UTC 25 September to 00 UTC 21 October 2012) for 10-m
wind speed and direction and 2-m temperature. It is clear that the DART/WRF
analyses fit the observations better than the guess field does, indicating improve-
ment in the atmospheric state as a result of the EnKF analysis. In addition, since the
model forecasts tend to underestimate the variations in temperature during the day
(e.g., warm biases are present during the night and cold biases are present during
the day), the positive impact of using EnKF data assimilation can at least partly
overcome this problem.

Figure 11 further examines the diurnal variation of mean bias errors in 2-m
temperature from the EnKF analysis. The errors were averaged over the entire
evaluation period for all stations and all ensemble members. Biases over all stations
in DPG, including Playa and Sagebrush, are compared. Note that although the
EnKF analysis has reproduced the improved temperature analysis, by assimilating
surface observations and two soundings over the area, it still cannot overcome the
cold and warm biases in temperature. Meanwhile, the bias error over the Playa
region is smaller than the averages over all stations and Sagebrush stations, while
the bias error over the Sagebrush area is the largest. The results suggest that surface
data assimilation can result in improved diurnal temperature, but it still cannot
reduce the intrinsic errors and biases over complex terrain. Other factors that should
be considered for further improvements are model physical parameterizations and
the impact of land surface processes.

Fig. 11 The diurnal variation of mean bias errors of temperature (°C) of the EnKF analysis
averaged over the whole month (21 September to 20 October 2012) over all 60 ensemble members
based on the average of all surface stations (All, black line), Playa stations (Playa, blue line) and
Sagebrush stations (Sagebrush, red line)
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5 Concluding Remarks

Numerical prediction of near-surface atmospheric conditions and surface data
assimilation over mountainous regions present particularly challenging problems.
This chapter first overviews the specific challenges in numerical prediction of
near-surface variables and data assimilation found in the author’s previous studies.
Then, case studies and results obtained from the recent MATERHORN field pro-
gram for both model evaluation and data assimilation are presented. It is found that
the forecast errors of near-surface atmospheric conditions, such as 2-m temperature
and 10-m winds, are characterized by a diurnal pattern under weak synoptic con-
straints. Errors are generally large during the morning and evening transition period,
while at the same time the model underestimates the range of the diurnal variation
in temperature, as a warm (cold) bias is present during the night (day) time. Under
strong synoptic constraint cases, the errors are flow-dependent, with complicated
interactions between the near-surface atmospheric conditions and the large-scale
environment.

Surface observations are the main source of data over complex terrain. It is
found that the traditional 3DVAR data assimilation method has difficulty assimi-
lating surface observations over complex terrain. With its flow-dependent back-
ground covariance term, the EnKF method can overcome the difficulties
experienced with the 3DVAR method. Results from a month-long EnKF analysis
during the MATERHORN fall campaign not only show that EnKF is a promising
method for surface data assimilation over complex terrain, but also demonstrate that
surface data assimilation can result in improved numerical analysis and prediction
of near-surface variables. However, it appears that data assimilation can overcome
only part of the problem, as it can reduce the error only to a degree. Large errors
during the morning and evening transition periods still remain. Meanwhile, due to
the complex terrain with various land uses, some intrinsic errors, especially those
associated with terrain features (e.g., those related to model physical parameteri-
zations and land surface processes) could be large sources of error in the numerical
prediction of near-surface weather. Therefore, even if more-comprehensive obser-
vations are obtained over complex terrain, model errors (e.g., those from physical
parameterization, terrain representation, etc.) must be considered. In addition,
near-surface variables are strongly influenced by underlying surface conditions and
soil states (Massey et al. 2014). Therefore, future work should also emphasize
improving coupling between atmospheric and land surface models.
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Recent Developments in Bottom Topography
Mapping Using Inverse Methods

Edward D. Zaron

Abstract The problem of identification and mapping of underwater topography, in

the form of river channel depth, littoral zone depth profiles, and spatially-resolved

river, estuary, and ocean bottom topography, has received attention in recent years

in tandem with the increasing availability of remotely-sensed data for hydrologic

and hydrodynamic modeling. A variety of inverse methods have been successfully

applied in order to estimate the bottom topography from diverse data, typically by

using variants of the ensemble extended Kalman filter, but variational methods and

non-parametric filters have also been used. The types of measurements used include

remotely-sensed and in situ water level, surface currents, surface wave celerity, and

measurements of surface wave direction and wave breaking. The dynamics employed

to relate bottom depth to the measured variables have, to date, been based on the ver-

tically integrated shallow equations, the Saint-Venant equations, with either Chézy

or Manning frictional representation; and coastal zone applications have additionally

coupled these dynamics with the wave radiation stress and dissipation from mod-

els of phase-averaged surface waves. The relevance of three-dimensional dynamics

associated with vertical shear and baroclinicity are recognized but not yet incorpo-

rated into inverse methods for topographic estimation. A scale analysis of the shallow

water equations is proposed as a guide to understanding how the dynamics, spatial

correlation scales, and data types are related to length and time scales of the given

application.

1 Introduction

Underwater topography, i.e., the topography of the sea floor or river bed, plays a key

role in the kinematics and dynamics of rivers, estuaries, and the oceans. Knowledge

of the bottom topography is foundational data for geologists who seek to understand
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the history of the Earth, geodesists who chart the shape and gravity field of the Earth,

and hydrodynamic modelers who seek to understand and predict the movement of

water on the Earth’s surface. Practical applications of maps of underwater topogra-

phy are numerous and include shipping and navigation, river and flood management,

and construction and geotechnical engineering.

The above-mentioned applications highlight the importance of bottom topog-

raphy and motivate the development of advanced mapping techniques for circum-

stances where depth cannot be directly measured. For example, the planned Surface

Water Ocean Topography wide-swath altimeter mission (SWOT) will conduct near-

global observations of water levels from space, making measurements of many rivers

not previously gauged (Pavelsky et al. 2014). In order to make the water level mea-

surements useful to hydrologists, dynamical models are needed to relate river flow

rate to water level, and water depth, i.e., surface level minus bottom topography, is

a key quantity. Thus, there is a need to use remotely sensed observations to deter-

mine bottom topography. Other applications concern knowledge of time-variable

topography, for example, the morphodynamic response of sand bar systems in the

coastal ocean to the passage of storms, where conducting repeated in situ surveys

may be prohibitively expensive. These applications motivate the development of

inverse methods, in which the relationships between water level, waves, currents,

and bottom topography are used to infer topography from remote sensing or a com-

bination of remotely-sensed and in situ data.

Water depth and the shape of the sea floor or river bed provide kinematic con-

straints and can influence the flow through vorticity dynamics and boundary layer

processes. This review emphasizes problems involving assimilation of remote sens-

ing data into models based on fluid kinematics and dynamics. Approaches to remote

identification of underwater topography using gravimetric techniques are not dis-

cussed (e.g., Smith and Sandwell 1994).

As a result of the diversity of applications and dynamical processes connected

with topography, the literature on bottom topography estimation by inverse methods

is spread over a wide range of research journals. Because of this, and the sometimes

different nomenclature referring to bed level, bathymetry, and bottom topography, it

can be difficult to translate the findings or methodologies from one domain (e.g., river

hydrology) to another (e.g., oceanography). For example, within oceanography the

slope of the water surface is typically much less that the slope of the seafloor topog-

raphy, and it is common to reference height data to a reference ellipsoid or geoid. In

contrast, many hydrologic applications involve rivers where the slope of the water

surface is nearly equal to the slope of the river bed, and elevations are frequently ref-

erenced to a local datum. The use of different reference surfaces for vertical datums

can be a source of misunderstanding among researchers in different fields. The pur-

pose of the present review is to identify the commonalities and unique features of

the bottom topography estimation problem in the recent literature. By comparing the

approaches used in the different application domains, it should make it clearer how

findings may be interpreted and generalized.

The paper is organized by reviewing recent literature concerning the topographic

estimation problem in rivers, in estuaries, in the nearshore zone, and in the coastal
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ocean. In each case the main attributes and methodologies are summarized in order

to indicate the purposes for estimation of bottom topography, the primary types of

data used, and the assimilation or estimation methodologies employed. In the Dis-

cussion section a regime diagram is proposed as a guide to understanding the rela-

tionships between dynamics, observed data, and spatial correlation scales. Finally,

some common themes are highlighted and areas for future research are suggested.

2 Bottom Topography Estimation in Various Domains

There is more than one way to categorize recent work on the bottom identification

problem. Our concern is with inverse methods in which the underwater topography

is inferred by combining kinematic and/or dynamical models with measurements

of water velocity, volume transport, or water surface elevation. Thus, the dynamical

assumptions and type of data assimilated provide natural categories for organization.

Of course, the dynamical assumptions are closely tied to the range of space and time

scales of concern, which serve to distinguish one application area from another. A

closely-related issue concerns the purpose for identification of bottom topography. In

some instances, the topography is simply treated as a distributed control parameter

which, along with other parameters such as bottom roughness, boundary conditions,

etc., is to be calibrated in order to obtain an optimized hydrodynamic forecast model.

In other instances, the topography may be of interest in itself, such as in studies

of beach morphodynamics. Finally, for applications concerned with navigation, the

depth envelope containing the shallowest topography will be of interest, rather than

the bottom topography per se.

The assumed dynamics of the body of water under consideration, the type and

quantity of the data used, and the intended application influence how the topographic

estimation problem is posed. For example, for making flow estimates from satellite

observations of water level in a coastal river, it may be perfectly acceptable to use a

one-dimensional continuity equation coupled with an assumed balance between the

along-channel pressure gradient and bottom stress. However, this approach would

be completely inappropriate if it was desired to obtained a space-and-time resolved

picture of the flow, and cross-channel topography, for the purpose of river navigation,

using, say, remotely-sensed maps of water currents. For these reasons, the discussion

below is organized around specific applications, ranging from river reach-scale to the

coastal ocean.

2.1 Rivers

There are three main purposes for estimating river bathymetry, each associated with

different requirements for resolution and accuracy of the final product:
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∙ Topography for hydrologic monitoring and discharge modelling. The bottom

depth is one of several parameters which must be known in order to make accurate

estimates of river discharge.

∙ Topography for hydrodynamic modeling of flood planes or spatially-resolved river

flows. Topography, topographic slopes, and frictional parameters are needed for

accurate modeling of time-dependent flooding events and land-surface runoff.

∙ Topography for navigation or underwater morphology. Spatially-resolved under-

water topography is needed for purposes that might involve safe transport or multi-

purpose environmental modeling.

There is a large and growing literature on flow estimation and bottom topography

determination in inland rivers, much of which is connected with planning for the

SWOT mission (expected launch date in 2020). The key question uniting this work

is how to estimate surface water storage and transport using the measurements of

water surface elevation anticipated from the mission. Maps of water elevations are

expected at a resolution of 100 m with centimeter vertical accuracy when averaged

over 1 km2
(Rodriguez 2015). The near-global spatial coverage and temporal resolu-

tion of SWOT observations, 1 to 4 times per 22-day repeat cycle depending on loca-

tion, will provide an unprecedented view of inland water surfaces from space (Bian-

camaria et al. 2010).

One starting point for the utilization of SWOT or SWOT-like data are the hydraulic

models consisting of a constitutive relation between discharge, Q, and remotely-

sensed parameters such as the river width W, water depth D, and channel slope S,

assumed to equal the water surface slope. For example, using a large sample of train-

ing data, Bjerklie et al. (2005) used regression to determine a model,

Q = 7.22W1.02D1.74S0.35, (1)

which showed skill for making aggregate, area average, discharge estimates with an

accuracy of 10 %; however, the performance at specific locations was much poorer.

This particular constitutive relation is dimensionally inhomogeneous, i.e., the values

of the exponents and leading coefficient depend on the system of units employed,

and this serves to highlight the fact that the underlying physics depend on additional

parameters which cannot be represented in hydraulic relations of the form (1), and

the lumped nature of these models limits their use for spatially-resolved estimates

of bottom topography. Nonetheless, there is a large body of literature that seeks to

use similar approaches to identification of discharge and depth from remotely sensed

data.

A recent article founded in the above approach is Gleason and Smith (2014),

where hydraulic geometry is used to define dimensionally homogeneous scaling laws

among Q, W, D, and water velocity (V),

W = aQb
, D = cQf

, V = kQm
, (2)
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for unknown coefficients, a, b, c, f , k, and m. Mass conservation, Q = WDV , is used

to provide constraints, ack = 1 and b + f + m = 1. The authors note previously over-

looked correlations between the multiplicative coefficients and the exponents, e.g.,

between a and b, which effectively reduces by half the number of model parame-

ters to be identified. These correlations, together with the mass conservation along

river reaches between elevation measurements, provide sufficient data for parameter

estimation. The authors successfully employ a genetic algorithm to identify model

parameters leading to time-variable discharge estimates with 20 to 40 % accuracy,

entirely from the remotely sensed data (river width). Although it is not the focus

of the work, one can surmise the reach-average depth estimates obtained from the

model would be of similar accuracy.

Another line of work uses dynamical constraints to describe river flow. Within

the hydraulic literature, the cross-sectionally averaged shallow water equations, the

Saint-Venant equations (Chow 1959), form the basis for dynamical models. These

equations may be expressed as,

𝜕D
𝜕t

+ 𝜕Q
𝜕x

= 0 (3)

𝜕V
𝜕t

+ V 𝜕V
𝜕x

= −g𝜕D
𝜕x

−
𝜏w

𝜌RH
+ gS0, (4)

where g is gravitational acceleration, 𝜏w is the cross-sectional average wall shear

stress (the frictional stress along the bottom and sides of the channel), 𝜌 is water

density, RH is the hydraulic radius (the cross-sectional area divided by the wetted

perimeter; approximately equal to water depth for wide rectangular channels), and

S0 is bed slope. Unlike most oceanographic applications, the pressure gradient force,

which depends only the slope of the free surface, is expressed as a sum of two terms,

the gradient of the water depth and the gradient of the bed. Frictional parameters are

included in the parameterization of the wall stress, according to either the Manning

or Chézy parameterizations (Chow 1959), the latter being equivalent to the quadratic

bottom drag law commonly in oceanic applications (Gill 1982). Approximations

employed in the river modeling literature include the “diffusive wave” approxima-

tion in which the momentum equation is simplified by neglecting the Lagrangian

acceleration, leaving a balance between the pressure gradient and the wall stress,

and is valid for steady low-Froude-number flows. The “kinematic wave” approxima-

tion involves the further neglect of 𝜕D∕𝜕x by assuming the free surface is parallel to

the bottom.

Several studies have applied variational assimilation, the Kalman filter and their

extensions to the parameter identification problem for the Saint-Venant equations

and its simplifications, seeking to identify river transport, friction parameters (e.,g.,

roughness), and water depth from remotely sensed data. For example, Roux and Dar-

tus (2005) investigated different formulations of variational assimilation (nonlinear

optimization given all data at once) and the extended Kalman filter (sequential assim-

ilation) for the steady Saint-Venant equations in the low-Foude-number limit, using

the Manning frictional parameterization (quadratic drag coefficient proportional to
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R−1∕3
H ). Using an identical-twin strategy to validate the methodology, river width data

were assimilated into a one-dimensional river model. The authors investigated differ-

ent approaches to weighting data in the cost function defining the variational methods

and found that the usual (unweighted) minimum variance criteria performed better

than weighting by the inverse of the either the model forecast or the data value. The

extended Kalman filter was also useful for reconstructing the flow, bottom depth,

and frictional parameters; however, dependence on the sequence of data assimilated

was noted.

In a more recent application Yoon et al. (2012) used an ensemble smoother,

the local ensemble batch smoother, to assimilate SWOT-like measurements of river

slope, width, and water surface elevation into a realistic branched river and flood-

plain model employing diffusive wave dynamics. The local ensemble batch smoother

used was essentially a localized ensemble Kalman smoother (Hamill et al. 2001;

Evensen 2006), with observations batched within a moving smoother window

(Dunne and Entekhabi 2005). One noteworthy aspect of this work is the explicit

attention given to modeling the spatial statistics of the unknown topography. They

use an exponential model with very long, 100 km, correlation scale and spatially uni-

form variance. Simplification is achieved by treating the Manning friction coefficient

as spatially constant. With these assumptions the topography obtained within the

one-dimensional model showed good convergence to the true topography as more

data were ingested by the system, corresponding to multiple satellite overpasses.

Their paper also highlights the significance of boundary condition noise, which in

this case results from discharge estimates provided by a larger-scale precipitation

runoff model.

Garambois and Monnier (2015) present a one-dimensional analysis of the kine-

matic wave equation through synthetic data experiments. Their approach combines

a one-dimensional mass conservation equation with dynamics reduced to a balance

between the pressure gradient and the bottom friction,

𝜕Q
𝜕x

= 0 and Q = KAR2∕3
H

√
S0, (5)

where K is the Strickler-Manning roughness coefficient (m1∕3s−1), A is the cross-

sectional area, and other terms are as used previously. Three key simplifications per-

mit independent identification of roughness and water depth. First, the hydraulic

radius is eliminated in favor of cross sectional area, A, and river width, W, and the

defining relation between A and W is used,

A(h) = A0 +
∫

D

D0

W(h′)dh′, (6)

where A0 is the wetted area below the lowest observed water level D0. The sec-

ond simplification is that roughness K is assumed to be spatially constant. Lastly,

it is assumed that the channel cross section is rectangular, i.e., W is independent of

depth. With the above representation, Garambois and Monnier (2015) are able to
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unambiguously identify the model parameters, K, Q, and bathymetry, D, from syn-

thetic SWOT-like observations of water level, along-channel water slope, and river

width.

Honnorat et al. (2009) use a variational approach to identify spatially-resolved

river bottom topography within a two-dimensional shallow water model using the

Manning representation of bottom stress. Their focus is on assimilation of Lagrangian

particle trajectories, as well as Eulerian velocity measurements, within an idealized

100 m × 16 m rectangular channel with a 0.25 m bump of width 30 m on the bottom,

uniform in the across-channel direction. The variation formulation of Honnorat et al.

(2009) also imposes a smoothness penalty on the gradient of the topography, without

explicitly modeling its spatial statistics. The authors find that observations of water

depth, alone, are not sufficient to determine the topography, while their combination

with trajectory observations makes it possible to significantly improve the issue.

The follow-up work of Honnorat et al. (2010) is noteworthy in that it presents

one of the few applications using real-world data acquired in a laboratory flume.

The results illustrate the degree to which the three-dimensional flows around the

submerged topography lead to systematic errors in the model dynamics, and, con-

sequently, errors in estimated topography. In the case studied, which involved flow

over a 4 cm weir in a 10 cm-deep channel, the flow separation upstream and recir-

culation downstream of the weir led to identification of an “equivalent” topography

which apparently smoothed over the actual weir shape and encompassed the three-

dimensional flow region. Significant reduction of the estimated Manning drag coef-

ficient was also associated with these regions. Thus, even in this relatively shallow

experimental setup, the impacts of three-dimensional flow dynamics were quite sig-

nificant to topography identification with a shallow water model. Notably, the three-

dimensional recirculation zone persisted downstream a distance equal to about ten

times the weir height.

Using a variational approach, Zaron et al. (2011) developed the generalized

inverse of a shallow-water model which included the bottom depth as a distributed

control parameter. The model domain consisted of a several hundred kilometer long

stretch of the Hudson River and assimilated remotely-sensed near-surface velocity

data confined to one region within the river, Haverstraw Bay. Although tidal currents

were reversing and variable within the Bay, it was found that data from maximum

current periods had the largest impact on the topographic estimation, which was

explained by analysis of terms in the Euler-Lagrange equations for the topographic

estimator. Also, the accuracy of along- and across-channel topographic estimates

depended on making a plausible estimate of the spatial statistics of the topography,

including unequal spatial correlation scales in the along- and across-channel direc-

tions. It was also important to account for vertical shear of the flow to transform

the measured near-surface velocities into the depth-averaged velocities governed by

the shallow water dynamics. In this case, both in situ observations and a validated

three-dimensional model were available to develop the needed transformations.

Wilson and Özkan-Haller (2012) apply the ensemble Kalman filter to a hydrody-

namic model in which the prognostic state variables (D and Q) are augmented with

the bottom depth. Their application is based on shallow water dynamics simulated
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by the Regional Ocean Modeling System (ROMS; Shchepetkin and McWilliams

2005), making the quasi-steady assumption (flow in equilibrium with prescribed

time-variable boundary conditions), with Chézy bottom drag and spatially constant

drag coefficient. This paper also conducts a set of observing array experiments to

compare the efficacy of observations in various configurations. Not surprisingly,

more data leads to better topographic estimates. A detailed analysis of a purely

kinematic model is used to assess ensemble size for prescribed correlation scales of

model errors. Landon et al. (2014) went on to apply the same ensemble approach with

ROMS to assimilate GPS drifter tracks in the Kootenai River, Idaho, and demonstrate

accurate topographic reconstructions in a realistic setting. They also examine care-

fully the sensitivity of their results to the number of ensemble members, ensemble

localization, data quantity, and data accuracy.

Simeonov et al. (2013) demonstrate that the combination of water level and veloc-

ity observations can be utilized to calibrate not only bed friction but also datum off-

sets and discharge. They use a two-dimensional shallow water model for a 70 km

reach of the Kootenai River, Idaho, as the basis for the experiments. The bottom

drag and datum offset are calibrated by a systematic trial-and-error approach which

permits intercomparison of different weighting schemes in the objective function.

The topographic correction consists of a single datum offset. The other aspect con-

sidered in detail is the relationship between the remotely sensed surface current and

the vertical average current which is simulated in the hydrodynamic model. The cal-

ibration between these quantities depends on the vertical distribution of flow which

varies spatially. The practical difficulties involved in determining these calibration

factors are analyzed with in situ transects and are found to be caused by the repeata-

bility of boat tracks over the irregular river bed, the vertical averaging of the ADCP,

and the side-lobe interference that leads to loss of in situ data near the bottom. Sime-

onov et al. (2013) also carefully consider data accuracy and model errors in order

to weight terms in the objective function. They find that the calibrated drag coef-

ficient agrees well with an independent estimate based solely on the in situ ADCP

data which further validates their approach.

2.2 Estuaries

Bottom topography is important to estuary dynamics, and inaccurate topography,

even in well-surveyed areas, can be a leading cause of errors in forecast mod-

els (Blumberg and Georgas 2008). Consequently, many studies of estuarine dynam-

ics involve careful development of bathymetric grids, including calibration of topog-

raphy and roughness coefficients. Thus, while determination of bottom topography

is not usually the end goal, it is typically regarded as one necessary step in the devel-

opment of useful estuarine models. Although formal inverse or data assimilation

methods have not been widely used in an estuarine modeling context, some stud-

ies of model calibration provide a useful context for understanding the topographic

estimation problem.
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For example, Cea and French (2012) used a Monte Carlo approach to study sensi-

tivity to topography and bottom roughness parameters in a two-dimensional shallow

water model of the Crouch-Roache estuary, Essex, UK. By carefully analyzing the

sources of error in bottom topography they developed a decomposition of topography

errors in terms of an overall datum offset, a regional perturbation, and a “dynamic

error” related to the physics of the mobile bed. This parameterization of the mag-

nitude of the bottom topography errors provided a spatially variable scaling for the

Monte Carlo perturbations as well as criteria for the definition of morphological

zones within the estuary.

Falcao et al. (2013) address the problem of merging multiple bathymetric (under-

water elevation) and topographic (land elevation) models, consisting of multiple

elevation sub-models and raw data, for the purpose of tide and inundation mod-

eling within an estuary using the ADCIRC model (Luettich et al. 1991). While

not specifically addressing the inverse problem, their analysis and discussion high-

light key areas which must be addressed in blending disparate overlapping topog-

raphy/bathymetry data and in modeling spatial error statistics. One key issue is the

harmonization of vertical datums; in their case the topographic (land surface) ele-

vations were relative to mean sea level (MSL) at a specific tide gauge (Cascais) and

historical period (1882–1938), while other elevations were expressed with respect

to either a MSL field or with respect to a chart datum. Also, in this application, the

mapped bathymetry was to be merged with recently collected GPS water level data

reported relative to the WGS84 ellipsoid. Because the dynamically significant com-

ponent of the water surface slope is the slope relative to a gravitational equipotential

surface, meaningfully blending these data required the use of a geoid model to refer-

ence the GPS data to the MSL datum. Finally, the authors analyzed the significance

of datum offsets by conducting a small Monte Carlo study in which the model was

run with artificially introduced offsets. Although the results of these studies can-

not be easily generalized, they provide useful case studies for the optimization and

blending of topography from diverse sources.

2.3 Nearshore/Surf Zone

In the nearshore or surf zone wave-averaged flows are coupled to surface wave

processes through the Stokes drift and wave set up pressure gradient, through bottom

boundary layer processes where the friction velocity is determined by both the wave-

orbital and wave-averaged velocities, and through dissipation driven by breaking

waves. Likewise, the wave field is influenced by refraction, straining, and shearing by

the wave-average current. And both wave and wave-averaged flows are influenced by

bottom topography. The significant role of topography is demonstrated in the work of

Plant et al. (2009), in which a series of numerical experiments with a coupled wave-

flow model were conducted to examine the sensitivity to bathymetric filtering and

grid resolution. The authors found that a comparison of maximum-resolution versus

intentionally-degraded-resolution model runs was effective at identifying sensitivi-
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ties in practice. Plant et al. (2009) concluded that wave processes are most sensitive

to cross-shore topographic variability, sand bar location and profiles, while wave-

averaged flow is more sensitive to larger-scale alongshore topographic variability.

One attribute of the nearshore region that distinguishes it from rivers and estuaries

is the availability of diverse types of remotely-sensed wave data which are usefully

related to bottom topography (Holthuijsen 1983; Holland et al. 2001; Holman and

Haller 2013). For example, the frequency, 𝜎, and wavenumber, k, of linearly prop-

agating waves can be inferred from visible imagery and are related by a dispersion

relation,

𝜎

2 = gk tanh(kD), (7)

which directly involves the bottom depth, D. Other observables, particularly the spa-

tial pattern of breaking waves, from which wave dissipation can be estimated, are also

strongly related to bottom depth.

The Beach Wizard software described in van Dongeren et al. (2008) exem-

plifies a novel approach to computing bathymetry, possibly time-variable, in a

nearshore model. The estimation methodology is analogous to the “nudging” for-

merly employed in the atmospheric data assimilation community (Zou et al. 1992).

Diverse data may be employed, such as wave celerity and dissipation estimated from

remote sensing, and spatially local relationships between the observations and con-

trol parameters are employed to nudge model parameters towards agreement with

observations. The approach is apparently successful if data are sufficiently dense in

space and time.

Insight has been gained from the analysis of simplified models of surf zone

dynamics in which wave steepening and dissipation are strongly coupled to the

bathymetry. The one-dimensional model of wave propagation based on conservation

of wave energy is similar to the one-dimensional kinematic wave models discussed

above in the riverine context. In river models the volume transport, Q, is approx-

imately conserved, while in nearshore models the wave energy flux, F = CgE, is

approximately conserved, where E is wave energy, and Cg is group velocity. Sources

and sinks of wave energy are strongly nonlinear functions of water depth, wave

height, and other factors (Thornton and Guza 1982). Dynamical nonlinearities lead to

statistical nonlinearities and motivate the use of data assimilation techniques which

do not rely on assumed normality of errors. Plant and Holland (2011) developed a

discrete Bayesian network model based on the Thornton and Guza (1982) dynamics

for three spatial locations across shore. The extreme reduction in spatial resolution

made it computationally feasible to implement the Bayesian network to describe the

coupled probability density of the entire suite of model boundary conditions, prog-

nostic outputs, and parameters. Because of the extreme reduction in spatial dimen-

sionality and the need for an extensive Bayesian network training data set, this tech-

nique to is unlikely to be applicable to mapping real-work bathymetry. Nonetheless,

the authors’ approach is noteworthy for the careful analysis of error propagation in

this model.

The mapping of nearshore bathymetry using wave celerity measurements relies

on the spatially local relationship between water depth and wave speed (7). Holman
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et al. (2011) investigate the issues and methods for estimating nearshore bathymetry

using time series imagery from small un-manned aircraft systems. Implementations

of this approach by Holman and colleagues use a Fourier transform in time, and

cross-correlation analysis in space, to optimize the spatial resolution of the D esti-

mates (Plant et al. 2008; Holman et al. 2013). The analysis of Holman et al. (2011)

finds that the most significant difficulty in making these observations from aircraft is

geo-referencing of the acquired imagery, which limits applications to regions where

the coastline or other fixed control points are visible.

Spatially resolved coupled wave and flow models have recently been applied in

the nearshore. Dynamics involve simplified, one-way, coupling of wave radiation

stresses and dissipation to the flow model, without feedbacks of currents on the wave

dynamics. The series of papers by Wilson and collaborators (Wilson et al. 2010,

2014) applies the ensemble Kalman Filter to demonstrate the feasibility of develop-

ing a nearshore forecasting model solely with information obtained via remote sens-

ing. Assimilated data included horizontal surface currents, wave celerity, and shore-

line location from optical remote sensing; currents from infrared remote sensing; and

wave celerity from X-band marine radar; with wave celerity measurements being the

most spatially extensive. The coupled model was able to provide a dynamical basis

for fusing the diverse measurements to produce improved bathymetry, which resulted

in increased skill for current predictions.

A variational approach to identification of nearshore topography was taken by

Kurapov and Özkan-Haller (2013). Once again, the dynamical system involved a

shallow water flow model coupled with a phase-averaged wave model with one-way

coupling from the wave model to the flow model. Experiments were conducted which

illustrated the efficacy of spatially gridded velocity data for identification of topog-

raphy, in both weakly- and strongly-nonlinear flow regimes. The particular solution

method for the variational problem permitted an analysis of resolution and condi-

tioning of the inverse, which showed how wave dynamics led to identification of the

cross-shore structure of topography, while the flow dynamics constrained the along-

shore structure. Modeling the spatial statistics of the unknown topography remains

a key issue; although, with sufficiently dense data it appears that results are not sen-

sitive to spatial covariance models employed.

3 Discussion

This review has outlined the diverse approaches to bottom topography estimation

found in the recent literature. From this survey of applications it is apparent that

both ensemble-based and variational approaches have utility. Model resolution or

the number of spatial degrees of freedom is an important issue in relation to whether

topography alone or topography and a friction parameter are to be determined. The

Bayesian network of Plant and Holland (2011) provides a complete representation of

the statistical dynamics of a simplified model of the surf zone, while other models,

e.g., Wilson et al. (2014) and Kurapov and Özkan-Haller (2013), are based on more



252 E.D. Zaron

restrictive dynamical and statistical assumptions but resolve the two-dimensional

spatial fields. Nonetheless, the assumed quasi-linear forms of the statistical estima-

tors in variational and Kalman-filter-based approaches do not appear to be problem-

atic; the estimators employed are apparently acceptable approximations to the non-

linear dependence of water level and velocity on bottom depth within the shallow

water approximation.

Studies employing field data and idealized identical twin experiments have

reported affirmative results concerning the convergence of estimated topography

towards the true topography, within the limits imposed by the accuracy of the dynam-

ics. For example, the study of Honnorat et al. (2010) found that the three-dimensional

nature of flow separation around a submerged obstacle led to errors in estimated

topography when a variational approach based on vertically-integrated shallow water

dynamics was used. Likewise, studies of the nearshore zone have mentioned the

potential influence of stratification and three dimensional flow features which are

not currently represented (Kurapov and Özkan-Haller 2013).

Is it possible to delimit the expected range of scales in which the Saint-Venant or

shallow water equations should be useful for the determination of bottom topogra-

phy? The three main assumptions justifying the use of the shallow water equations

are (1) shallow aspect ratio, (2) hydrostatic balance, and (3) vertically homogeneous

flow. Taking L as the horizontal scale of motion and H as water depth, and U and

W as typical horizontal and vertical velocities, one anticipates W = UH∕L assuming

the flow to be incompressible. The advective terms in the vertical momentum equa-

tion can be compared with the acceleration of gravity, which suggests the condition

L > HF for the validity of the hydrostatic approximation, where F = U∕(gH)1∕2 is

the Froude number. Finally, in order for the flow to be vertically homogenous (out-

side of the bottom boundary layer) it is necessary for the turbulent stress at the bottom

to be distributed over the full depth of the fluid. This last condition can be analyzed

by defining the friction velocity as u2∗ = CdU2
, and assuming that the time for the

influence of the bottom boundary layer to penetrate the water depth is H∕u∗ (Hinze

1975). The lateral distance associated with this vertical mixing time is L = HU∕u∗,

or L = H∕C1∕2
d . The analysis for Manning-type friction is similar, but includes more

complex dependence on H resulting in L = HK(H∕r)1∕6.
A frictional Reynolds number may be defined as the ratio between the nonlinear

acceleration and the bottom stress, Ref = H∕(CdL). One anticipates that friction is

dynamically important when Ref < 1, or L > H∕Cd.

In the case of steady flow, the above analysis suggests the following sequence of

scales: L1 = FH, the smallest horizontal scale at which the flow is hydrostatic; L2 =
H∕C1∕2

d , the horizontal scale at which the flow becomes vertically homogenous; and

L3 = H∕Cd, the horizontal scale at which bottom drag is dynamically dominant. If

the flow is unsteady then the time scale, T , of the forcing sets the length scale, Lwave =
T
√
gH, assuming small F. The scale at which friction becomes significant is then

L4 = L3∕F.
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Fig. 1 Scales of length, L, and time, T , are used to categorize dynamical regimes in which the

Saint-Venant or shallow water equations are or are not applicable to bottom topography mapping.

Indicated length scales are given by L1 = HF, L2 = H∕C1∕2
d , L3 = H∕Cd , and L4 = L3∕F, where

H is water depth, F is Froude number, and Cd is Chézy friction coefficient. In region A (L < L1)

dynamics are non-hydrostatic and the conventional shallow water equations do not apply. In region

B (L1 < L < L2 and T > L∕
√
gH) the flow is quasi-steady, but does not satisfy the assumption

of vertical homogeneity as required for shallow water dynamics. In region C (L2 < L < L3 and

T > L∕
√
gH) the flow is quasi steady, frictional effects are small, and shallow water dynamics

are applicable. In region D (L > L3) the flow is strongly influenced by bottom friction, and the

kinematic wave approximation applies. Region E (L1 < L < L4 and T < L∕
√
gH) is governed by

weakly-damped shallow water wave dynamics. The boundary between regions D and E is not clear

from scaling arguments alone, but it defines the region D in which frictional effects are dominant

These scales are sketched in Fig. 1 to indicate the various domains in which the

shallow water or Saint-Venant equations are or not valid. Within region A, defined by

L < L1, the dynamics are non-hydrostatic and the conventional shallow water equa-

tions do not apply. In region B, L1 < L < L2 and T > L∕
√
gH, the flow does not

satisfy the assumption of vertical homogeneity as required for shallow water dynam-

ics. In region C, L2 < L < L3 and T > L∕
√
gH, the flow is quasi-steady, frictional

effects are small, and shallow water dynamics are applicable. In region D, L > L3,

the flow is strongly influenced by bottom friction, and the kinematic wave approxi-

mation applies. In region E, L1 < L < L4 and T < L∕
√
gH, weakly-damped shallow

water wave dynamics are applicable. The boundary between regions D and E is not

clear from scaling arguments alone, but it defines one boundary of region D in which

frictional effects are dominant. The regimes are broadly distinguished by the applica-

bility of shallow water wave dynamics in region E, with time scale, T < L∕
√
gH,

versus the quasi-steady regime C, T > L∕
√
gH, and the frictional regime D.

The dynamical regimes can be used to understand some of the results obtained

in the literature in relation to the type of measurements assimilated. For example,

wave-celerity measurements are used primarily in the nearshore applications. The

measurement principle involves making measurements of wave period and wave-

length, which are converted to depth measurements via the dispersion relation (7).

The measurement technique thus resolves a length scale Ld = 2𝜋k−1 equal to the
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wavelength of the surface waves, and the assumed dynamics play a secondary role.

Consequently, the nearshore studies utilizing wave celerity measurements are able

to identify topographic features at scales between Ld and L2, in regime B, where

shallow water dynamics are not formally valid.

In regime D, when conditions for the validity of the kinematic wave equation are

satisfied, there results in a balance, for Chézy-type friction,

gHS = −Cd|U|U, (8)

so there is a linear relationship between squared water speed,U2
, and the water depth,

H, with proportionality constant defined by the ratio of the river slope and friction

coefficient, gS∕Cd. Obviously, if Cd and S were known, then it would be possible to

estimate H from measurements of U in this regime, even in steady conditions; and

if the river slope were known, then the drag coefficient could also be determined. In

this one-dimensional framework, the kinematic constraint of volume conservation

can be used to eliminate slope in favor of H, U, and Ux,

S = −HUx∕U, (9)

assuming constant river width and flow variations in the along-stream direction (Ux
is non-zero). Under steady or slowly varying conditions the kinematic and dynamic

relations can be combined to

gH2Ux = CdU3
, (10)

and it is evident that H2∕Cd could be estimated from snapshots of U distributed

along a river (so that Ux would also be estimated). If only the time-variable part of

the water level, 𝜂, were measured, with H0 being the steady part, H = H0 + 𝜂, then

it is useful to rewrite (10) as

H2
0 + 2H0𝜂 + 𝜂

2 = CdU3∕Ux. (11)

There are thus now 3 unknown fields, H0, Cd, and U to be determined from 𝜂 mea-

surements. Although H0 and Cd are assumed steady, it is evident that determination

of these fields and U would require additional information in the form of hypothe-

sized priors or additional measurements.

The results of Honnorat et al. (2010) illustrate the changing nature of the topo-

graphic estimation problem across regimes B, C, and D. They found that velocity

measurements were not adequate to identify topographic features at scales smaller

than about 10H, which is approximately equal to L2, within regime B (assuming

Cd = 5 × 10−3). In this regime they observed a three-dimensional flow feature, a

recirculation cell, associated with the topographic feature (a weir). In contrast, the

flow measurements, together with upstream and downstream elevation boundary

data, and the variational smoothness penalties, were adequate to allow estimation

of both drag and depth fields at larger scales within regimes C and D.
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Figure 1 also provides a useful guide for developing models of spatial statistics

of topography and bottom drag in spatially resolved models. For example, in steady

systems at scales, L < L3, the flow is nearly independent of friction. This would

suggest that prior covariance models for the friction coefficient, Cd, ought to impose

a correlation length comparable to or larger than L3. If this is not done, then features

of the Cd field at scales smaller than L3 are likely to be spurious and reflect ill-

conditioning of the inverse. In systems governed by wave dynamics one would expect

L4 would provide the minimum useful scale at which Cd can be identified. Similarly,

spatial covariance models for the topography ought to use a correlation scale of L2 or

larger for steady flow, and L1 or larger for the systems governed by wave dynamics.

Since L1 < L2 for small Froude number flows, it is hypothesized that the finest spatial

resolution topographic estimates will be obtained using time resolved flows governed

by wave dynamics.

4 Summary

Identification of underwater topography from remotely sensed or indirect measure-

ments of environmental fluid flows is an important problem with applications in

hydrology, coastal and littoral zone oceanography, and ocean and river modeling.

Partly because of the breadth of applications, the literature concerned with inverse

methods for bottom topography mapping is found within a range of journals, making

it a challenge to identify commonalities and relationships among many approaches.

This article has surveyed developments over approximately the last decade in order to

identify common themes and enable potential synergies amongst researchers work-

ing in different domains and application areas.

The methods used to estimate water depth or bottom topography have ranged

from non-parametric models utilizing Bayes’ rule to propagate and infer the proba-

bility distribution of water depth at a few sites (Plant and Holland 2011), to spatially

resolved mapping using estimators that are optimal only in the case of Gaussian sta-

tistics (e.g., Honnorat et al. 2009; Zaron et al. 2011; Wilson and Özkan-Haller 2012).

Provided the data are sufficiently dense and accurate researchers have found it feasi-

ble to estimate and map water depth or underwater topography; although, the specific

criteria for data density varies depending on the application. Within hydrology there

has been an emphasis on determination of along-channel profiles, sometimes at spa-

tial resolutions of 10’s to 100’s of kilometers, where it has been computationally

feasible to employ ensemble methods to estimate channel depth and frictional para-

meters for subsequent use in flow forecasting. For studies of nearshore morphology

and some riverine applications there has been and emphasis on spatially-resolved

mapping, for which both ensemble and variational methods have proved useful.

Fundamental questions of observability of the bottom topography from particu-

lar measurement types, and related questions of stability and conditioning, have been

studied in the context of particular applications (e.g., Wilson and Özkan-Haller 2012;

Landon et al. 2014). Dynamical models used consist of the shallow water or Saint-
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Venant equations, with either Chézy or Manning frictional representations, and, in

nearshore studies, a phase-averaged wave model coupled through wave radiation

stresses and/or dissipation sub-model to the shallow water dynamics. A diagram indi-

cating regimes characterized by space and time scales expressed in terms of Froude

number, frictional Reynolds number, aspect ratio, and phase speed of non-dispersive

shallow water waves has been proposed in order to reason about applications based

on shallow water dynamics, the Saint-Venant equations, or their simplifications.

The treatment of three-dimensional effects, in the form of vertical shear or baro-

clinic pressure gradients, has not been explicitly incorporated in the bottom mapping

efforts. Implicitly the vertical shear has been taken into account by modifying mea-

surement operators so that measurements of near-surface current by remote sensing

are modified to correspond to the vertical mean velocity. Baroclinic effects, though

recognized as potentially significant, have not been incorporated into the inverse

models, but they have been used in estuarine models in which topography is opti-

mized as part of the model calibration process (Cea and French 2012). Bottom topog-

raphy mapping in the presence of strongly three-dimensional dynamics is likely to

be of increasing attention as established methods are refined in the nearshore and

estuarine environments.
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The Impact of Doppler Wind Lidar
Measurements on High-Impact Weather
Forecasting: Regional OSSE and Data
Assimilation Studies

Zhaoxia Pu, Lei Zhang, Shixuan Zhang, Bruce Gentry,
David Emmitt, Belay Demoz and Robert Atlas

Abstract Wind profiles are essential for operational weather forecasting on all
scales and at all latitudes. However, tropospheric winds are the number one unmet
measurement objective for improving weather forecasts. In recent years,
ground-based and airborne Doppler wind lidar (DWL) wind profiles have been used
in field programs and various applications to obtain the necessary wind measure-
ments. These measurements offer the opportunity to examine the impact of wind
profiles on numerical weather prediction (NWP). In addition, satellite-based DWL
missions are also being planned. Observing System Simulation Experiments
(OSSEs) have been conducted to evaluate the impact of future space-based satellite
global wind measurements on NWP. While many previous studies have empha-
sized global NWP systems, in this chapter we provide an overview and summary of
recent studies with both data assimilation and OSSEs to demonstrate the value of
DWL wind measurements in improving severe weather system forecasts in regional
NWP, especially for systems with large societal impacts due to the damage they
may cause (e.g., high-impact weather systems). Specifically, we give an overview
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of previous studies that have examined the impacts of ground-based and airborne
DWL on the numerical predictions of mesoscale convective systems and hurri-
canes. The regional OSSE concept is introduced. Recent results with regional
OSSEs using the mesoscale community Weather Research and Forecasting (WRF)
model and the NCEP Hurricane WRF (HWRF) model are presented. The potential
configuration (e.g., resolution vs. accuracy) for future satellite-based DWL is
evaluated. It is found that fairly good forecast impacts can be obtained from
high-resolution observations with larger errors compared with accurate observa-
tions at a coarser resolution. Finally, the relative impact of ocean-surface wind
measurements and 3-dimensional profiles is compared. The advantages of 3-D wind
measurements are evident.

1 Introduction

The proper specification and analysis of tropospheric winds is an important pre-
requisite for accurate weather forecasting and climate study. The World Meteoro-
logical Organization (WMO 1996) determined that global wind profiles are
“essential for operational weather forecasting on all scales and at all latitudes.” This
is because the wind field plays a unique dynamical role in forcing the mass field to
adjust to it at all scales in the tropics, and at small scales in the extratropics (Baker
et al. 1995; Baker et al. 2014). According to the National Research Council (NRC
2007), “more accurate, more reliable, and longer-term weather forecasts, driven by
fundamentally improved tropospheric wind observations from space, would have a
direct and measurable societal and economic impact. Tropospheric winds are the
number one unmet measurement objective for improving weather forecasts.”

During the last decades, progress has been made in developing and planning
global wind measurements. Many scientist’s effort have been devoted to exploring
the new space Doppler lidar wind-measuring missions (e.g., Baker et al. 2014). It is
expected that future Doppler wind lidars (DWL; Stoffelen et al. 2005; Riishojgaard
et al. 2012; Baker et al. 2014) will provide much denser wind profile observations
than the currently available rawinsonde networks. Recent observing system simu-
lation experiments (OSSEs) have proved that the assimilation of Doppler wind lidar
data will result in improved numerical weather forecasts (e.g., Atlas et al. 1985,
2003, 2015a, b; Atlas 1997; Atlas and Emmitt 2008; Masutani et al. 2006; Masutani
et al. 2010; Kalnay and Liu 2007; Pu et al. 2009; Zhang and Pu 2010; Riishojgaard
et al. 2012). Meanwhile, the European Space Agency (ESA)’s Earth Explorer
Atmospheric Dynamic Mission (ADM-Aeolus) is under preparation for launch,
with goals to provide global observations of single wind component profiles from
space to improve the quality of weather forecasts, and to advance understanding of
atmospheric dynamics and climate processes.

In addition, ground-based wind lidar (Gentry et al. 2000; Demoz et al. 2006) has
been used in recent field programs and many other applications, such as wind
energy-related sciences (e.g., Pichugina et al. 2012). Airborne Doppler wind lidar
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(Gentry et al. 2010; Weissmann et al. 2005 and Weissmann et al. 2012; Emmitt
et al. 2011) has also been employed during field programs. For instance, an airborne
Doppler wind lidar was onboard the Naval Research Laboratory’s P3 during the US
Office of Naval Research (ONR)’s Tropical Cyclone Structure 2008 (TCS-08) field
program. Wind measurements collected from ground-based and airborne wind lidar
have proven to be useful for improving precipitation and tropical cyclone fore-
casting (e.g., Pu et al. 2010; Weissmann et al. 2012; Zhang and Pu 2011).

In parallel to the above mentioned efforts, the United States National Aero-
nautics and Space Administration (NASA) has classified tropospheric wind pro-
filing as high-priority science and has invested in developing wind profiling
instruments through its Instrument Incubator Program (IIP). In addition to
space-based wind lidar measurements, a high-altitude airborne system flown on an
Unmanned Aerial Vehicle (UAV) or other advanced platform is of great interest for
studying mesoscale atmospheric systems. For instance, a DWL instrument called
the Tropospheric Wind Lidar Technology Experiment (TWiLiTE) has been used
for several recent missions.

Studies have also been conducted to demonstrate the impacts of Doppler wind
lidar measurements on weather forecasting (e.g., Weissmann and Cardinali 2007;
Pu et al. 2010) and the impact of potential configurations of future lidar measure-
ments on tropical cyclone forecasts (e.g., Atlas and Emmitt 2008; Atlas et al. 2015a,
b; Pu et al. 2009; Zhang and Pu 2010; Riishojgaard et al. 2012).

Considering that the most challenging problem for modern NWP is to predict
weather systems that have strong social and economic impact (for instance, hur-
ricanes, winter storms, mesoscale severe convective systems, and other severe
systems that can cause life and property damage), there is good reason to anticipate
that future observing systems will be helpful for improving the forecast of these
high-impact weather events. Therefore, while many previous studies have
emphasized global NWP systems, in this chapter we provide an overview and
summary of recent studies with both data assimilation and OSSEs to demonstrate
the value of DWL wind measurements in improving regional NWP forecasts of
severe weather systems that have large societal impacts (e.g., high-impact weather
systems). Specifically, the results of previous studies on the impact of ground-based
and airborne DWL on numerical prediction of mesoscale convective systems and
hurricanes are overviewed. Recent regional OSSE results with an advanced
research version of the Weather Research and Forecasting (WRF ARW) model
(Skamarock 2008) and the NCEP Hurricane WRF (HWRF) model (Tallapragada
et al. 2014, Atlas et al. 2015c) are presented. The potential requirements for future
satellite-based DWL are also discussed.

The chapter is organized as follows: Sect. 2 briefly overviews the results from
previous studies that demonstrate the impact of ground-based and airborne wind
profiles on high-impact weather forecasts. Section 3 introduces the regional OSSE
concept and also summarizes case studies with the WRF ARW model. Section 4
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presents OSSE results with the NCEP HWRF and a Gridpoint Statistical Interpo-
lation (GSI) data assimilation system. A summary and concluding remarks are
provided in Sect. 5.

2 Overview of the Impact of Ground-Based and Airborne
DWL Wind Profiles on High-Impact Weather Forecasts

2.1 Ground-Based DWL Wind Profiles

Ground-based DWL devices are commonly portable (e.g., mobile) platforms that
measure wind profiles. They have been used in many field programs and have also
become popular in recent years with the growth of the wind-energy industry.

Among these ground-based DWL devices, the Goddard Lidar Observatory for
Winds (GLOW) is a mobile direct detection Doppler lidar system (Gentry and Chen
2003; Fig. 1a). GLOW uses an optical interferometric technique to measure the
Doppler shift of the laser signal backscattered by air molecules. The lidar operates

Fig. 1 a The photo of GLOW ground-based mobile platform. b Time series of GLOW wind
profiles at Homestead profiling site (36.558°N, 100.606°W) from 1800 to 2100 UTC Jun 2002.
Colors represent the different magnitudes of wind speeds. c The ratio of equitable threat scores
(ETS) for 1-h accumulated precipitation between control (without assimilation of Lidar wind
profiles) and 4DVAR (with assimilation of Lidar wind profiles) experiments with the threshold of
0.1, 0.25, 0.5, 1.0, 2.5, and 5.0 mm at 2100 UTC 12 Jun 2002, 2300 UTC 12 Jun 2002, 0100 UTC
13 Jun 2002, and 0300 UTC 13 Jun 2002. If the ETS ratio greater than 1, 4DVAR outperforms
control. (b and c are from Zhang and Pu 2011)
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at a wavelength of 355 nm and is designed to profile winds in clear air from the
surface up to the lower stratosphere. In May and June of 2002, GLOW was
deployed during IHOP_2002 (International H2O Project) to collect a continuous
time series of wind speed and direction from the surface up to the tropopause and to
characterize the flow and dynamics in and above the boundary layer. GLOW was
located at the Homestead profiling site (36.5588 N, 100.6068 W) in Oklahoma,
USA. In addition, several other lidars, radars, and passive instruments were oper-
ated from the Homestead site and provided a unique cluster of observations in the
IHOP_2002 field experiments. During IHOP_2002, over 240 h of wind profile
measurements from 34 days of operation were collected with GLOW. Data were
subjected to quality control and preprocessing, and yielded two types of data
products (wind speed, wind direction, and u and v wind components): one in
30-min time intervals and the other in 10-min time intervals, both with 100-m
vertical resolution for altitudes below 3 km and 200-m vertical resolution for
altitudes above 3 km. Vertical wind profiles are available from the surface up to
about 7 km.

To take advantage of the high temporal resolution, the winds with 10-min
intervals were used in a data assimilation experiment to examine the impact of the
data on numerical simulations of the initiation and evolution of a mesoscale con-
vective system from the Kansas and Oklahoma border to the Texas Panhandle,
observed 12–13 June 2002. Specifically, wind profile observations obtained from
GLOW were assimilated into the WRF ARW model (Skamarock et al. 2008) using
its four-dimensional variational data assimilation (4DVAR) system (Huang et al.
2009). Detailed studies and results are documented in Zhang and Pu (2011).

Figure 1b shows the time series of GLOW wind profiles from 1800 to 2100
UTC 12 June 2002 assimilated by 4DVAR in this study. Numerical experiments
indicate that the assimilation of these GLOW wind profiles with high temporal and
vertical resolution has a significant influence on the numerical simulation of con-
vective initiation and evolution. Besides the wind fields, the simulation of the
structure of the moisture fields associated with the convective system is also
improved. Data assimilation also results in more accurate prediction of the location
and timing of convective initiations; as a consequence, the skill of quantitative
precipitation forecasting (QPF) is greatly enhanced (Fig. 1c). See details in Zhang
and Pu (2011).

2.2 Airborne DWL Wind Profiles

During the THORPEX Pacific Asian Regional Campaign (TPARC) and ONR
TCS-08 field experiments in 2008, an airborne DWL was onboard the U.S. Naval
Research Laboratory’s P3 research flight. It was the first time the DWL was used
for a tropical cyclone mission. With the ability to sample wind profiles at 50 m
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resolution vertically and 2 km horizontally, the airborne DWL provided
high-resolution wind profiles for tropical cyclone studies. Typhoon Nuri (2008)
over the western Pacific Ocean was the first tropical system ever sampled by the
airborne DWL. The mission occurred around Nuri when it was still a tropical
disturbance, from 2330 UTC 16 August to 0200 UTC 17 August 2008. Nuri was
designated a tropical depression at 1200 UTC 17 August 2008 by the Joint
Typhoon Warning Center (JTWC). The Japan Meteorological Agency named Nuri
as a tropical storm the next day (18 August 2008), and it reached typhoon status late
on 18 August 2008. A data assimilation experiment was conducted to examine the
impact of the assimilation of DWL observations on the numerical simulation of the
formation and development of Typhoon Nuri (see details in Pu et al. 2010).

Figure 2 shows the sample measurements at 1500 m height along the flight track
for DWL wind profiles during a three-hour interval (2330 UTC 16 August to 0200
UTC 17 August 2008). Most of the profiles extended from near the surface to a
height of 2000 m. In order to assess the quality of the DWL data, the DWL wind
profiles were compared with the dropsonde data collected on the same flight.
Results showed that the DWL observations agreed well with the dropsonde winds.
The correlation between the two observations is nearly 98 % (Pu et al. 2010).

Fig. 2 TPARC/TCS08 Doppler wind lidar (DWL) observational locations along the NRL P-3
flight track with sample lidar wind measurements at 1500 m height level during 2330 UTC 16
August to 0200 UTC 17 August 2008 around Nuri. Colors denote wind speeds
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With the WRF ARW model and its three-dimensional variational (3DVAR,
Barker et al. 2004) and four-dimensional variational (4DVAR, Huang et al. 2009)
data assimilation systems, numerical experiments demonstrate that the DWL data
have a positive impact on numerical simulations of Typhoon Nuri in terms of its
formation, track, and intensity. Compared with the three-dimensional variational
method, the four-dimensional variational data assimilation system is deemed more
promising for assimilating DWL data (Fig. 3) as it leads to better analysis and
forecast. Detailed results can be found in Pu et al. (2010).

Fig. 3 a The maximum
surface wind, b Nuri’s track
and c track errors from
0000UTC 17 August 2008 to
0000UTC 19 August 2008.
The forecasts with (green
curves for 3DVAR and blue
curves for 4DVAR) and
without (“no data” in red
curve and “CTRL” in purple
curve) assimilation of DWL
winds are compared with the
JTWC best track data (black
curves in Figs. 5a, b). DWL
data are assimilated for the
period of 0000 UTC—0200
UTC 17 August 2008 in both
the 3DVAR and 4DVAR
experiments. Conventional
observations and dropsondes
were assimilated in “CTRL”.
(From Pu et al. 2010)

The Impact of Doppler Wind Lidar Measurements on High-Impact … 265



3 The Impact of Satellite-Based Wind Profiles
on Hurricane Forecasts: Results from OSSEs
with the WRF ARW Model

3.1 Brief Overview of the Regional OSSE Concept
and Early Studies

Besides the applications of ground-based and airborne DWL, there have been
proposals to use DWL to measure three-dimensional wind profiles globally with
polar-orbiting satellites. For instance, the European Space Agency has taken a step
forward in planning an ADM-Aeolus space mission. In the United States, a
space-based wind lidar science working group has been actively making progress
for many years. Many such efforts have been documented in a recent paper by
Baker et al. (2014), published in the Bulletin of the American Meteorological
Society.

Assessing the impact of potential satellite-based DWL wind profiles on
numerical prediction is an important step for planned and potential future missions.
Efforts have been made with OSSEs to not only examine the impact of planned and
potential DWL data on weather forecasting, but also to determine the minimum
requirements of wind measurements regarding resolution, distribution, and expec-
ted errors in order to ensure improved forecasting. Several previous studies (Atlas
et al. 1985; Atlas 1997; Stoffelen et al. 2006; Atlas and Emmitt 2008; Riishojgaard
et al. 2012) emphasized the impact of DWL measurements on NWP with global
models. Positive impacts were generally found in all studies. Nevertheless, only a
very few studies (e.g., Zhang and Pu 2010; Nolan et al. 2013; Atlas et al. 2015a, b)
have focused on OSSEs with regional models.

Compared with global OSSEs, regional OSSEs are justified by the need of
high-resolution models to realistically resolve mesoscale severe weather systems,
because many global models and available nature runs (such as those produced by
European Centre for Medium-Range Weather Forecasts (ECMWF)) cannot resolve
the detailed structure of mesoscale severe weather systems such as hurricanes.

For instance, in order to support community needs for OSSEs in DWL and other
new instrumentation, the ECMWF produced global nature runs using a spectral
prediction model in July 2006. There were two nature runs with different resolutions:
one was at T511 spectral truncation (about 40km horizontal resolution; T511 nature
run or T511 NR hereafter) with 91 vertical levels and 3-hour frequency output from
1200UTC 1 May 2005 to 0000UTC 1 June 2006. The other was a higher-resolution
simulation at T799 spectral truncation (about 25km horizontal resolution; T799 NR
hereafter) with 91 vertical levels and hourly output from 27 September 2005 to 1
November 2005. Reale et al. (2007) examined these nature runs and indicated that
the datasets produced reasonable Atlantic hurricanes in terms of hurricane track.
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Pu et al. (2009) also examined the same nature run datasets and commented that the
ECMWF nature runs were sufficiently accurate in describing tropical cyclone tracks
and intensity at an intermediate model resolution. However, they were not adequate
in representing tropical cyclone inner-core structures. For example, Fig. 4 compares
3-h accumulated hurricane precipitation structures (shaded contour), wind vectors
and sea level pressures at 0000 UTC 2 October 2005 from the ECMWF T511 NR
with these downscaled from the WRF model numerical simulations at 9 km and
3 km horizontal resolution grid spacings. It shows that only high-resolution simu-
lations from the WRF model at 9 km and 3 km grid spacings can better resolve the
tropical cyclone inner-core structure. Thus, it is necessary to generate regional nature
runs for regional verification purposes if mesoscale structures such as hurricane
inner-core structures are important.

Fig. 4 Comparison of hurricane 3-h precipitation (shaded contour) structures, at 0000 UTC 2
October 2005 from a ECMWF T511 nature run and b WRF model numerical simulations at 9 km
resolution and c 3 km resolution. In b and c wind vectors and sea level pressure are also shown
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Therefore, the configuration and procedure of a regional OSSE can be sum-
marized in a flow chart presented in Fig. 5. The study by Zhang and Pu (2010)
presented the first regional OSSE for satellite-based DWL observations following
the procedure in Fig. 5. The details are as follows:

(1) Generate a nature run that represents reasonable hurricane structure and
intensity

The WRF ARW model was nested inside the ECMWF nature run to generate a
set of regional nature runs. The model was initialized using the T799 NR and then
integrated forward for 78 h starting at 0000UTC 30 September 2005. The hori-
zontal grid spacings were 27 km, 9 km, and 3 km for the three-level nested
domains, respectively. The model physics parameterizations included: the Lin
microphysics scheme, the Mellor-Yamada-Janjic planetary boundary layer model
(MYJ), the Betts-Miller-Janjic cumulus parameterization scheme, rapid radiative
transfer model (RRTM) longwave, and the Dudhia shortwave radiation model (See
details in Skamarock 2008).

(2) Obtain the simulated “observations”

The DWL was assumed to be aboard a given polar-orbiting satellite. The wind
measurements were available only twice daily over the same region. Considering
the influence of clouds, two configurations of observation sampling (with and
without cloud contamination) were simulated at 0600UTC and 1800UTC 01
October 2005, respectively. Wind observations were available from near the surface
up to 18km. When the effect of clouds was taken into account, wind profiles were

Fig. 5 A diagram of regional OSSE procedure, following a procedure of global OSSE by Atlas
(1985) with modification
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not available in areas with cloud contamination. The observations used for data
assimilation experiments were generated by interpolating the “truth” field (regional
nature run) both horizontally and vertically from the “nature run” model grids onto
the simulated observational locations and by superimposing random noise. Typical
values for the standard deviation of DWL wind errors were 2 ms−1 below 2 km
and 3 ms−1 above 2 km. No bias was assumed for the simulated DWL wind error.

(3) Use a control run to generate a reference field

The control run was a 48-hour free forecast. The initial conditions were obtained
by interpolating the ECMWF coarser-resolution T511 NR into the WRF model
domains. The boundary conditions were provided by the T799 NR. The model
domains were set within the domains of the regional nature run but were smaller in
size. In order to take into account the common model errors in OSSEs and also to
avoid ideal “twin” experiments, model physical options that were deployed in the
control run were different from those used in the regional nature run. Thus, the
physical options included: the WRF Single-Moment 6-class microphysics scheme
(WSM-6), the Yonsei University planetary boundary layer model (YSU PBL), and
the Grell-Devenyi ensemble cumulus parameterization scheme. Other model
parameters were the same as in the regional nature run.

(4) Conduct data assimilation experiments

Two data assimilation experiments were conducted with different observational
sampling strategies to investigate the potential impact of the simulated DWL wind
profiles on tropical cyclone track and intensity forecasts. The WRF 3DVAR system
was used to assimilate the DWL wind profiles. Corresponding to the two config-
urations of the simulated observations, two data assimilation experiments were
performed: the first was an ideal experiment that did not consider cloud influence.
The other was a more realistic experiment in which observations contaminated by
clouds were eliminated. The model domain configuration and physics options for
both of these two experiments were the same as those used in the control run.
Cycled data assimilation was performed and subsequent forecasts were generated.

(5) Verification

Analysis and forecasting results from Step 4 were compared against the control
run and high-resolution regional nature run generated in Step 1. The impacts of the
data on track and intensity forecasts were evaluated.

Results from Zhang and Pu (2010) demonstrate the positive impacts of potential
satellite DWL data on tropical cyclone track and intensity forecasts. Although the
study represents only an early effort with regional OSSEs, the steps and outcomes
from this paper provide a regional OSSE concept, with the steps shown in Fig. 5,
except that calibration has not been done since the paper only presents a case study.
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3.2 The Impact of Resolution and Errors in DWL Wind
Measurements on the Numerical Prediction
of a Tropical Cyclone

Following the early results of Zhang and Pu (2010) as mentioned above, an
additional OSSE study was conducted with the WRF ARW model to evaluate the
impact of the resolution and error of DWL data on the numerical prediction of a
tropical cyclone.

In this case, OSSEs were conducted in an idealized hurricane case that had track
and intensity changes (in terms of the time series of sea level pressure and maxi-
mum surface winds) similar to those of Hurricane Bill (2009) during 00 UTC 17
August to 00 UTC 21 August 2009 (Fig. 6). The nature run was generated by the
WRF ARW model, with the physical parameterization options including YSU PBL,
Thompson microphysics, KF cumulus, RRTM longwave, and the Dudhia short-
wave radiation model. The available GTS observation types and observations for

Fig. 6 Time series of a track and b minimum sea level pressure of simulated Hurricane Bill
(green and blue curves), compared with the National Hurricane Center (NHC) best track data
(black) during 00 UTC 17 August to 00 UTC 21 August 2009. In OSSE, two simulations were
denoted as “Nature run” and control run (CTRL)
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Hurricane Bill were used as a reference to generate similar types of simulated GTS
data from the nature run. The control run used WRF ARW but with the MYJ PBL
scheme, and the WSM6 microphysical scheme. A three-level nested domain was
used with horizontal resolutions of 27 km, 9 km, and 3 km, and 41 vertical sigma
levels. The model was initialized by the NCEP global forecast system (GFS) final
(FNL) analysis at 12 UTC 16 August for the nature run (which was more similar to
Hurricane Bill) and 0000 UTC 17 August for the control run. The different initial
times and physical parameterization options in the control and nature runs were
meant to represent the initial conditions and model errors to some extent. The
control run was initialized by an analysis that assimilated GTS data with WRF
3DVAR.

Wind measurements were made by the polar-orbiting satellite, with data samples
twice a day in the same regional domain. Figure 7 reveals the location of the
measurements in the outermost model domain at 0600 UTC 17 August and 1800
UTC 17 August. Three different horizontal resolutions of wind measurements,
60 km, 180 km, and 360 km, were assumed. The vertical resolution of the data was

Fig. 7 Simulated DWL observation locations at 0600UTC (left panels) and 1800UTC (right
panels) 17 August 2009. The resolution of measurements in top, middle and bottom panels are
60 km, 180 km, and 360 km, respectively. The red dot in each panel denotes the position of the
hurricane center
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assumed to be 250 m below 2 km and 1 km from 2 km up to 18 km. The cloud
contaminations were considered for the DWL data availability (in terms of cov-
erage). Similar to the earlier experiments, typical values for the standard deviation
of DWL wind errors were 2 ms−1 below 2 km and 3 ms−1 above 2km. No bias
was assumed for the simulated DWL wind error.

Following the steps in Fig. 5, the following OSSEs were conducted.

(1) Impact of the resolution of DWL wind measurements on hurricane forecasts

Three data assimilation experiments were performed from 0000 UTC to 1800
UTC 17 August to assimilate GTS data and DWL wind measurements, and forecasts
were then made until 0000 UTC 21 August. Figure 8 shows the track and track
errors from different data assimilation experiments, compared against the control run
and the nature run. It is obvious that the assimilation of satellite-based DWL data
results in positive impacts on the hurricane track and intensity forecasts. Specifically,
observations at the higher resolution are more beneficial to track forecasts, as the
track errors produced by the experiment that assimilated data at 60 km are smaller
than those generated by experiments that assimilated data at 180 km and 360 km.
The errors in intensity (as revealed by minimum sea level pressure) confirm this
conclusion (Fig. 8), while assimilation of wind measurements at higher resolution
results in better intensity forecasts. Moreover, Fig. 9 compares the accumulated 3-h
rainfall forecasts at 1200 UTC 19 August. It is clear that the assimilation of DWL

Fig. 8 Time series of a track, b track errors, c forecast errors in minimum sea level pressure
during 00 UTC 17 August to 00 UTC 21 August 2009. The control experiment (CTRL, without
assimilation of DWL observations) and simulations with assimilation of DWL observations at
60 km (Sam1), 180 km (Sam2) and 360 km (Sam3) resolution are compared against the nature run
track and intensity
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wind data results in better forecasts of vortex structure. Specifically,
higher-resolution data (e.g., at 60 km) leads to a more realistic forecast of hurricane
inner-core rainfall structure (Fig. 9c compared with Fig. 9a, b, d, e).

Fig. 9 Accumulated 3-h rainfall (unit: mm) at 1200 UTC 19 August from a Nature run, b CTRL,
c Sam1, d Sam2, e Sam3. The control experiment (CTRL, without assimilation of DWL
observations) and simulations with assimilation of DWL observations at 60 km (Sam1), 180 km
(Sam2) and 360 km (Sam3) resolution
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(2) The influence of measurement errors at different resolutions on hurricane
forecasts

An additional set of OSSEs was conducted to test the influence of errors in DWL
wind measurements on the analysis and forecasting of hurricanes. Three additional
experiments were performed with the assimilation of DWL measurements with
different errors: (1) data at 60 km resolution but with the standard deviation of the
errors increased by 50 % at each vertical level; (2) data at 360 km resolution but with
the standard deviation of the errors increased by 50 % at each vertical level; (3) data
at 60 km resolution but with the standard deviation of the errors doubled at each
vertical level. The data assimilation results compared with the nature run and the
control run, as well as the experiments that were described in the previous section.

From Fig. 10, it is apparent that the measurements at higher resolution (e.g.,
60 km) are more beneficial to forecast improvements (data assimilation versus
control) than those at a coarser resolution. All experiments that assimilated
higher-resolution data outperform those that assimilated coarser-resolution data
regardless of the magnitude of the observation errors. Compared with relatively
accurate but coarser spatial resolution measurements, high spatial resolution
measurements with modest random errors result in better analysis and forecasts of
hurricane track and intensity.

4 Recent OSSE Results with the HWRF Model: 3-D Wind
Profiles Versus Ocean-Surface Winds

Following the maturity of global OSSEs (Atlas 1997) with DWL wind measure-
ments (Stoffelen et al. 2006; Atlas and Emmitt 2008; Riishojgaard et al. 2012; Atlas
et al. 2015a,b) and recent attempts (Pu et al. 2009; Zhang and Pu 2010) with

Fig. 10 Time series of a track error, b forecast errors in minimum center sea level pressure during
00 UTC 17 August to 00 UTC 21 August 2009. The control experiment (CTRL, without
assimilation of DWL observations) and simulations with assimilation of DWL observations at
60 km (Sam1), 180 km (Sam2) and 360 km (Sam3) resolution are compared against the nature run
track and intensity. The Sam1b and Sam1c are the same as Sam1, except for the observation error
is increased at 50 % (Sam1b) and doubled (Sam1c), respectively. The experiment Sam3b is the
same as Sam3, except for the observation error is increased at 50 %
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regional OSSEs, regional OSSEs have become more accepted as a tool to assess the
data impacts from planned future instruments. In a recent study, Nolan et al. (2013)
generated a set of regional nature runs with the WRF ARW model to support the
community needs in regional OSSEs. In particular, this set of regional nature runs
was created by high-resolution WRF ARW simulations (27 km/9 km/3 km/1 km
horizontal resolution in a four-level nested WRF ARW domain) using the ECMWF
global nature run (T511 NR) as the initial and boundary conditions for a hurricane
case during 12 UTC 28 July to 1200 UTC 11 August. This nature run has now been
used to support an upcoming satellite mission (planned to launch in October 2016),
the Cyclone Global Navigation Satellite System (CYGNSS), which aims to
improve tropical weather analysis and prediction.

Specifically, CYGNSS uses a constellation of eight small satellites carried into
orbit on a single launch vehicle. In orbit, eight micro-satellite observatories receive
both direct and reflected signals from Global Positioning System (GPS) satellites.
The direct signals pinpoint CYGNSS observatory positions, while the reflected
signals respond to ocean surface roughness, from which wind speed is retrieved.
Because of the availability of wind speed information from CYGNSS, OSSEs were
performed to assess the potential impact of CYGNSS surface wind speed data on
tropical cyclone forecasts. The NCEP HWRF model Version 3.6 (Tallapragada
et al. 2014; Atlas et al. 2015c) and a Gridpoint Statistical Interpolation (GSI) data
assimilation system (Wu et al. 2002), representing advanced hurricane operational
forecasting and data assimilation systems, were used for the OSSEs. The HWRF
model was developed at the Environmental Modeling Center (EMC) at the National
Centers for Environmental Prediction (NCEP) in collaboration with the NOAA
Hurricane Research Division (HRD) and other partners. It has provided real-time
tropical cyclone forecasts to the National Hurricane Center (NHC) for the Atlantic
and eastern North Pacific basins since it became operational at NCEP in the 2007
hurricane season. A vortex initialization scheme (Liu et al. 2011) and the
NCEP GSI data assimilation system were implemented with HWRF to provide
initial conditions for HWRF. The purpose of the vortex initialization is to locate the
vortex in its observed location. In order to do this, a position correction is done first,
followed by an intensity correction process with adjustments to the moisture and
thermodynamics fields. After that, data assimilation is performed using GSI with
available conventional, radar, and satellite data. In this study, we used a version of
HWRF model and GSI data assimilation system that are most close to the NCEP
operational version of HWRF forecasting system in May 2015, but excluded a
vortex relocation and intensity correction scheme in the OSSE in order to make the
impact of assimilation of CYGNSS data on hurricane forecasting more clear.

The OSSEs for CYGNSS-simulated observations were conducted for multiple
cases. A sample case shown in this chapter is chosen for a rapid intensification period
of 00 UTC 01 August to 00 UTC 04 August 2005 from a nature run by Nolan et al.
(2013). As shown in Fig. 11a-c, the CYGNSS data are available at 12 UTC, 15
UTC, and 18 UTC 01 August with good coverage. The first set of experiments was
conducted to assimilate CYGNSS surface wind data into the HWRF model using
GSI. For the control run, the initial and boundary conditions for the HWRF model
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were provided by the ECMWF T511 NR. For the data assimilation experiment,
cycled data assimilation was performed at 12 UTC, 15 UTC, and 18 UTC, followed
by a 72 h HWRF forecast. Results (Fig. 12) show that CYGNSS surface wind data
have a positive impact on hurricane track and intensity forecasts, although the
positive impact for the track is mostly in short-range forecasts (most times in the first
2 days). Considering the total amount of surface data available against the large
degrees of freedom with the 3-D structure of the hurricane, this impact is significant.

In addition, in order to further evaluate the value of potential satellite-based 3-D
DWL wind measurements, and also to compare the relative impact of CYGNSS
surface wind and 3-D wind measurements, we use the same satellite swath of

Fig. 11 The coverage and location of the CYGNSS observations at a 1200 UTC, b1500 UTC,
c1800 UTC 01 August 2005. The center position of the hurricane was marked by a red sign.
d, e and f are the same as a, b, c but for the locations of DWL wind profiles. Note that the lidar
data were not available over the cloudy areas in (d), (e) and (f)
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CYGNSS but assume the measurements are 3-D wind profiles (extending from the
surface to a height of ∼18 km, with a vertical resolution at 250 m below 2 km
height and 1 km above 2 km height) and also account the cloud effects for the
DWL measurements (see data coverage in Fig. 11 d−f). Similar to the OSSEs with

Fig. 12 Time series of a track and b minimum center sea level pressure of the hurricane from
nature run, control (CTRL, red curve), and the experiments with assimilation of CYGNSS ocean
surface wind (CYGNSS, blue curve) and 3D wind measurements (3D winds, green curve)
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CYGNSS surface wind data, cycled data assimilation experiments were performed
for the 3-D wind data. Results (Fig. 12) indicate that assimilation of the 3-D winds
results in significant impacts on analysis and forecasts of the hurricane in terms of
both track and intensity. The improvement to the forecasts is much more obvious
and larger than in the experiments that only assimilated surface wind data. More-
over, assimilating 3-D winds ensures a reasonable vortex inner-core structure in the
analyses and forecasts. Figures 13 and 14 reveal that the assimilation of 3-D winds
results in better vortex structure in terms of surface wind and hurricane warm core.
Specifically, assimilation of CYGNSS ocean surface wind improves the distribution
and intensity of surface wind in analysis and forecast. Assimilation of 3-D wind
results in even better representation of location and magnitude of the maximum
surface wind (Fig. 13). In addition, assimilation of CYGNSS ocean surface wind
has influence on the temperature field but it only helps resolving the realistic
magnitude of warm-core in the low level of atmosphere, while assimilation of 3-D
wind leads to significant changes in the temperature field in both low and upper
levels and also results in a much better warm-core structure of the hurricane that is
compatible with the nature run (Fig. 14).

Additional OSSE experiments were also performed for the period during the
hurricane mature stage between 00 UTC 8 August and 00 UTC 11 August.
A similar conclusion was obtained in terms of the impact of CYGNSS data and 3-D
wind data on the analysis and forecast of the hurricane (details not shown).

5 Summary and Concluding Remarks

While many previous studies have emphasized OSSEs with DWL wind measure-
ments using global NWP systems, in this chapter we gave an overview of our recent
studies with regional NWP models in both real data assimilation experiments and
OSSEs to demonstrate the value of DWL wind measurements in improving the
forecast of severe weather systems (e.g., high-impact weather systems). Specifi-
cally, the impact of ground-based and airborne DWL on the numerical prediction of
mesoscale convective systems and hurricanes was evaluated. The positive impacts
of the data on the analysis and forecasts of high-impact weather systems have been
shown. The regional OSSEs with both the WRF ARW and HWRF models also
demonstrated potential positive impacts of satellite-based DWL measurements. It is
found that more beneficial forecast impacts can be obtained from high spatial
resolution observations with larger random errors compared with more precise
observations obtained at a coarser resolution. The relative impact of satellite-based
ocean-surface wind measurements and 3-dimensional profiles is compared, and the
advantage of 3-D DWL wind measurements is evident.

Despite the positive impacts of DWL data on high-impact weather systems
demonstrated in this chapter, the OSSEs presented in this study are mostly “quick
OSSEs.” In several cases we did not completely use the conventional and satellite
data that have already been available in the current operational system (although at
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Fig. 13 Surface wind vectors and speeds (shaded contour) and sea-level pressure (contour) at 18
UTC 01 August 2005 from a Nature Run, b Control, c the experiment with assimilation of
CYGNSS ocean surface winds and d the experiment with assimilation of 3-D winds. e−h are the
same as (a)−(d) except for the 36 h forecast at 06UTC 03 August 2005
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the same time data are commonly sparse over the ocean). Therefore, a more careful
calibration process (see Fig. 5) should be conducted within the OSSE framework in
future studies. Nevertheless, all experiments consistently demonstrate the value of
DWL measurements and prove that they are necessary in improving forecasts of
high-impact weather systems. We anticipate more measurements and applications
with DWL wind-profiling measurements in future research and operations, on all
platforms, including ground-based, airborne and space-borne instruments.
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Fig. 14 West-East cross section of temperature (°C) through the hurricane center at 06 UTC 02
August 2005 from a Nature Run, b Control, c the experiment with assimilation of CYGNSS ocean
surface winds and d the experiment with assimilation of 3-D winds
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A Three-Dimensional Variational Radar
Data Assimilation Scheme Developed
for Convective Scale NWP

Jidong Gao

Abstract A three-dimensional variational data assimilation scheme (3DVAR) has
been developed for Convective scale NWP. In the scheme, a cost function is
defined by a background term, an observation term, and a weak constraint term. The
function is minimized through a limited memory, quasi-Newton conjugate-gradient
algorithm. The background error covariance matrix, though simple, is modeled by a
recursive filter. Furthermore, the square root of this matrix is used to precondition
the minimization problem. In its original development, only radar radial velocity
data could be assimilated. Recent developments for 3DVAR include the use of a
model-derived diagnostic pressure equation constraint (DPEC) as a weak con-
straint, and the capability to assimilate reflectivity directly in the 3DVAR frame-
work. The original radial-velocity-only 3DVAR method is applied to assimilate
radial velocity observations considering beam broadening and earth curvature for an
idealized supercell storm case, and real supercell storm cases. It is shown that the
horizontal circulations, both within and around the storms, as well as the strong
updraft and the associated downdraft, are well analyzed. The results also indicate
that the method is quite insensitive to the effect of beam broadening, but very
sensitive to the effect of earth curvature. So in the real data case studies, the effect of
earth curvature is considered while beam broadening is not. Based on this 3DVAR
framework, a real-time, weather-adaptive analysis system has been developed for
the NOAA Warn-on-Forecast (WoF) project to incorporate all available radar
observations within a moveable analysis domain. The system performed very well
within the NOAA Hazardous Weather Testbed Experimental Warning Program
during preliminary testing in recent years when many severe weather events were
successfully detected and analyzed. The impact of DPEC on radar data assimilation
is examined primarily in the context of storm forecasts. It is found that the
experiments using DPEC generally predict higher low-level vertical vorticity near
the time of observed tornados than the experiments not using DPEC. Finally, the
impact of assimilating both radar reflectivity and radial velocity data with an
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intermittent 3DVAR system is explored using an idealized thunderstorm case. It is
found that by assimilating reflectivity data using simple hydrometer classification
while also assimilating radial velocity data, the model can reconstruct the supercell
thunderstorm quickly and the quality of analyses are improved compared to two
other experiments without reflectivity and hydrometer classification. This paper
represents the author’s research efforts in radar data assimilation for convective
scale NWP during the past several years.

1 Introduction

The assimilation of radial velocity data into storm-scale NWP models is relatively
easy due to the linear relationship between radial velocity and three components of
the wind field, which are prognostic variables in NWP models. Three-dimensional
variational data assimilation methods provide relatively simple and efficient tools
for this purpose. The variational formulation for NWP was introduced first by the
pioneering work of Sasaki (1955), and was further reformulated in 1970 (Sasaki
1970a, b, c). Sasaki was also the first scientist to use the variational method to
retrieve two-dimensional wind fields from single Doppler radar radial velocity
observations (Sasaki et al. 1989). Since then, numerous variational methods
including adjoint techniques have been proposed to initialize NWP models (Lewis
and Derber 1985; LeDimet and Talagrand 1986; Talagrand and Courtier 1987;
Thacker and Long 1988; Daley 1991; Sun and Crook 1997; Rabier et al. 2000; Xiao
et al. 2005 Lewis et al. 2006) and to do wind analyses (Sun et al. 1991; Xu and Qiu
1994, 1995; Xu et al. 2001; Qiu and Xu 1996; Sun and Crook 2001; Gao et al.
1999, 2002, 2004).

Among the above-mentioned studies, Gao et al. (1999) proposed a variational
approach to do wind analysis in Cartesian coordinates. This approach allowed
flexible use of radar data in combination with other information (e.g., soundings, or
VAD profiles, etc.) as well as the use of the mass continuity constraint and a
smoothness constraint through a definition of a cost function. Their formulation
used the theoretical principle described in Sasaki (1970a, b, c). In particular, it
applied the anelastic mass conservation equation as a “weak constraint” (termi-
nology introduced by Sasaki 1970a), allowing the severe error accumulation in the
vertical velocity to be reduced because explicit integration of the anelastic conti-
nuity equation is avoided. The method performs well in both idealized OSSE and
real data cases. However, there exist some difficulties in specifying the optimal
weighting for each constraint and in determining how far one radial wind obser-
vation should spread to nearby model grid points. In another more standard
3DVAR development, the background error matrix is modeled by a recursive filter,
and the square root of the matrix is used for preconditioning. Using the recursive
filter is a simple and efficient way to spread the effect of each radar observation to
the analyzed grid points (Wu et al. 2002). The aim of the preconditioning procedure
is to decrease the number of iterations in the minimization process for obtaining the
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optimal solution of the analysis. The weight assigned to each constraint is specified
according to its assumed error deviation, so that each weighting has a physical
meaning, instead of being chosen somewhat arbitrarily based on experience and
trial experiments, as done in Gao et al. (1999).

How to best assimilate reflectivity data in addition to radial velocity data in
variational methods remains an open question. One of the greatest difficulties in
reflectivity assimilation is the uncertainty in the reflectivity forward operators which
link the model hydrometeor variables with radar observed reflectivity. These
uncertainties occur because of the complex features of numerical model micro-
physical schemes. Another difficulty is that the reflectivity forward model is highly
nonlinear, which often leads to violation of some basic assumptions used in data
assimilation methods, such as assuming Gaussian error distributions (Daley 1991).

Because of the above difficulty, a cloud analysis scheme named the Local
Analysis and Prediction System (LAPS) that analyzes hydrometer variables and
adjusts in-cloud temperatures was developed by Albers et al. (1996). Zhang et al.
(1998) modified the scheme to make it more suitable for convective scale thun-
derstorms. Using this modified cloud analysis method, Hu et al. (2006a, b), and
Schenkman et al. (2011) have shown reasonable success in simulating and fore-
casting convective storms, including tornadoes and supercells, when radial velocity
data were also assimilated using the 3DVAR method (Gao et al. 2004). Hu et al.
(2006a) indicated that reflectivity data play a larger role in the assimilation than
radial velocity data for some cases. The adjusted in-cloud temperature has also been
used to initialize an NWP model with a digital filter technique as in Weygandt and
Benjamin (2007). However, this cloud analysis scheme by necessity includes a
number of empirical relationships between the hydrometer variables. Many
uncertainties exist in these parameter settings and these uncertainties may limit its
value for storm-scale data assimilation and NWP as discussed by Gao et al.
(2009b).

Sun and Crook (1997) were the first to realize the importance of assimilating
both reflectivity and radial velocity in a more quantitative way in their
four-dimensional variational data assimilation (4DVAR) scheme. They compared
several ways to assimilate reflectivity data using Observing System Simulation
Experiments (OSSEs). They found that the best way to assimilate reflectivity data
was to transform it into equivalent rainwater mixing ratio, and then assimilate the
rainwater into the cloud-scale model. However, their experiments neglected ice
microphysics. They also tried to assimilate reflectivity directly into their model, but
with mixed results, because directly assimilating reflectivity increases the nonlin-
earity of the 4DVAR problem. Sun and Crook (1997) also showed that the com-
putational cost and strong nonlinearities with model microphysics, including ice
microphysics, often cause difficulties in the 4DVAR assimilation of radar data. The
ensemble Kalman filter (EnKF) is another advanced method for directly assimi-
lating radar reflectivity and radial velocity data into model initial conditions
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(Zhang et al. 2004; Tong and Xue 2005; Dowell et al. 2011; Yussouf et al. 2013
and many others). Assimilating both reflectivity and radial velocity data into a
storm-scale NWP model can generally improve the quality of the analysis and
forecast, as seen in both idealized case and real data cases. However, several
problems remain. Dowell et al. (2011) found that when a reflectivity observation is
assimilated, bias errors in the model fields associated with reflectivity (rain, snow,
and hail–graupel) can be projected onto other model variables through the ensemble
covariances, leading, for example, to temperature analyses being very sensitive to
ensemble spread and the characterization of low-level cold pools being unreliable
when obtained through reflectivity-data assimilation.

Considering the advantages and shortcomings based on the above studies, we
believe that the direct assimilation of both radar reflectivity and radial velocity data
in a three-dimensional variational (3DVAR) framework for convective scale
models has considerable merits, in terms of computational efficiency and fidelity of
results. For example, 3DVAR is computationally efficient compared to 4DVAR and
EnKF (Gao et al. 1999, 2004, 2009a; Ge and Gao 2007; Ge et al. 2010; Hu et al.
2006a, b; Xiao et al. 2005). In Xiao et al. (2005), a 3DVAR radar reflectivity data
assimilation scheme was developed with the model total water mixing ratio used as
a control variable. A warm-rain process, its linear version, and its adjoint were
incorporated into the 3DVAR system to partition the moisture and hydrometeor
increments. Using the onshore Doppler radar data from Jindo, South Korea, they
showed the positive impacts of assimilating radar reflectivity data on short-range
quantitative precipitation forecasts. However, similar to Sun and Crook (1997), the
ice microphysical variables, such as ice, snow, and hail, were not included as
control variables. This simplification limited the value of this approach when
applied to deep convective storms.

In Gao and Stensrud (2012), ice microphysical variables (i.e., snow and hail
mixing ratios) were included as control variables for the cost function defined in a
3DVAR method. A forward operator for reflectivity was developed by using a
background temperature field from a NWP model as guidance for the automatic
classification of hydrometeor types. It was the first time a hydrometeor classifica-
tion was used in combination with storm-scale variational data assimilation. While
previous research for classification of hydrometeor types was largely based on radar
observations only (Zrnic et al. 2001), the inclusion of environmental information
improves the hydrometeor classification at the surface (Elmore 2011).

This review paper reports on some research results for convective scale radar
data assimilation related to the 3DVAR framework developed mainly by the author
over the past several years. In Sect. 2, a brief description of the 3DVAR method
with both radial velocity and the reflectivity forward operators is provided. Several
case studies about these forward operators and the use of model derived diagnostic
pressure equation constraint (DPEC) as a weak constraint in the data assimilation
scheme are reported in Sect. 3. Section 4 contains a summary and future works.
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2 Description of Data Assimilation Method

(a) The Definition of the Cost Function

The 3DVAR system is designed and developed especially for radar data
assimilation at the convective scale (Gao et al. 1999, 2002, 2004, 2013; Hu et al.
2006a, b; Stensrud and Gao 2010; Ge et al. 2010, 2012). The method applies weak
constraints that are suitable for convective storms in a different manner than that
developed for large-scale applications. A 3DVAR system starts from a first guess,
or background, that is often provided by a forecast model, and adjusts the first guess
fields as observations are assimilated. The resulting analysis is a blend of the model
background fields and the observations. The process is influenced by assumed
constraints and is determined by minimizing a cost function using numerical
techniques. The resulting analysis can be used to initialize NWP models. The
3DVAR system described here is currently designed to initialize the Advanced
Regional Prediction System (ARPS) and the Weather Research and Forecasting
(WRF) models.

Following Gao et al. (2004), the standard cost function of 3DVAR can be
written as,

JðxÞ= JB + JO + JC =
1
2

x− xb
� �T

B− 1 x− xb
� �

+
1
2
HðxÞ− yo½ �TR− 1 HðxÞ− yo½ �+ JCðxÞ,

ð1Þ

where the first term on the right hand side measures the departure of the analysis
vector, x, from the background, xb, weighted by the inverse of the background error
covariance matrix B. In an earlier version of 3DVAR system (Gao et al. 2004; Hu
et al. 2006a, b), the analysis vector x contains the three wind components (u, v, and
w), potential temperature (θ), pressure (p) and water vapor mixing ratio (qv).
Recently, the hydrometeor-related model variables, including the mixing ratios for
rain water (qr), snow (qs) and hail (qh), are added to the analysis vector for the
purpose of assimilating reflectivity in variational framework. The second term on
the right hand side is observation term, which measures the departure of the analysis
from the observation vector, yo. In this study, yo includes both radar radial velocity
and reflectivity. The forward model, H(x), for both quantities is defined later. The
observation term is weighted by the inverse of observation error covariance matrix
R that includes both instrument and representativeness errors. Term JCðxÞ in
Eq. (1) represents the dynamic or equation constraints and it will be discussed in
subsection 2(c).

(b) Radial Velocity Forward Operator

In the second term, radar radial velocity data is part of the observation vector yo

in Eq. (1). The radar forward observation operator for radial velocity which
including the effect of earth curvature is written as follows in Doviak and Zrnic
(1993) as
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vr =
dh
dr

w +
ds
dr

ðu sinϕ+ v cosϕÞ, ð2Þ

where vr is the projected radial velocity, r is the slant range (ray path distance), h is
the height above the curving earth’s surface, s is the distance along the earth’s
surface, and ϕ is the radar azimuth angle.

If beam broadening is also considered in the radar forward observation operator
in the vertical direction, the observation operator for mapping vr derived from (2)
with multiple vertical model levels onto elevation angles (Rihan et al. 2008) is
formulated as:

vr, e = ∑GvrΔzð Þ ̸ ∑GΔzð Þ ð3Þ

where vr, e is the radial velocity on an elevation angle, Δz is the vertical model grid
spacing. G describes the two-way power gain distribution within the radar beam and
is formulated as G = e− 4 ln 4α2 β̸2 (Wood and Brown 1997) with α as the distance
from the center of the radar beam in radians and β as the one degree beam width. The
summation is over vertical model grid points enclosed by the half-power beam lobe.

When only radial velocity is used, the observation error variance is usually set to
be between 1 m s−1, and 2 m s−1 which is the typical radar instrumental error
(Doviak et al. 1976; Miller and Sun 2003), we choose the former in this study. The
second term in (1) for radial velocity can be written as

JOVr =
1
2

Hðvr, eÞ− vobr
� �

R− 1
vr Hðvr, eÞ− vobr

� �
. ð4Þ

The H(vr,e) defines a process which transfers model variable u, v, w into the
radial velocity vr using the forward operator defined by (2), and/or (3), and a
tri-linear interpolation operator used to interpolate the radial velocity vr from model
grid points to radar observation locations. However, different from the 3DVAR
developed at NCAR for WRF model (Barker et al. 2004) designed mainly for
synoptic and mesoscale data assimilation, our 3DVAR can use multiple analysis
passes that have different spatial influence scales. The use of multiple passes is
found to be advantageous for analyzing convective storms (Hu et al. 2006b; Gao
et al. 2009a; Schenkman et al. 2011).

(c) Reflectivity Forward Operator

As discussed before, in early versions of the 3DVAR program, reflectivity data
are not assimilated directly. Instead, it is used in a cloud analysis scheme to adjust
the hydrometeor variables and in-cloud temperature and moisture fields (Hu et al.
2006a, b). Gao and Stensrud (2012) present a method for directly assimilating
reflectivity by adding an observation term and defining a reflectivity observation
operator. In this approach, a modified forward operator for radar reflectivity is
developed which uses a background temperature field from a numerical weather
prediction model for hydrometeor classification.
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The forward model for equivalent radar reflectivity factor for simulated storms is
obtained by summing the contributions from three hydrometeor mixing ratios—
rain, snow and hail—using the following formulation (Lin et al. 1983; Gilmore
et al. 2004; Dowell et al. 2011)

Ze =ZðqrÞ+ ZðqsÞ+ZðqhÞ. ð5Þ

The rain component of the reflectivity is calculated, based on Smith et al. (1975),
using

ZðqrÞ=3.63× 109ðρqrÞ1.75, ð6Þ

where ρ is atmospheric density. If the temperature is cooler than 0 °C, then the
component of the reflectivity from dry snow is calculated using

ZðqsÞ=9.80 × 108ðρqsÞ1.75. ð7Þ

For wet snow, which occurs at temperatures warmer than 0 °C, the reflectivity is
calculated using

ZðqsÞ=4.26 × 1011ðρqsÞ1.75. ð8Þ

For hail, the reflectivity formulation based on default Lin et al. (1983) and
Gilmore et al. (2004) is used, such that

ZðqhÞ=4.33 × 1010ðρqhÞ1.75 ð9Þ

The assimilation of reflectivity observations using Eqs. (5)–(9) into the
numerical model to obtain hydrometeor variables, such as rain water (qr), snow (qs)
and hail mixing ratios (qh), is less than ideal since the reflectivity factor used here is
a function of all three hydrometeor variables. This leads to the solution being
possibly underdetermined. For example, it is possible to obtain a non-zero snow
water mixing ratio in the low levels of the model where only rain water are expected
because of the very warm temperatures at these levels. To solve this problem, the
forward reflectivity operator Eq. (5) can be modified to use information from the
model background such that,

Ze =
ZðqrÞ Tb >5◦C

ZðqsÞ+ ZðqhÞ Tb < − 5◦C
αZðqrÞ + ð1− αÞ ZðqsÞ+ ZðqhÞ½ � − 5◦C< Tb <5◦C

8
<

:
ð10Þ

where α varies linearly between 0 at Tb = –5 °C and 1 at Tb = 5 °C, and Tb is the
background temperature from a NWP model. Our experiments indicate that the
equivalent reflectivity factor Ze calculated using Eqs. (5) and (10) are quite similar
in term of the precipitation patterns and reflectivity values produced. But in (10),
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the a priori partitioning of the hydrometeor variables is made so that when (10) is
used to assimilate reflectivity observations, the model background temperature can
provide guidance about how much of the correction should occur in the rain water
variable qr and how much correction should occur in the snow variable qs and hail
variable qh.

The last step for computing reflectivity is to convert equivalent reflectivity factor
to the customary logarithmic scale using

ZdB =10 log10 Ze ð11Þ

where the units of ZdB are dBZ. The logarithmic scale is convenient for use in
observed precipitation and it also is convenient for specifying error variances in dB
(Doviak and Zrnic 1993).

The second term in (1) for reflectivity can be written as,

JOZ =
1
2

HðZdBÞ− Zob
dB

� �
R− 1

Z HðZdBÞ−Zob
dB

� �
. ð12Þ

Similar to (4), the H(ZdB) in (12) defines a process which transfers model
variable qr, qs, qh into reflectivity ZdB using the forward operator defined from (5) to
(11), and a tri-linear interpolation operator used to interpolate reflectivity from
model grid points to radar observation locations. The quality control for both radial
velocity and reflectivity also includes buddy checking, velocity dealiasing for radar
data and removal of anomalous propagation returns and ground clutter.

(d) Weak Constraint Jc

In the 3DVAR, cross-correlations among state variables are not included in the
background error covariance and certain balance between analysis variables is
realized by incorporating weak constraints in the cost function as the Jc term in (1).
Currently Jc includes two terms as defined in the following,

Jc = JMC + JDP. ð13Þ

A constraint is imposed on the analyzed wind components based on the anelastic
mass continuity equation, such that

JMC =
1
2
λcð∂ρu ∂̸x+ ∂ρv ∂̸y+ ∂ρw ∂̸zÞ2, ð14Þ

where ρ ̄ is the mean air density at a given horizontal level, and the weighting
coefficient, λC, controls the relative importance of this penalty term in the cost
function. The value of λC = 5.0 × 10−4 is used for the current application. This
value determines the relative importance of mass continuity equation constraint and
its optimal value is determined through many numerical experiments in a
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trial-and-error fashion (Gao et al. 1999; Sun and Crook 2001). Gao et al. (1999,
2004) found that this constraint is effective in producing suitable analyses of ver-
tical velocity, as it builds up the relationship among the three wind components. As
pointed out in Gao et al. (1999), using the mass continuity equation as a weak
instead of a strong constraint avoids the error accumulation associated with the
explicit vertical integration of the mass continuity equation as often used in con-
ventional dual-Doppler wind synthesis schemes. Thus, thunderstorm updrafts can
be more accurately analyzed and the analysis is less sensitive to the lower and upper
boundary conditions than occurs when the mass continuity equation is used as a
“strong constraint” (terminology introduced by Sasaki 1970a). The use of the weak
mass continuity constraint links the three components of wind field by the 3DVAR
method in response to the assimilation of the radial velocity observations.

The second term JDP is the diagnostic pressure equation constraint (DPEC) term
defined as follows (Ge et al. 2012),

JDP =P xð ÞTA− 1
P xð Þ ð15Þ

P≡∇ ⋅E ⃗≡ −∇2p0 −∇ ⋅ ðρ ̄V ⃗ ⋅ ∇V ⃗Þ

+ g
∂

∂z
ρ ̄

θ0

θ
−

p0

ρ ̄c2s
+

q
0
v

ε+ qv̄
−

q
0
v + qliquid+ ice

1+ qv̄

� �� 	
+∇ ⋅ C!+∇ ⋅ D!,

ð16Þ

where,

E
!

=
∂ ρV

!
 �

∂t
= i
!∂ ρuð Þ

∂t
+ j
!∂ ρvð Þ

∂t
+ k
!∂ ρwð Þ

∂t
, ð17Þ

V
!

= ıû+ ȷv̂+ kŵ, ð18Þ

C
!

= ı ̂ ρfv− ρf w̃
� �

+ ȷ ̂ ρfuð Þ+ k ̂ ρf ũ
� �

, ð19Þ

D
!

= ıD̂u + ȷD̂v + kD̂w. ð20Þ

The vector E ⃗ is the forcing term of the vector Euclidian momentum equation.
The qliquid+ ice includes hydrometeor mixing ratios. The ı,̂ ȷ ̂and k ̂ are unit vectors in
the x, y and z directions. The overbar represents base state and the primed variables
are perturbations from a base state, cs is the acoustic wave speed, and ε is the ratio
of the gas constants for dry air and water vapor. The Coriolis coefficients are
f =2Ω sinðϕÞ and f ̃=2Ω cosðϕÞ, where Ω is the angular velocity of the earth and
φ is latitude. The terms, Du, Dv and Dw contain the subgrid scale turbulence and
computational mixing terms.

Equation (16) is derived by applying the divergence operator to the three
momentum equations of the ARPS model (Xue et al. 2000, 2003):
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ρ
∂u
∂t

= − ρV
!∙∇u−

∂p0

∂x
+ ρfv− ρf w̃
� �

+Du, ð21Þ

ρ
∂v
∂t

= − ρV
!∙∇v−

∂p0

∂y
+ ρfu+Dv, ð22Þ

ρ
∂w
∂t

= − ρV
!∙∇w−

∂p0

∂z

+ ρg
θ0

θ
−

p0

ρ ̄c2s
+

q
0
v

ε+ qv̄
−

q
0
v + qliquid+ ice

1+ qv̄

� �
+ ρf ũ+Dw

ð23Þ

The AP in Eq. (15) is the error covariance matrix associated with the DPEC
constraint, which is assumed to be diagonal with empirically defined constant
diagonal elements as the variances. The inverse diagonal matrix is called the
weighting coefficient and determines the relative importance of the DPEC con-
straint and its optimal value can be determined through numerical experiments,
similar to the way to determine weighting coefficient for mass continuity constraint.
Usually the constraint terms with their weights should be similar orders of mag-
nitude as other terms in J for them to be effective.

(e) Variable Transfer and Precondition

To effectively precondition the minimization problem, we follow Courtier et al.
(1994) and Courtier (1997) and define an alternative control variable v, such that
Cv =

ffiffiffiffi
B

p
v= ðx− xbÞ. This allows the cost function (1) to be changed into an

incremental form, such that

JincðvÞ= 1
2
vTv+

1
2

HCv−dð ÞTR− 1 HCv− dð Þ+ JcðvÞ ð24Þ

where H is the linearized version of H and d≡ yo −H xb
� �

. The gradient and
Hessian of Jinc can also be derived, with the former obtained by differentiating (24)
with respect to v, yielding,

∇Jinc = ðI+CTHTR− 1HCÞv−CTHTR− 1d+∇JcðvÞ ð25Þ

where I is the identity matrix. The Hessian then follows as

∇2Jinc = I+CTHTR− 1HC+∇2JcðvÞ. ð26Þ

From (26), it is clear that the preconditioning prevents the smallest eigenvalue
from becoming close to zero. This potentially could improve convergence of
minimization algorithms and allows the variational problem to be solved more
efficiently.
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The matrix C defined in (24) can be broken down as

C=DFL ð27Þ

where D is a diagonal matrix consisting of the standard deviation of background
errors and L is a scaling factor. The matrix F is the square root of a matrix with
diagonal elements equal to one and off diagonal elements equal to the background
error correlation coefficients. However, the matrix F is too large to be used directly
in the minimization calculations. Instead, it is modeled by a spatial recursive filter
(Purser et al. 2003), which to first order is defined by

Yi = αYi− 1 + ð1− αÞXi for i=1, . . . , n

Zi = αZi+1 + ð1− αÞYi for i= n, . . . , 1
ð28Þ

where Xi is the initial value at grid point i, Yi is the value after filtering for i = 1 to
n, Zi is the initial value after one pass of the filter in each direction and α is the filter
coefficient given by the following formulation (Lorenc 1992),

α=1+E−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EðE+2Þ

p

E=2NΔ2 ð̸4L2Þ
ð29Þ

where L is the horizontal correlation scale, Δ is the horizontal grid spacing, and N is
the number of filter passes to be applied. This is a first-order recursive filter, applied
in both directions to ensure zero phase change. Multi-pass filters (N greater than
unity) are built up by repeated application of (28). In this study, two passes of the
recursive filter are used (N = 2). Xie et al. (2005, 2011) proved theoretically that
the multiple passes approach with recursive filter is superior to the conventional
single pass 3DVAR method.

3 Several Examples of Idealized and Real Data Case
Studies

(a) Idealized Case for Effect of Beam Broadening

In this section, we evaluate the impact of beam broadening and earth curvature
on 3DVAR data assimilation system using simulated data derived from ARPS
model runs using Eqs. (2) and (3). Only mass continuity Eq. (14) is used as a weak
constraint and model derived weak constraint (15)–(23) is not used here. The ARPS
model is used in a 3D cloud model mode. The 20 May 1977 Del City, Oklahoma
tornadic supercell storm is used to conduct several series of experiments. This storm
has been thoroughly studied by multiple Doppler analysis and numerical simulation
(Ray et al. 1981; Klemp et al. 1981; Klemp and Rotunno 1983).
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The model is configured as the following: 67 × 67 × 35 grid points and 1 km
× 1 km × 0.5 km grid intervals for the x, y, and z directions, respectively, so as to
establish a physical domain of 64 × 64 × 16 km. The simulation starts with a
modified sounding (as in Klemp et al. 1981) which favors the development of a
supercell thunderstorm. The thermal bubble has a 4 K perturbation, and is centered
at x = 48 km, y = 16 km and z = 1.5 km with the lower-left corner of the domain
as the origin. The radius of the bubble is 10 km in the x and y directions and 1.5 km
in the z direction. The three-category ice microphysical scheme of Lin et al. (1983)
is used together with a 1.5-order turbulent kinetic energy subgrid parameterization.
Open boundary conditions are used for the lateral boundaries and rigid wall con-
ditions for the top and bottom boundaries. An upper-level Rayleigh damping layer
is also included to inhibit wave reflection from the top of the model.

The simulation runs for 2 h. The initial convective cell strengthens over the first
20 min and begins to split into two cells at around 1 h. To keep the right-moving
storm near the center of the model domain, a mean storm speed (U = 3 m s−1,
V = 14 m s−1) is subtracted from the sounding. At about 2 h into the simulation,
the right mover is still near the center of the domain as expected and the left mover
is located at the northwest corner. Figure 2a and Fig. 3a show horizontal and
vertical cross sections of simulated wind, vertical velocity at 2 h respectively
(vertical cross section is plotted through line A-B in Fig. 2a). A strong rotating
updraft (with maximum vertical velocity exceeding 29 m s−1) and associated
low-level downdraft are evident near the center of the domain. The updraft tilts
eastward in the upper part of the troposphere. The evolution of the simulated storm
is qualitatively similar to that described by Klemp and Wilhelmson (1978).

The pseudo radar radial observations from two Doppler radars are obtained by
sampling this simulated storm at 2 h using radar forward operators expressed in
Eq. (2). The simulated data are obtained from the simulated wind field fixed at
t = 2 h, as a function of various radar locations. Of the two radars, one is put at
x = 33 km relative to the origin of model domain (lower left corner), while its y
coordinate is varied in increments of 10 km from y = –190 km to y = 10 km.
A second radar is set at position y = 25 km while its x coordinate is varied from
x = 0 km to x = –200 km in intervals of 10 km. In this way, we are able to test the
impact of the beam broadening and the earth curvature as a function of distance
from the center of the storm ranging from about 20 km to 220 km.

The elapsed times for the radars to obtain the volume scans are neglected, and thus
we assume that the radial wind observations are simultaneous. For simplicity, the two
radars will cover the entire horizontal physical grids (i.e. 64 × 64 km)which assumes
that the radars sweep almost continuously in horizontal direction. The elevation angles
are 0.5◦, 0.9◦, 1.3◦, 2.4◦, 3.1◦, 4.0◦, 5.1◦, 6.4◦, 7.5◦, 8.7◦, 10.0◦, 12.0◦, 16.7◦, 19.5◦

(same as the WSR-88D convective precipitation volume coverage pattern, VCP 11).
The simulated data are only specified in precipitation regions (where reflectivity is
greater than zero dBZ). In order to simulate the radar measurement statistical error,
1 m s−1 random error (white noise) is added to the radial velocities in the pseudo
observation data.

296 J. Gao



Corresponding to the radial wind observations, three categories, 21 experiments
each category, of data analysis experiments (see Table 1, which lists all experi-
ments) will be conducted at t = 2 h with varied surface ranges between radar
location and storm center. In the first category of experiments, both the effect of
beam broadening and the effects of earth curvature are considered using the radar
forward observation operator as defined in Eq. (2). They will be referred as CNTL1
experiments (label 1 means at single time level). In the second category of
experiments, the effect of beam broadening is not considered and Eq. (3) will be
replaced with a simple tri-linear interpolation scheme. It will be referred as NoBB1
experiments. In the third category of experiments, the effect of earth curvature will
not be considered and Eq. (2) will be replaced with the commonly used Cartesian
radar forward operator (Gao et al. 1999). It will be referred as NoCV1 experiments.
The distance between the storm and the radar varys from 20 km to 220 km at an
interval of 10 km for both radars. So each individual experiment will be referred by
its category name followed by the distance in km, as described above, e.g.
CNTL1_60, NoBB1_60, NoCV1_60, etc.

To compare the accuracy of the analysis from different experiments, the RMS
error statistics of the horizontal wind components (Vh) and scalar model variables
(s) between the experiments and the truth simulation run are computed. The
computation of the RMS error statistics is only done over model grid points where
the reflectivity (estimated from the local hydrometeor mixing ratios) of the simu-
lation run is greater than 5 dBZ. As stated above, the purpose of these experiments
is to test the impact of beam broadening and earth curvature on 3DVAR wind
analysis. The variations of RMS errors for NoBB1 and NoCV1 are plotted in Fig. 1
along with that for CNTL1. The horizontal section at z = 3.5 km AGL and the
vertical cross section at y = 22.5 km of wind fields for the truth simulation,
CNTL1_60, NoBB1_60, NoCV1_60 and CNTL1_150, NoBB1_150, NoCV1_150
are plotted in Figs. 2, 3, 4 and 5.

We first discuss the impact of beam broadening. The RMS error of the horizontal
winds and the vertical velocities plotted as a function of the distance for both
CNTL1 (solid lines) and NoBB1 (dashed lines) experiments are shown in Fig. 1. It
is found that the RMS error differences for both horizontal winds and vertical
velocities between these 21 CNTL1 experiments and their corresponding NoBB1
experiments gradually increase as the distance between the storm center and radar
locations increase. These differences are less than 0.35 m s−1 for horizontal winds

Table 1 List of data analysis/assimilation experiments

Namea Radar distance Description

CNTL1_xxx 20 km ∼ 220 km at an interval of 10 km
(xxx is the radar distance in km)

analyses at t = 2 h
(21 experiments)NoBB1_xxx

NoCV1_xxx
aCNTL means both the effects of beam broadening and earth curvature are considered
NoBB means the effect of beam broadening are neglected
NoCV means the effect of earth curvature are neglected
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Fig. 1 The variation of RMS errors with the distance between the center of the storm and radar
locations, for a horizontal wind, and b vertical velocity. The solid lines are for CNTL1
experiments, the dashed lines are for the NoBB1 experiments, the dotted lines are for the NoCV1
experiments (Courtesy of the American Meteorology Society)
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and less than 0.1 m s−1 for vertical velocities within the range of 60 km. Beyond
60 km, the differences for horizontal winds become more noticeable as the range
increases, reaching over 1 m s−1 at the range of 220 km, while the difference for
vertical velocity shows little change. This means that additional error due to the
neglect of beam broadening are gradually introduced in NoBB1 experiments but the
maximum error is no more than the statistical error in the observations.

The variation in the RMS errors for horizontal winds and vertical velocities as a
function of distance for experiment NoCV1 is also plotted in Fig. 1 in dotted lines.
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Fig. 2 Perturbation horizontal winds (vectors, m s−1) and vertical velocity w (contours, m s−1) at
t = 120 min and 3.5 km AGL for a truth simulation; b CNTL1_60; c NoBB1_60; d NoCV1_60.
The w contour starting from 5 m s−1 with an interval of 5 m s−1 (Courtesy of the American
Meteorology Society)
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It is easily identified that the neglecting of the earth curvature can lead to very large
RMS errors in the analysis of horizontal winds, especially beyond 60 km. It
exhibits an additional 7.1 m s−1 RMS error of horizontal winds compared to
CNTL1 experiment at the range of 220 km (Fig. 1a). The RMS error differences for
vertical velocities between CNTL1 and NoCV1 experiments are evident when the
surface range is over 150 km (Fig. 1b). So in the sense of the evolution of RMS
errors, we can conclude that overlooking the earth curvature has a much greater
negative impact on variational wind analysis than the neglect of beam broadening.
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Fig. 3 Total u-w wind vectors and vertical velocity (contours) of the 20 May 1977 supercell
storm at t = 120 min and y = 22.5 km (along the line A-B in Fig. 3a) for a truth simulation;
b CNTL1_60; c NoBB1_60; d NoCV1_60 (Courtesy of the American Meteorology Society)

300 J. Gao



As the RMS statistics suggest, the differences in the 3-D wind fields among all
three categories of experiments CNTL1, NoBB1 and NoCV1 should be very small
when the distance between the storm and radars is less than 60 km. Figure 2 and
Fig. 3 confirm this conclusion. Figure 2 shows that the horizontal wind and vertical
velocity fields at 3.5 km AGL for the truth simulation, CNTL1_60, NoBB1_60,
and NoCV1_60 for the case where the radar is 60 km from the storm. Though the
3DVAR analysis is not perfect, the horizontal cyclonic rotation associated with the
right and left movers are clearly evident in all three experiments (Fig. 2b–d). They
are all pretty close to the truth simulation (Fig. 2a). The analyzed maximum vertical
velocities (Fig. 3b–d) for all three categories of experiments are generally several
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Fig. 4 Same as Fig. 3, but for a truth simulation; b CNTL1_150; c NoBB1_150; d NoCV1_150
(Courtesy of the American Meteorology Society)
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meters per second weaker than the truth simulation, but the pattern is nearly the
same for all three experiments. So the error from neglecting both beam broadening
and earth curvature at this range is pretty small.

When the distance between the storm and radar location is 150 km or greater, the
differences among these experiments become larger and can no longer be ignored.
As an example, horizontal cross sections at z = 3.5 km and vertical cross sections
are plotted as in Figs. 4 and 5 for the surface range of 150 km (the truth simulation
is re-plotted for ease of comparison). It is clearly evident that the rotation signature
near the center of the storm in Fig. 4b for CNTL1_150 is stronger than that in
Fig. 4c for NoBB1_150. Also Fig. 5b shows a much stronger and deeper rotation
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Fig. 5 Same as Fig. 4, but for a truth simulation; b CNTL1_150; c NoBB1_150; d NoCV1_150
(Courtesy of the American Meteorology Society)
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updraft than Fig. 5c. The maximum vertical velocity in Fig. 5b is 21.31 m s−1,
much closer to the simulation result (as shown in Fig. 5a) than that in Fig. 5c which
is only 16.60 m s−1. Apparently, CNTL1_150 experiment does a better job for the
wind analysis than NoBB1_150 in which no effect of beam broadening is
considered.

For experiment NoCV1_150 in which the influence of the earth’s curvature is
not considered, Fig. 4d shows that the perturbation horizontal winds are unex-
pectedly strong and quite noisy. The signatures of cyclonic rotation within each of
the cells are not so well analyzed. Although the strength of the major updraft in
Fig. 5d is well captured, just as in Fig. 5b of CNTL1_150, the updraft in Fig. 5d is
incorrectly positioned in the vertical direction, about 1 km below than that in
Fig. 5a. All these distorted features are evidently caused by the neglect of the effect
of the earth curvature in the radar forward observation operator. It should be noted
that the wind analysis generally becomes worse even in CNTL1_150 km experi-
ment because of the poorer resolution in the data at that distance.

In summary, the impacts of both the beam broadening and earth curvature are
dependent on the surface range between the center of the storm and the radar
location. It appears that within a range of 60 km, both the impacts of beam
broadening and earth curvature can be neglected. As the distance increases beyond
60 km, more and more additional errors are introduced into the wind analysis from
both earth curvature and beam broadening effects. Specifically, the neglect of the
earth curvature exhibits much more negative impact than the neglect of the beam
broadening. When the distance to the storm exceeds 150 km, overlooking the earth
curvature and the beam broadening both bring much more obvious negative impact
on the 3-dimensional wind analysis. So the simplified radial velocity forward
operators and a simple tri-linear interpolation used in Gao et al. (1999) and many
other studies are not recommended when the distance to the storm is greater than
60 km. To reduce computational cost, the effect of earth curvature (Eq. 2) should be
considered, while the effect of beam broadening (Eq. 3) can be ignored.

(b) Realtime 3DVAR Analysis

Based on the above 3DVAR framework, Gao et al. (2013) developed a real-time,
weather-adaptive analysis system for the NOAAWarn-on-Forecast (WoF) project to
incorporate all available radar observations within a moveable analysis domain. This
radar-based analysis system is shown to have the potential to provide improved
information for making severe weather warning decisions. Some key features of the
system include: (1) incorporating radar observations from multiple WSR-88Ds with
NCEP forecast products as a background state, (2) the ability to automatically detect
and analyze severe local hazardous weather events at 1 km horizontal resolution
every 5 min in real time based on the current weather situation, and (3) the identi-
fication of strong mid-level circulations embedded in thunderstorms.

To assess the potential usefulness of the weather-adaptive realtime analysis
system to warning operations, it was informally or formally tested and evaluated by
forecasters who participated in NOAA Hazardous Weather Tested (HWT) spring
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experiments from 2010 to 2013. During this time period, many severe weather
events were successfully and automatically identified and analyzed by the 3DVAR
system. For all these cases, the storm automatic positioning system performed very
well. In general, strong circulations and vertical velocities associated with severe
weather events were all successfully analyzed and identified. These analyses not
only collocated quite well with synthesized reflectivity fields from multiple radars,
but also agreed well with archived Storm Prediction Center (SPC) storm reports,
which provides data about severe weather events including tornadoes, hail and
strong wind events. The performance of the system, including the automatic storm
positioning capability, is demonstrated in a following case as an example. More
case studies and evaluations can be found in Gao et al. (2013), Smith et al. (2014),
and Calhoun et al. (2014).

The case is a tornadic supercell that occurred on 20–21 April 2010 over the
Texas Panhandle. A single supercell was observed over a 4 h period from 2200
UTC 20 April to 0200 UTC 21 April. At least two tornadoes, large hail and strong
winds were reported during the lifetime of the storm (Fig. 6a). Radial velocity
observations from several nearby WSR-88Ds, including KAMA, KLBB, and
KFDX, were incorporated into the 3DVAR analyses (Fig. 6b).

The supercell storm initiated near the New Mexico-Texas state line. During the
first two hours, the circulation in the storm was not very strong, but the mesocylone
within the supercell intensified just prior to 0000 UTC 21 April. Near 0004 UTC
the first weak tornado was reported, after which the storm continued to develop and
grew in intensity. The automated floating 3DVAR domain followed the evolution
of this storm very closely. The analyzed horizontal winds, vertical vorticity and the
interpolated radar reflectivity at 3 km AGL suggest that the storm was at peak
intensity from 0030 UTC to 0100 UTC 21 April (Fig. 7). During this half hour

Fig. 6 Texas Panhandle tornadic storm event on April 20, 2010. a The storm report from Storm
Prediction Center (SPC); and b the illustration of 3DVAR analysis domain. The inner domain of
200 × 200 km is used for 3DVAR analysis. The outer domain of 500 × 500 km is used to
identify 88D radars to be used. WSD-88D radars used are KAMA, KFDX, and KLBB (Courtesy
of the American Meteorology Society)
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period, a strong closed circulation was evident at 3 km AGL with maximum ver-
tical vorticity above 0.01 s−1 at almost all times. The strong mesocyclone (indicated
by the vertical vorticity) was approximately collocated with the reflectivity core,
and extended through about 10 km in height at both 0045 and 0050 UTC (Fig. 8).
A weak echo region (WER) was also evident near the center of the storm below
4 km AGL (Fig. 8a, c) and low-level storm inflow was clearly shown. A second
tornado touched down near 0047 UTC (SPC storm reports, Fig. 6a). A gradual
occlusion of the hook echo and wind fields occurred from 0035 and 0100 UTC
(Fig. 9a–f), and it appears that the second tornado touched down in the middle of
this occlusion process (from 0045 to 0055 UTC). During this period, this storm also
produced large hail according to SPC storm reports (Fig. 6a).

(c) A Real Data Case using Model Equations as Weak Constraint

The rapid increase in computer power and the development of storm-scale
nonhydrostatic models, such as the Weather Research and Forecasting (WRF)
model, and the Advanced Regional Prediction System (ARPS, Xue et al. 2000),
have made real-time, explicit forecasts of thunderstorms both possible and more
and more common in recent years (Kong et al. 2009; Xue et al. 2010; Clark et al.
2011). The operational WSR-88D network of the United States is a valuable and
unique source of data for storm-scale numerical weather prediction (NWP), because
of its capability to provide observations at high enough spatial and temporal res-
olutions to resolve convective storms. This situation leads to radar data assimilation
playing an important role in providing an accurate storm-scale initial condition for
NWP. However, obtaining an accurate storm-scale initial condition remains a
significant challenge since these radars only observe radial velocity and reflectivity,
neither of which is a variable in the NWP model. Another big challenge is that there
is no simple balance constraint which can couple different model variables in a
dynamic consistent manner. To overcome this difficulty, Ge et al. (2012) described
the development of DPEC (shown in Eqs. 14–22) and testing of it with idealized
experiments. DPEC was also applied to a real supercell case but only radial velocity
was assimilated there. In the following, DPEC is further applied to one real tornadic
supercell thunderstorm case—The 5 May 2007 Greensburg/Kansas (KS) case. In
additional to assimilating radial velocity data in the 3DVAR, radar reflectivity data
are used in a could analysis (Hu et al. 2006a) for this case. The impact of DPEC on
radar data assimilation is examined mainly based on the storm forecasts (Ge et al.
2013).

The 5 May 2007 Greensburg, KS, tornadic thunderstorm complex produced 18
tornadoes in the Dodge City forecast area and 47 tornado reports in Kansas,
Nebraska and Missouri. One of them is the strongest tornadoes in recent years. This
tornado started moving through Greensburg at 0245 UTC 5 May 2007 (2145 CDT
4 May) and destroyed over 90 % of the town. The tornado damage was rated at EF5
—the highest rating on the Enhanced Fujita scale (McCarthy et al. 2007). A detailed
description of the supercell that spawned this tornado and its environment setting
can be found in Bluestein (2009) and Stensrud and Gao (2010).
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Fig. 7 The synthesized reflectivity (color shaded, dBZ), horizontal wind fields (vectors, ms−1),
and vertical vorticity (contour interval, 2 × 10−3 s−1) at 3 km AGL using data from 88D radars
shown in Fig. 6b, at a 0035 UTC, b 0040 UTC, c 0045 UTC, d 0050 UTC, e 0055 UTC, and
f 0100 UTC, 20-21 Apr 2010 near Umbarger, Texas. Maroon line denotes location of
cross-sections in Fig. 8. Black box in (a) is the zoom-in area for Fig. 9 (Courtesy of the American
Meteorology Society)
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For this real data case, we use 3 km grid spacing with 200 × 200 grid points in
the horizontal. The ARPS model domain is shown in Fig. 10. The domain is
selected with sufficient coverage to contain the principal features of interest while
maintaining some distance between the primary storms and the lateral boundaries.
The model uses 47 terrain-following vertical layers, with nonlinear vertical
stretching, via a hyperbolic tangent function that yields a spacing of 100 m at the
ground and expands to approximately 800 m at the top of the domain. The Lin
(1983) three-ice microphysical scheme is used together with a 1.5-order turbulent
kinetic energy subgrid parameterization. A wave radiation condition is applied at
the top boundary and rigid-wall conditions are applied to the bottom boundary.

The impact of the DPEC will be discussed in terms of the quality of ensuing
forecasts instead of the analysis because no truth or high-resolution observation is
available for verification of the analysis. Four experiments are conducted for this
case (Table 2). The first experiment does not include DPEC in J and will be referred
as experiment NoDP1. The second experiment uses DPEC with the DP weighting
coefficient of 1.0E8 and is referred as experiment DP1. The third and fourth
experiments are similar to DP1 except the DP weighting coefficients are multiplied
and divided by 5 respectively. They are referred as experiments DP1m5 and DP1d5
respectively. In all the above four experiments the mass continuity equation con-
straint is used with the MC weighting coefficient of 1.0E8.

Fig. 8 Vertical vorticity (black contours in a and b), wind vectors (in c and d), and reflectivity
(color shaded) along a vertical slice indicated in Fig. 7, at 0045 UTC (left panel), and 0050 UTC
(right panel), 20 April, 2010 near Umbarger, Texas. Between these two time levels, a tornado
touched down (Courtesy of the American Meteorology Society)
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Fig. 9 The synthesized reflectivity (color shaded, dBZ), horizontal wind fields (vectors, ms−1), at
1.5 km AGL roomed in from the box in Fig. 7a, at a 0035 UTC, b 0040 UTC, c 0045 UTC,
d 0050 UTC, e 0055 UTC, and f 0100 UTC, 20–21 Apr 2010 near Umbarger, Texas (Courtesy of
the American Meteorology Society)

308 J. Gao



For all the above four experiments, data from five radars at Dodge City, Kansas
(KDDC), Vance Air Force Base, Oklahoma (KVNX), Wichita, Kansas (KICT),
Oklahoma City, Oklahoma (KTLX), Amarillo, Texas (KAMA) are used (Fig. 10).
A quality control procedure is applied before the use of the radar data, which
includes clutter removing, velocity dealiasing using SOLOII software from the
National Center for Atmospheric Research (NCAR). The initial analysis back-
ground and the boundary conditions come from the mean of a mesoscale ensemble
assimilation system run at 30 km grid spacing (Stensrud and Gao 2010). While
Stensrud and Gao (2010) performed a 3DVAR analysis only at one time level

KDDC

KVNX

KICTGreensburg

KAMA KTLX

Fig. 10 The model domain with county boundaries for the 5 May 2007 Greensburg tornadic
supercell thunderstorm case study. The five radars as well as their 230 km range circles are also
shown. The black dot shows the location of the town of Greensburg. The black bold inner box
illustrates the domain coverage in Fig. 11 (Courtesy of the Hindawi Publishing Corporation)

Table 2 List of data assimilation experiments (DP stands for “Diagnostic Pressure equation”)

Case name Experiment name DP weighting coefficient

5 May 2007 Greensburg case NODP1 0
DP1 1E8
DP1d5 2E7
DP1m5 5E8
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before the launch of the forecast, the present study performs cycled 3DVAR
analyses with a 1-h-long assimilation period before the forecast. A 5 min ARPS
forecast follows each analysis, and this process is repeated until the end of the 1-h
assimilation period. From the final analysis, a 1-h forecast is launched. So each
experiment consisted of a 1-h assimilation period (from 0130-0230 UTC) and a 1-h
forecast period (0230-0330 UTC).

We focus on the discussion of the major supercell thunderstorm at the south-
ernmost side that produces the EF-5 tornado hitting the Greensburg area between
0245 UTC ∼ 0305 UTC. It bears a hook echo signature at 0230 UTC. As the major
storm reaches Greensburg, the hook echo signature becomes less prominent due to
reflectivity wrap up. During this period, the radar velocity observations indicate
strong cyclonic rotation associated with the strong tornado. The major storm moves
gradually towards northeast. After passing the town of Greensburg, a second, EF-3,
tornado develops at the end of Greensburg tornado just northeast of the town

243.0

270.0

297.0

324.0

351.0

378.0

 (km) 5.

15.

25.

35.

45.

55.

65.

75.

 (km)

10.0

10
.0

243.0

270.0

297.0

324.0

351.0

378.0

 (km)

243.0

270.0

297.0

324.0

351.0

378.0

243.0 270.0 297.0 324.0 351.0 378.0 243.0 270.0 297.0 324.0 351.0 378.0 243.0 270.0 297.0 324.0 351.0 378.0 243.0 270.0 297.0 324.0 351.0 378.0

5.

15.

25.

35.

45.

55.

65.

75.

5.

15.

25.

35.

45.

55.

65.

75.

0230 UTC 0250 UTC 0310 UTC 0330 UTC

O
B

S
N

O
D

P
1

D
P

1

ζ max=1706

ζ max=1735

ζ max=1699

ζ max=1558 ζ max=489

ζ max=1105

ζ max= 690

ζ max=822

(b)(a) (c) (d)

(f)(e) (g) (h)

(j)(i) (k) (l)

Fig. 11 Observed radar reflectivity mosaic (dBZ) at 2 km MSL from KDDC, KICT, KVNX,
KAMA, KTLX Doppler radars valid at a 0230, b 0250, c 0310, and d 0330 UTC; simulated radar
reflectivity (dBZ), horizontal winds, and vertical vorticity (contours staring at 0.005 s−1 with an
interval of 0.005 s−1) at 2 km MSL from NoDP1 valid at e 0230, f 0250, g 0310, and h 0330 UTC;
and from DP1 valid at i 0230, j 0250, k 0310, and l 0330 UTC. The duration 0230-0330 UTC
covers the 1-h forecast period. The black dots in (a–d) indicate the location of the town of
Greensburg. The maximum vertical vorticity is shown for NoDP1 and DP1 experiments with the
unit of 10−5 s−1 (Courtesy of the Hindawi Publishing Corporation)
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(McCarthy et al. 2007). A radar reflectivity mosaic can be created from the
aforementioned five WSR-88D radars by interpolating reflectivity data from all
radars into model grid points and keeping the largest reflectivity value for each grid
point. The reflectivity mosaic is then used for forecast verification. The evolution of
the storm as indicated by the radar reflectivity mosaic at 2 km MSL is shown in
Fig. 11 from 0230 to 0330 UTC every 20 min. Note that the hook echo is not
evident in these figures due to the use of 3 km resolution and a smoothing pro-
cedure applied in the mosaic generating process.

To demonstrate the impact of DPEC, We will now investigate these data
assimilation experiments ingesting both the radial velocity data and reflectivity data.
Figure 11e–l show the reflectivity, horizontal wind vector and vertical vorticity at
z = 2 kmMSL from 0230 UTC to 0330 UTC every 20 min for the NoDP1 and DP1
experiments. It is shown that after 1 h. data assimilation (Fig. 11e, i), the storm is
already spun up in terms of the reflectivity pattern. The reflectivity pattern, strength
and location agree well with the observation (Fig. 11a). A rotating circulation and a
strong vertical vorticity column are collocated at the observed hook-echo region.
The major storm then moves gradually towards northeast, which also agrees with the
observation. Since 0300UTC, the predicted major storm moves faster than what
observed. In spite of this, both NODP1 and DP1 still make reasonable forecasts in
terms of the general evolution of the major storm. DP1d5 and DP1m5 produce very
similar forecasts as DP1 and are therefore not shown in Fig. 11.

In Fig. 11, in terms of reflectivity pattern, there is no significant difference in the
general evolution of the major storm between the NODP1 and DP1 experiments.
The computed forecast scores (not presented here) also show little difference,
seconding the above finding. However, there is evident difference in the predicted
low-level mesocyclone rotation as partly indicated by larger maximum vertical
vorticity in Fig. 11j–l than that in Fig. 11f–h. As a further demonstration, Fig. 12
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Fig. 12 The time series of maximum vertical vorticities below two kilometers from 0230 UTC to
0330 UTC 5 May 2007 every 1 min. The horizontal axis shows the time in UTC, the vertical axis
shows the vertical vorticity value in unit of s−1. The black line is for experiment NoDP1, the red
line for experiment DP1, the blue line for DP1m5 and the green line for DP1d5 (Courtesy of the
Hindawi Publishing Corporation)
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shows the time series of the maximum vertical vorticity below two kilometers every
1 min from 0230 UTC to 0330 UTC for all four experiments. It is illustrated in
Fig. 12 that since 0245 UTC and until the end of the forecast, the low level
maximum vertical vorticity from the experiments applying DPEC (the red, blue and
green lines) is much higher than that from the NODP1 experiment (the black line).
Our detailed examinations show that larger low-level vertical vorticity corresponds
to a better-defined mesocyclone vortex, which is stronger and deeper. This kind of
behavior is very similar to findings in Ge et al. (2012). As an example, Fig. 13
presents the vertical vorticity at the vertical cross section through the center of the
major storm at y = 259.5 km at 0250 UTC 5 May 2007. It is noticeable that the
experiments using DPEC (Fig. 13b–d) predict stronger and deeper rotation columns
than the “NODP1” experiment (Fig. 13a). Therefore, it can be concluded that for
the experiments here, although the use of DPEC does not evidently improve the

Fig. 13 The vertical vorticity (in unit of 10−5 s−1) at the vertical cross section through the center
of the major storm at y = 253.5 km at 0250 UTC 5 May 2007 for the a NoDP1, b DP1, c DP1d5
and d DP1m5 (Courtesy of the Hindawi Publishing Corporation)
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forecast of the general evolution of the major storm in terms of reflectivity pattern,
it does help improve the forecast of the mesocyclone rotation associated with the
observed Greensburg tornado. It is found that the experiments using DPEC gen-
erally predict higher low-level vertical vorticity than the experiments not using
DPEC near the time of observed tornados. Therefore, it is concluded that the use of
DPEC improves the forecast of supercell mesocyclone rotation of the major
thunderstorm for this case. The experiments using different weighting coefficients
generate similar results. This suggests that DPEC is not very sensitive to the
weighting coefficients, similar to the study with idealized case (Ge et al. 2012).
More research is needed to get more general conclusions with this DPEC constraint.

(d) Assimilating both Vr and Z in Variational Framework

In the last sub-section, a complex cloud analysis package is used to assimilate
radar reflectivity data into a storm-scale NWP model. However, the uncertainties
associated with the empirical parameters used in the cloud analysis make this
method less than optimal. The assimilation of radar reflectivity into a storm-scale
NWP model using a variational framework is a potentially more beneficial
approach, yet this has not been thoroughly studied for storm-scale data assimilation.
Gao and Stensrud (2012) was the first study to include ice related hydrometeors as
analysis variables in variational storm-scale data assimilation, and also the first to
partition hydrometeor variables using a background temperature field from a
storm-scale NWP model (ARPS model in this case). We briefly illustrate this study
with the following idealized case, more detail can be found in Gao and Stensrud
(2012).

The effectiveness of the assimilation of radar reflectivity data combined with
radial velocity in the 3DVAR is evaluated by utilizing synthetic Doppler radar data
derived from a truth simulation of a supercell thunderstorm. The ARPS is used to
generate the truth simulation and is used in the 3DVAR experiments. Similar to
Sect. 3(a), the environment from a well-documented tornadic supercell storm that
occurred near Del City, Oklahoma, on 20 May 1977 is used for the experiments
(Ray et al. 1981). Different from Sect. 3(a), parameter settings for the ARPS model
include 57 × 57 × 35 total grid points with grid spacing dx = dy = 1 km in the
horizontal and dz = 500 m in the vertical.

During the truth simulation, the initial convective cell develops and strengthens
over the first 30 min. The strength of the cell then decreases over the next 30 min or
so, in association with the cell splitting at around 55 min. The right moving (rel-
ative to the storm motion vector which is towards north-northeast) cell tends to
dominate the system (Fig. 14a–e). The evolution of the simulated storm is quali-
tatively similar to that described by Klemp and Wilhelmson (1978).

The three-dimensional wind and hydrometeor fields from this truth run are
sampled by two ground-based pseudo-radars, located at the southwest and southeast
corners of the computational domain, to obtain synthetic radial velocity and
reflectivity observations using forward model Eqs. (2) through (11). Random errors
drawn from a normal distribution with zero mean and a standard deviation of
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1 m s−1 are added to the synthetic radial velocity data, and random errors with zero
mean and a standard deviation of 3 dBZ are added to the synthetic reflectivity data.
Since vr in (3) is sampled directly from the model velocity fields, hydrometeor
sedimentation is not involved. As in Snyder and Zhang (2003), the simulated
observations are assumed to be available on the grid points and only available
where the truth reflectivity is greater than zero in the analysis domain. The elapsed
times for the volume scans of the radars are neglected, and thus it is presumed that
the radial wind and reflectivity observations throughout the radar volume are
sampled simultaneously.

Fig. 14 Horizontal winds (vectors; m s−1), perturbation potential temperature (contours at 1 K
intervals) and simulated reflectivity (shaded contours, in dBZ) at 250 m AGL, for the truth
simulation (a–e); the cycled 3DVAR analyses with assimilating radial velocity only (f–g), the
cycled 3DVAR analysis with assimilating radial velocity and reflectivity without hydrometeor
classification (k–o), and the cycled 3DVAR analysis with assimilating radial velocity and
reflectivity with hydrometeor classification (p–t). The times shown are 20, 30, 40, 50 and 60 min
of model integration time. The assimilation interval is 5 min (Courtesy of the American
Meteorology Society)
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The 3DVAR method is applied using a cycling approach. An initial analysis that
does not include any effects of deep convection is used as the background to start
the cycle (this is simply the horizontally homogeneous conditions provided by the
assumed environmental sounding). Synthetic radar data are then assimilated using
the 3DVAR to produce a new analysis and a short 5-min forecast is made starting
from this analysis using the ARPS model. This 5-min forecast then becomes the
background for the assimilation of the synthetic radar data valid at this new
observation time. The 3DVAR analysis and forecast cycles are started at 20 min of
the truth run integration time and the radial velocity and/or reflectivity observations
are assimilated every 5 min thereafter. The final analysis is done at 60 min into the
truth run integration.

Three experiments are performed to determine the performance of reflectivity
data assimilation. In the first experiment, only radial velocity data are assimilated.
In the second experiment, radial velocity data with forward operator Eq. (2) and
reflectivity data with forward operator Eq. (4) are assimilated. In the third experi-
ment, radial velocity data using Eq. (2) and reflectivity data using the newly
developed forward operator (10) are assimilated in which the hydrometeor parti-
tioning is based upon the background temperature field. The analysis domain is the
same as the truth run domain discussed earlier.

The horizontal winds, potential temperature perturbations and reflectivity at
250 m above ground level for the truth run and all three experiments at 20, 30, 40,
50 and 60 min of model time are shown in Fig. 14. For the first experiment with
radial velocity data assimilation only, it can be seen that only the velocity structure
around the storm is somewhat captured after 10 min or three analysis cycles
(Fig. 14f, g) while the perturbation potential temperature field is very weak. The
precipitation, as indicated by reflectivity, has not yet appeared. After two more
analysis-forecast cycles, or 20 min into the assimilation (t = 40 min), the precipi-
tation has reached to the ground, but it is weaker and covers a much smaller area
compared to the truth simulation (cf. Figures 14c, h). After six analysis cycles
(t = 50 min), the right-moving storm cell is similar to the truth but the left-moving
storm is still very weak. Also, the extent of the cold pool is too small on the
southwest side of the storm even though its maximum intensity underneath the cells
is close to the truth (cf. Fig. 14d, i). Only after 40 min into the assimilation
(t = 60 min) does the overall storm structures become close to the truth, though the
extent of the cold pool is still reduced (cf. Fig. 14e, j). In general, comparisons with
the truth simulation indicate that the development of precipitation is significantly
delayed in first experiment when only radial velocity is assimilated.

For the second experiment, when the simulated reflectivity data are also
assimilated, the development of the storm is much faster. At the beginning of
analysis-forecast cycles, the precipitation already is reaching the ground and a wind
perturbation is seen, with the patterns being quite similar to, although weaker than,
the truth (Fig. 14k). After two more analysis-forecast cycles, the storm cell com-
pares reasonably well with the truth (Fig. 14l) and a weak cold pool also appears,
which does not emerge at this time level in the first experiment (Fig. 14g). With two
more analysis-forecast cycles (t = 40 min) completed, the overall storm structures
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begin to closely resemble the truth, though the extent of the cold pool is still smaller
than in the truth run (Fig. 14m). After the final analysis cycle, the low level flow
and reflectivity patterns, as well as the strength and extent of the cold pool, are in
very good agreement with the truth (cf. Fig. 14o, e) although some differences still
exist in terms of the shape of cold pool and reflectivity. These results suggest that
the assimilation of both radial velocity and reflectivity in the cycled 3DVAR system
helps to reduce the spin-up time for developing hydrometeors in the analyses and
forecasts.

The third experiment is performed when both radial velocity and modified
reflectivity forward operator (10) is used. In Eq. (10), the hydrometeor classification
is made though a background temperature field from the ARPS model which is
updated as the model is integrated forward in time. Overall, the analysis is
noticeably improved compared to that of first two experiments. The precipitation, in
term of reflectivity, is immediately stronger from the very beginning of assimilation
as compared with the previous two experiments (cf. Fig. 14p, f, k). At 20 min into
the assimilation (t = 40 min), the cell splitting process has already begun, and the
cold pool is stronger and has larger extent than in the other two experiments (cf.
Fig. 14r, h, m). By 40 min into the assimilation (t = 60 min), the structure of the
storm is almost the same as in the truth (cf. Fig. 14t, e). Overall, the analysis
converges much faster and the analysis errors are smaller than the other two
experiments as expected. These results highlight the value of the partitioning of the
hydrometeor types using the background temperature field to the 3DVAR system.

To illustrate why the third experiment with hydrometeor classification is more
reasonable, the contours for rain water, snow and hail mixing ratios after the first
assimilation at 250 m above ground level are shown in Fig. 15. This time level is
chosen because at first cycle of assimilation, background fields for these hydrom-
eteor variables are zero and the correction to these variables during the assimilation
is purely from reflectivity observations. For the first experiment without assimi-
lating reflectivity, all hydrometeor variables for rain water, snow and hail are zero,
so they are not shown. For the second experiment, it is shown that obtained rain
water after the assimilation near the ground level is very weak (Fig. 15d) compared
to the truth (Fig. 15a). Because the temperature field is usually quite warm at this
level, the expected snow and hail after the assimilation should be zero (Fig. 15b)
though it is not true for hails that reach ground (Fig. 15c). However, obtained snow
and hail in the second experiment show some quite big values around the storm
center (Fig. 15e, f). This is not physically consistent. In the third experiment with
hydrometeor classification, we obtain a reasonable pattern for rain water (Fig. 15g)
and almost zero values for snow and hail near ground level (Fig. 15h, i). Similarly,
in the second experiment, we also found non-zero rain water mixing ratio in the
upper levels of the analysis where only snow and hail are expected because of the
very cold temperatures at these levels (figures not shown), while such behavior does
not appear in the third experiment. So it is obvious that the assimilation of
reflectivity using Eq. (10) with hydrometeor classification produces results which is
much more physical consistent.
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To judge the analyses quantitatively, the root-mean-square (rms) errors of the
analyzed fields for all vertical model levels are calculated against the truth. The rms
errors are averaged over those grid points where the reflectivity is greater than 10
dBZ in the truth simulation, similar to Snyder and Zhang (2003). The rms errors of
vertical velocity w, perturbation potential temperature q’, perturbation pressure p’,
water vapor mixing ratio qv, rain water mixing ratio qv, and reflectivity Z (derived
from the mixing ratios of rain water, snow and hail) in all three experiments
generally decrease with the data assimilation cycles starting from the first analysis
(Fig. 16). The rms errors decrease much faster for most of model variables (except

Fig. 15 Contours for rain water mixing ratio (qr), snow mixing ratio (qs) and hail mixing ratio (qh)
at 250 m AGL and after the first data assimilation (or 20 min of model integration time), for the
truth simulation (a–c); the cycled 3DVAR analysis with assimilating radial velocity and
reflectivity without hydrometeor classification (d–f), and the cycled 3DVAR analysis with
assimilating radial velocity and reflectivity with hydrometeor classification (g–i) (Courtesy of the
American Meteorology Society)
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w) in the second and third experiments when reflectivity is also assimilated along
with radial velocity. This rms error reduction is especially visible at later assimi-
lation cycles. The improvement for w (Fig. 16a) and also for the horizontal wind
components (not shown) are not large, since the assimilation of reflectivity has little
direct impact on wind field until later times when the temperature and pressure
fields are also improved. The rms errors for the third experiment with hydrometer
classification are smaller than those for the second experiment, but the rms error
values are similar, especially from the very beginning (except for rain water mixing
ratio, which has a large decrease in rms error from the beginning in Fig. 16e).
However, the comparison of both reflectivity field and perturbation potential tem-
perature against the truth in Fig. 14p, k, a indicates better analyses are produced by
the third experiment than by the other two experiments. This is not surprising
because the storm cells are small-scale, discrete features and any errors in their
structure or position will strongly influence the rms errors. This result simply
confirms that multiple measures of accuracy are needed when analyzing results
from assimilation methods.

(a) (b) (c)

(d) (e) (f)

Fig. 16 The rms errors of the cycled 3DVAR analyses and forecast, averaged over points at
which the reflectivity is greater than 10 dBZ. a for vertical velocity w, b for perturbation potential
temperature θ

0
, c for perturbation pressure p’, d for water vapor mixing ratio qv, e for rain water

mixing ratio qr, and f for reflectivity Z. The red line is for the radial velocity data only experiment
1, the green line is for the radial velocity and reflectivity without hydrometeor classification
experiment 2, and the blue line is for the radial velocity and reflectivity with hydrometeor
classification experiment 3 (Courtesy of the American Meteorology Society)
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4 Summary and Future Work

An innovative three-dimensional variational data assimilation scheme for
convective-scale NWP has been developed over the past several years. In this
evolved approach, a cost function is defined by a background term, a radar
observation term, and a weak constraints term, as in conventional 3DVAR schemes.
The background error covariance matrix is modeled by a recursive filter and the
square root of this matrix is used to precondition the minimization problem. The
ability to assimilate radar radial velocity data was one of the first innovations in this
scheme, followed by capabilities for using model equation-derived mass continuity
and DPEC as weak constraints, in addition to the ability to assimilate radar
reflectivity directly. The impact of some of these features is illustrated in this paper.

First, the radial-velocity innovation is examined independently in a framework
designed specifically to evaluate the effects of beam broadening and earth curvature
in simulations of an idealized supercell storm. This series of tests demonstrates that
the method is very sensitive to the effect of the earth’s curvature as the surface range
increases, but relatively insensitive to beam broadening. These idealized tests
informed our decision to neglect beam-broadening in real data cases while
including earth-curvature effects. The 3DVAR framework that emerged from this
testing has been applied as part of the NOAA Warn-on-Forecast project as a
real-time, weather-adaptive analysis system that incorporates available radar
observations within a moveable analysis domain. The system has performed very
well during springtime testing in the NOAA HWT for several years, including
successful detection and characterization of many severe weather events during
simulated severe-weather-warning exercises. Current plans call for expansion of
this work, including larger relocatable domains and more year-round testing and
collaboration with National Weather Service Forecasters.

The impact of DPEC on radar data assimilation has been examined mainly on
the basis of storm simulations. It has been found that the experiments using DPEC
generally predict higher low-level vertical vorticity than the experiments not using
DPEC near the simulation time to that of observed tornados. However, more case
studies are needed to provide more conclusive evidence that DPEC has a positive
impact on storm-scale radar data assimilation, and subsequent forecasts.

Finally, the impact of assimilating radar reflectivity data in addition to radial
velocity with intermittent 3DVAR analysis-forecast cycles has been examined
using an idealized thunderstorm case. A forward operator for reflectivity has been
developed using the background temperature field from a NWP model to inform the
classification of hydrometeor types. Three preliminary experiments were per-
formed. The first experiment used radial velocity only, the second used both radial
velocity and reflectivity without hydrometeor classification, and the third used both
radial velocity and reflectivity with the newly developed forward operator,
including hydrometeor classification. It was found that by assimilating only radial
velocity data, the model can reconstruct the dynamical structures of supercell
thunderstorm well within several assimilation cycles, but a spin-up problem delays
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the development of precipitation significantly. The spin-up problem is reduced
when assimilating reflectivity without hydrometeor classification. The analysis
converges faster and the analysis errors are smallest when using the new reflectivity
formulation with the classification of hydrometeor types. The cold pool also
develops earlier and agrees better with the truth run when using the hydrometeor
classification. The overall conclusion is that the assimilation of both radial velocity
and reflectivity data in the 3DVAR system significantly reduces the severity of the
spin-up problem and has the potential to improve short-range storm-scale analysis
and forecasting systems. The partitioning of hydrometeors when assimilating
reflectivity can be also used within other advanced data assimilation methods, such
as ensemble Kalman filter and 4DVAR techniques (Gao and Stensrud 2012).

The reliability and accuracy of the updated 3DVAR system have been also
illustrated by a number of other data assimilation and forecast experiments as well
(e.g., Gao et al. 2010; Stensrud and Gao 2010; Xue et al. 2010; Schenkman et al.
2011). Examples of other successful applications of the system include real-time
low-level wind analyses (Gao et al. 2010) and initializing high-resolution real-time
severe weather forecasts (Brewster et al. 2010) using radar data from the Engi-
neering Research Center for Collaborative Adaptive Sensing of the Atmosphere
(CASA) IP1 network supported by National Science Foundation (McLaughlin et al.
2009). The system also has been used since 2008 to provide initial conditions for
very high resolution (1–4 km grid spacing) deterministic and ensemble WRF model
runs that assimilate WSR-88D radar data over a continental US domain in support
of the HWT Spring Forecasting Experiment (SFE; Kain et al. 2010; Xue et al.
2010). A primary focus of the SFE is evaluating the utility of computer models of
the atmosphere to improve predictions of hazardous and convective weather events
in support of the NOAA Storm Prediction Center operations.

In spite of these advances, the 3DVAR method has its shortcomings. For
example, it cannot use observational data from multiple times levels and its
background error covariances are static and not flow-dependent. Because of these
limitations, many studies have explored the use of more sophisticated assimilation
methods, such as EnKF and 4DVAR for convective scale data assimilation and
NWP. But none of these methods is universally superior to the others—each
alternative has its own distinct advantages and disadvantages (Lorenc 2003; Kalnay
2007).

All things considered, including the accuracy of data assimilation methods and
convective NWP models, timely delivery of forecast products, etc., we believe that
new innovations in the 3DVAR data assimilation methodology provide a com-
petitive option for convective-scale NWP. Furthermore, additional improvements to
3DVAR are likely to come as we develop balance constraints for the convective
scale and optimize the incorporation of ensemble information into this 3DVAR
system. The ongoing work continues to derive inspiration from Sasaki (2003), who
advocated including a mixture of probabilistic and deterministic constraints in
variational methods and Lorenc (2003) who proposed improving the accuracy of
analysis by using combining variational and EnKF methods in a hybrid approach.
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Many research articles about hybrid methods have been published in recent
years, most focusing on synoptic-scale and mesoscale NWP (Buehner 2005;
Buehner et al. 2010a, b; Wang et al. 2008a, b, 2013; Barker et al. 2012; Zhang et al.
2013). Gao and Stensrud (2014) showed that hybrid methods show promise for
convective-scale NWP as well. Specifically, they demonstrated that incorporation
of ensemble-estimated covariance in a variational approach (3DVAR in this case)
can significantly improve the accuracy of the assimilation of simulated radar data
for a supercell storm. This result holds even when just a few ensemble members are
used and the estimated covariance contains severe sampling errors. If this result
holds more generally, it may have significant implications for the Warn-on-Forecast
(WoF) concept proposed by Stensrud et al. (2009). This concept includes a fre-
quently updated, numerical-model–based, probabilistic convective-scale analysis
and forecast system that supports warning operations within NOAA. It is essential
that ensemble forecasts are utilized in the WoF concept to produce robust proba-
bilistic forecast guidance, but while relatively small ensembles may be adequate for
WoF-type forecasts, much larger ensembles are necessary to create a robust
pure-ensemble DA system. Thus, given limited computer resources for the near
future, it may not be possible to implement a pure ensemble approach to DA in
early-generation WoF systems, but a WoF system that uses a relatively small
ensemble for DA, within a hybrid approach, may be feasible with the computer
resources that are expected to be available. This gives us confidence that we can
implement a unified ensemble-based DA and prediction system for WoF even with
the relatively limited computer resources that will be available in the near future.
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Data Assimilation Experiments
of Refractivity Observed by JMA
Operational Radar

Hiromu Seko, Ei-ichi Sato, Hiroshi Yamauchi and Toshitaka Tsuda

Abstract Small scale distributions of water vapor that express convection cells are
needed to improve numerical forecasts of heavy rainfall. In this study, temporal
variations of refractivity (TVR), which include information of small scale water
vapor variations, were obtained from the phase data of radio waves of the JMA’s
operational Doppler radar. The TVR distributions on August 4th 2008 showed that
the increased and decreased regions of TVR moved smoothly, corresponding to the
movements of sea breeze fronts. These smooth variations indicated that the
observed TVR were caused by the atmosphere. The TVR obtained by the opera-
tional Doppler radar was assimilated by a nested Local Ensemble Transform Kal-
man Filter system. The reproduced distributions indicated that the data assimilation
of TVR made the rainfall distributions closer to the observed ones by modifying
water vapor distributions. This result shows that TVR has the potential to improve
rainfall forecasts.

1 Introduction

In general, heavy rainfalls are generated by convergences of low-level humid air-
flows. Because water vapor greatly affects initiations and developments of con-
vection cells of heavy rainfalls, water vapor distribution is needed as assimilation
data to increase the accuracy of rainfall forecasts. Conventional observations of
water vapor near the surface are conducted at the Meteorological Observatories of
the Japan Meteorological Agency (JMA). However, the horizontal resolution of the
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Meteorological Observatories (several 10 km) is too coarse to express convection
cells.

As for the observations that express small scale variations of water vapor, we
focused on phase of radio waves of Doppler radars. The radio waves are delayed by
the atmosphere while they travel back and forth between a Doppler radar and
stationary structures (e.g. tall buildings, towers for electric power supply etc.)
(Fabry et al. 1997). In this method, refractivity that causes delays of radio waves is
obtained by monitoring their phases received by Doppler radar. Rainfall forecasts
are expected to be improved when the refractivity is used as assimilation data,
because refractivity that is a function of temperature and water vapor affects the
initiations and developments of convection cells.

In the U.S., it was shown that the refractivity may have the potential for fore-
casting convection initiations by using the observation data of the International
H2O Project (Weckwerth et al. 2005). Several studies for assimilations of refrac-
tivity data have been performed so far. For instance, the effect of vertical variation
of refractivity on the refractive index along the path was investigated (Park and
Fabry 2010; Feng et al. 2016). Nicol et al. (2013) showed that hourly refractivity
changes up to a height of 100 m observed by a meteorological tower were well
correlated with the water vapor near the surface. The subtract method of noisy data
from refractivity field was considered by Nicol et al. (2012).

However, few studies that had showed the variations of refractivity have been
conducted in Japan (e.g. Seko et al. 2009). Because the low-level atmosphere in the
summer in Japan is more humid than that in the U.S., investigations of relations
between refractivity and convection cells, and developments of the assimilation
methods of refractivity in the humid atmosphere are still desired.

In this study, Local Ensemble Transform Kalman Filter (LETKF, Hunt et al.
2007) based on the Japan Meteorological Agency Non-Hydrostatic Model
(JMA-NHM, Saito et al. 2006), known as the NHM-LETKF (Miyoshi and Aranami
2006), was used as a data assimilation system. LETKF is one method of ensemble
Kalman filters (EnKFs), which can provide initial conditions by assimilation of
observation data. Some previous studies have used the EnKF for mesoscale
application and have showed promising results so far (e.g., Snyder and Zhang 2003;
Zhang et al. 2004, 2006; Dowell et al. 2004; Tong and Xue 2005; Xue et al. 2006;
Meng and Zhang 2008; Seko et al. 2011; Miyoshi and Kunii 2012).

In this study, temporal variations of refractivity (TVR), not total values of
refractivity were used as assimilation data, because the total values of radio waves’
delays between radar and stationary structures cannot be determined due to ambi-
guities of reflection points of stationary structures. The horizontal distributions and
temporal variations of TVR, and the preliminary results of data assimilation of TVR
are presented in this chapter.
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2 An Estimation Method of Temporal Variations
of Refractivity

In this study, TVR data was obtained from the phase data observed by the Tokyo
operational radar of JMA on August 4th 2008. If the estimation method of TVR
from the phase data of operational radars is developed, the numerical forecasts for
initiations and developments of convection cells will be improved in many areas in
Japan, because the developed method is applicable to other operational radars.

Firstly, the procedures to obtain TVR from the phase data, namely
In-phase/Quadrature-phase (IQ) data of Doppler radar observation are explained.
If TVR is returned from stationary structures in wider areas in the radar range, TVR
works as assimilation data more effectively in improving the initial conditions of
numerical forecasts. To obtain TVR data from wider areas, the elevation angle of
0.0° was adopted in the observation of TVR data.

As mentioned in the Introduction, it is difficult to obtain the total values of delays
from the phase data. Instead of the total values, ‘temporal variation of delays’
(abbreviated to TVD), that is, ‘temporal variation of the difference between trans-
mitted and received phases’, was used. Just like the relation between the delay and
refractivity, TVD obtained from the phase data is the integrated value of TVR along
the path of radio waves. The TVR, which will be used as assimilation data, was
produced by taking the difference of TVD in the radial direction of radar (Fig. 1).

Because the radio waves received by radars are not only those reflected from
stationary structures, it is necessary to remove the delays reflected from moving
structures, such as trees and wind turbines and so on. In Seko et al. (2009), the radio
waves reflected from the moving structures were removed from all of reflected radio
waves by using the temporal dispersion of TVD as the threshold. Namely, radio
waves of which TVD were greatly fluctuated during a short time were removed as
those reflected from moving structures.

Fig. 1 Schematic illustration on the estimation method of temporal variation of refractivity (TVR)
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As described earlier, the low elevation angle of 0.0° was used in the observation
of TVD. However, the JMA operational radars conduct volume scan observations
by changing the elevation angles to obtain 3-dimensional distributions of water
substances and radial wind. That is, TVD data with the elevation angle of 0.0° are
obtained once every 10 min. Because it is difficult to apply the method of Seko
et al. (2009) to the intermittent data obtained by the operational radars, horizontal
variations of TVD were used, instead of the temporal fluctuations of TVD. The
radio waves that were reflected from moving structures were removed as follows;
(1) averaged values of TVD over small areas (2.0° in tangential direction and
0.75 km in radial direction), of which areas were produced by partitioning whole
radar range, were obtained. (2) The radio waves, of which TVD were far from their
area averages, were removed. The radio waves reflected from stationary structures
are expected to be remained through a few iterations of these procedures. The
threshold value used in identifying the moving structures in this study was deter-
mined by the trial and error method.

3 Temporal Variations of Refractivity on August 4th 2008

Figure 2 shows the increment distributions of TVD during 1607-1617 JST and
1527-1617 JST of August 4th 2008. These distributions, which were produced from
the observation data of the JMA’s Tokyo radar with the elevation angle of 0.0°, show
that signals were returned from many stationary structures around the radar. In
addition to the echoes near the radar, there were line-shaped echoes (indicated by
arrows in Fig. 2), which seems to be reflected from the towers for electric power
supply. Increments during 10 min (abbreviated to 10-min increment, hereinafter) had

Fig. 2 a 10-min increment of TVR (1607-1617 JST) and 50-min increment of TVR (1527-1617
JST) on August 4th 2008. White arrows indicate the line-shaped regions. Red crosses are the
positions of Tokyo radar of JMA. Black broken lines indicate coastlines
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a radial pattern (Fig. 2a). This pattern suggests that water vapor near the radar varied
greatly and affected TVD of which the radio waves returned from the stationary
structures far from the radar. The pattern was changed to a concentric circle when the
monitoring period became as long as 50 min (Fig. 2b). This pattern indicates that the
phases in wide areas around the radar were greatly changed during 50 min.

Next, TVR distributions were produced by taking the difference of TVDs
between adjacent areas in the radial direction. In this study, radio waves, of which
spatial dispersion of TVDs was less than 60.0° from the area average, were used.
Figure 3 is the 10-min increment distributions of TVR around the radar from 1547
JST to 1642 JST. The line-shaped increased regions (warm color regions indicated
by arrows) moved from south and east, and merged around the radar. From 1637
JST, the line-shaped decreased region (indicated by cold colors), which extended in
the northwest-southeast direction, was gradually moving northward. These smooth
variations of increments indicate that they were caused by the atmosphere such as
refractivity.

To confirm that these complicated distributions of increments can be produced by
the atmosphere, a deterministic forecast with the initial time of 9 JST August 4th
2008, in which the mesoscale analyses of JMA were used as initial and boundary
conditions, was performed. The distributions reproduced by the deterministic fore-
cast show that there were a few line-shaped increased and decreased regions of TVR
that extended in the north-south and east-west directions (indicated by green arrows
in Fig. 4). These regions were located along the fronts of sea breezes, entering the
Kanto Plain from east and south. These features of TVR distribution are common
with the observed ones, though the timing and location were different from the
observed ones. This similarity of line-shaped increased and decreased regions
suggests that the increments of TVR were produced by the airflows of sea breezes.

Fig. 3 Horizontal distributions of 10-min increment of TVR from 1547 JST to 1657 JST. Red
crosses indicate the positions of the Tokyo radar. Arrows indicate increased or decreased regions
of TVR that moved smoothly
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4 Data Assimilation Methods and Impact of Refractivity

The system used in this experiment is a two-way nested system of LETKF (Seko
et al. 2013). The schematic illustration of this experiment is shown in Fig. 5. This
system is composed of two LETKFs; Outer and Inner LETKFs. Outer and Inner
LETKFs were performed to reproduce mesoscale convergences and convection
cells, respectively. Outer LETKF with the grid interval of 15 km was performed

Fig. 4 Increment of water
vapor during 1 h at 1530 JST
(colored region) reproduced
by the deterministic forecast.
Arrows and contours indicate
the horizontal wind and water
vapor near the surface (thin
lines) and rainfall regions
(thick lines), respectively.
Thick green arrows indicate
line-shaped increased and
decreased regions of TVR.
A black square indicates the
region shown in Fig. 3

Fig. 5 Schematic illustration of the experiments using a two-way nested LETKF system
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from 9 JST 1st August, and the assimilation of Inner LETKF with the grid interval
of 1.875 km was started at 3 JST 4th. The grid number of Outer LETKF was
80 × 80 × 50 so that the domain of Outer LETKF covered Japan except Kyushu
and Hokkaido. The grid number of Inner LETKF was 160 × 160 × 50 to cover
the Kanto Plain and surrounding area. The ensemble size of both LETKFs was 12.
The conventional data of JMA, such as upper sounding data, surface pressure and
so on, were assimilated by Outer and Inner LETKFs, and TVR data was added to
the conventional data of Inner LETKF. The slot intervals of Outer and Inner
LETKFs were 1 h and 10 min, respectively.

As explained in Sect. 2, the temporal variations of TVR from a given time were
obtained from the phase data of Doppler radar. We assumed that the analyzed
distribution of 1500 JST is close to the reality, and the refractivity distributions
from 1510 JST to 1600 JST were obtained by adding the increments of TVR to this
analyzed distribution. The refractive index distributions from 1510 JST to 1600 JST
were used as the assimilation data of Inner LETKF. Observation operator for
refractive index is as follows;

N= ðn− 1Þ×106 = 77.6
P
T
+373000

e
T2 ,

where n, N, e, P and T are refractivity, refractive index, partial pressure of water
vapor, pressure and temperature, respectively. The observation error of refractive
index was 10 N, which was determined by trial and error. The height of TVR data
was assumed to be 60 m, which is the height of the antenna of the radar.

Figure 6 shows the rainfall regions observed by the conventional radars at 15
JST and 16 JST on August 4th 2008 and the increment distribution of TVR during
1600–1610 JST. At 15 JST, there were rainfall regions over the mountainous area

Fig. 6 a, b Rainfall distributions observed by operational radars. Contours and barbs indicate the
surface temperature and horizontal wind observed by AMeDAS of JMA. Red numbers indicate
water vapor mixing ratio observed by Meteorological Observatories of JMA. A red contour in
(a) indicates the region of temperature at 32 °C. A red square in (b) is the region of (c). Thick
black arrow in (b) indicates a rainfall band generated at the southern part of the Kanto Plan.
c Horizontal distribution of 10-min increment of TVR (1600–1610 JST). Red crosses indicate the
positions of the Tokyo radar
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surrounding the Kanto Plain. The temperature in the Kanto Plain exceeded 32 °C,
and the airflows from east and south were converged at the southern part of the
Kanto Plain (indicated by red circles with broken lines in Fig. 6a, b). This con-
vergence of high temperature airflows is a favorable condition for the generation
of convection cells. The rainfall band extending in the east-west direction was
generated there at 16 JST (indicated by a black arrow). The increment distribution
of TVR when the rainfall band was generated indicates that the increased region
of refractivity extended west-southwestward from the radar (indicated by a red
circle). This region where TVR was increased is consistent with the generation of
rainfall band there. In addition to this increased region, refractivity was decreased
at the northwestern and eastern sides of the radar (indicated by blue circles in
Fig. 6c).

The rainfall distributions that were reproduced by Inner LETKF with or without
the assimilation of TVR data are shown in Fig. 7a, b. The rainfall regions at the
mountainous area surrounding the Kanto Plain were reproduced in both analyses. In
addition to the mountainous area, a rainfall region extending in the east-west
direction was reproduced at the southern part of the Kanto Plain (indicated by black
arrows in Fig. 7a, b), though the time of generation was 1 h earlier than the
observed one. On the eastern side of the radar, fake rainfall regions were generated
(indicated by red circles with broken lines). These fake rainfall regions became
weaker (Fig. 7b) when the TVR data was assimilated. The difference of the ana-
lyzed water vapor distributions (Fig. 7c) shows that water vapor was decreased
there (indicated by red circles with broken line). It is deduced that the assimilation
of TVR data suppressed the fake rainfall through the decrease of water vapor in the
eastern part of the Kanto Plain. This result indicates that TVR has the potential to
improve the rainfall forecasts.

Fig. 7 Data assimilation results of TVR data. Colored regions in (a) and (b) are ensemble mean
distributions of rainfall at 16 JST. Arrows show the horizontal wind near the surface. Thick black
arrows in (a) and (b) indicate the rainfall band generated at the southern part of the Kanto Plan.
Colored regions, black contours and arrows in (c) show the difference of analyzed water vapor,
temperature at the height of 60 m and horizontal wind near the surface. Red squares in (a) and
(b) indicate the region of (c). Red circles with broken lines indicate the regions where fake rainfall
regions were weakened by the assimilation TVR data. Red contours in (c) depict the topography
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5 Summary

In this study, TVR data was obtained from the phase data of JMA’s operational
Doppler radar. The potential of TVR as the assimilation data for the improvement
of rainfall forecasts was shown in this chapter. In addition to the assimilation data,
TVR is expected to be useful data for monitoring the initiations of convection cells
because TVR shows the positions of sea breezes.

However, there are several points that should be investigated. Namely, the
observation error was determined by trial and error, and the paths of radio waves
were assumed to propagate at the altitude of the radar’s antenna in this study.
Although the effect of vertical variation of refractivity on the refractive index along
the path in the U.S. was investigated by Park and Fabry (2010), the effect in Japan
might be different from that in the U.S. because the low-level atmosphere in the
summer in Japan is more humid. It should also be confirmed that TVR caused by
sea breezes is larger than the effects of the bending of radio waves caused by the
vertical variation of refractivity. To get more conclusive results about the impact of
radar refractivity data on rainfall forecasts, the effects of radio waves’ bending and
the observation error of TVR should be investigated, and more data assimilation
experiments using TVR data are needed.
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Assessment of Radiative Effect
of Hydrometeors in Rapid Radiative
Transfer Model in Support of Satellite
Cloud and Precipitation Microwave
Data Assimilation

Peiming Dong, Wei Han, Wei Li and Shuanglong Jin

Abstract To date, various satellite observations have been assimilated in numer-
ical weather prediction (NWP), making a dramatic contribution to the improvement
of forecast accuracy. However, the focus has mainly been on satellite measurements
in a clear atmosphere, with relatively little attention paid to exploring the use of
satellite observations under cloudy and rainy conditions. One of the key issues
related to cloud and precipitation data assimilation is the radiative effect of
hydrometeors in the rapid radiative transfer model (RRTM). This paper presents a
detailed assessment of the radiative effect of hydrometeors in the RRTM, in support
of satellite cloud and precipitation microwave data assimilation. Using the output of
hydrometeors from the Weather Research and Forecasting (WRF) numerical
forecast model as the input for the Community Radiative Transfer Model (CRTM),
the radiative effect of hydrometeors on the simulation of Advanced Microwave
Sounding Unit (A and B) (AMSU-A and AMSU-B, respectively) satellite obser-
vations are analyzed. Then, the sensitivity of the satellite simulation to hydrome-
teors’ properties, including the water content, particle size and vertical distribution,
are investigated. Finally, the result of CRTM is compared and discussed with that of
Radiative Transfer for TOVS (RTTOV)—another popular RRTM used in the
numerical weather prediction community. The results show that the inclusion of the
radiative effect of hydrometeors in the RRTM makes the satellite brightness tem-
perature simulation match up, reasonably successfully, with the observation.
Overall, the radiative effects of hydrometeors have diverse influences in most of the
channels of the satellite microwave observations, except the AMSU-A high-level
temperature sounding channels 10–14. Investigation of the radiative effect of the
individual hydrometeors verifies that the cloud and rain water mainly have a
warming effect, owing to radiative emission. This effect dominates three of the
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AMSU-A window channels, 1–3, but is weakened both in the other AMSU-A
window channel, 15, and in the AMSU-B window channel 1. The effect of cloud
and rain water in the other channels is one of scattering, which decreases the
brightness temperature. Ice, snow and graupel all present a cooling effect, owing to
scattering. The variation produced by ice is extremely small, but is obvious in
AMSU-B. The effect of both snow and graupel is notable in all AMSU-A and
AMSU-B channels. The sensitivity of satellite microwave remote sensing to the
water content of hydrometeors corresponds well with their radiative effect. The
brightness temperature is not sensitive to the effective radius size of cloud and ice,
and the sensitivity of satellite observations to the particle size of rain, snow and
graupel is strong. Also, the sensitivity is complicated by the frequency. The sen-
sitivity of the satellite simulation to the vertical distribution of hydrometeors is
presented by the transfer of the particular channel affected. Additionally, the results
of RTTOV and CRTM are generally consistent. The main discrepancy is the
magnitude of the response function of hydrometeors and the corresponding
deviation of brightness temperature produced by the radiative effect of hydrome-
teors. The result in CRTM appears to be at least double the magnitude of that in
RTTOV.

1 Introduction

Owing to the great social, ecological and economic impacts of weather, the
improvement of forecast accuracy has emerged as a high-priority topic in the
atmospheric sciences. It is recognized that the use of observations has a great impact
on numerical weather prediction. Through data assimilation, diverse observations of
the atmosphere, land and ocean, sampled at different times, intervals and locations
are combined with a priori knowledge of the evolving atmospheric state to produce
the optimal analysis for NWP (Rodgers 2000). Satellites provide a very useful source
of observations. Along with advancements in remote sensing and data assimilation
techniques, the amount of satellite data that is usable in NWP has been increasing
rapidly. To date, the greatest volume of data assimilated into numerical forecasts
derives from satellite observations, contributing a dramatic improvement in forecast
accuracy over the last two decades at publication (Mahfouf et al. 1999).

However, currently, most assimilated satellite measurements are of the clear-sky
type, with many satellite data affected by cloud and precipitation rejected. To utilize
the information provided by satellite observations fully, in all weather conditions,
and acquire continual and substantial improvements in NWP, research associated
with the assimilation of satellite cloudy data has been pursued, but remains chal-
lenging problems (McNally 2002, 2009; Weng and Liu 2003; Bauer et al. 2006a, b,
2010, 2011; Pu 2009; Geer et al. 2010; Županski 2013; Okamoto et al. 2014).
Specifically, an advanced radiative transfer model to handle the scattering and
emissions that dominate cloud and precipitation radiative transfer is needed, thus
enabling better use of satellite observations made under cloudy and rainy conditions
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(Errico et al. 2007; Stengel et al. 2010). Recently, the Rapid Radiative Transfer
Model, which is a crucial component of satellite data assimilation in NWP, has been
extended from clear atmospheric conditions to also incorporate cloud absorption
and scattering from hydrometeors. The two popular RRTMs used in the NWP
community are CRTM (Weng 2007) and RTTOV (Saunders et al. 1999), developed
by the Joint Center for Satellite Data Assimilation, USA, and the European
Organization for the Exploitation of Meteorological Satellites, respectively.

The validation and assessment of the RRTM under cloudy conditions is a very
important and necessary step not only for improvement to the RRTM, but its
application as well. It allows for forward model biases to be quantified and error
characteristics to be well understood, under various cloudy conditions (Geer et al.
2011). For example, the observed brightness temperature from NOAA-18 instru-
ments has been compared to those simulated by the CRTM using the inputs of
CloudSat-retrieved hydrometeor profiles (Chen et al. 2008). Only the cloud and ice
water absorption and scattering are computed in this study with the limitation of the
hydrometeor retrievals. Because of the lack of accurate and sufficiently detailed
cloud microphysical profiles, various hydrometeor profiles from weather forecast
models and cloud resolving models have generally been used for radiative transfer
simulations (e.g. Kummerow 1993; Burns et al. 1997; Skofronick-Jackson et al.
2002; Bennartz and Bauer 2003; Chevallier et al. 2003; Hong et al. 2005; Sreerekha
2008; Hong et al. 2010, Han and Dong 2012). The hydrometeor profiles from the
MM5 model and Met Office mesoscale model were used in a simulation of the
satellite observation of Super Typhoon Paka and a mid-latitude front by Kum-
merow (1993) and Sreerekha et al. (2008), respectively. Hong et al. (2010) input the
hydrometeors from a three-dimensional deep convective cloud model into a
radiative transfer model to understand the effects of clouds on the Advanced
Microwave Sensor Unit-B channels. It is cloud and ice water only that were used by
Sreerekha et al. (2008). Most of the work mentioned above utilized five hydrom-
eteors, including cloud liquid water, rain water, cloud ice, snow and graupel. The
same five-class hydrometeors from a WRF model forecast were used by Han and
Dong (2012) in their study of the RRTM in the application of satellite data
assimilation. Up to seven hydrometeor classes were used by Bennartz and Bauer
(2003) in their investigation of a convective system over the eastern Mediterranean.

This paper presents a detailed assessment of the radiative effect of hydrometeors
in the RRTM by taking inputs from a numerical model forecast. Section 2 briefly
describes the process that accounts for the radiative effect of hydrometeors in the
RRTM. The data and methods are introduced in Sect. 3. In Sect. 4, the simulation
of satellite observations made under cloudy and rainy conditions is analyzed, with
the sensitivity of the satellite simulation to hydrometeors’ properties examined in
Sect. 5. Results from CRTM and RTTOV are compared and discussed in Sect. 6.
And finally, a summary and further discussion comprise Sect. 7.
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2 The Process of the Radiative Effect of Hydrometeors
in the RRTM

Satellite data assimilation using the variational analysis approach involves com-
bining the satellite observation with a priori initial guess. The best estimate of the
atmospheric state, x, is obtained by minimizing the cost function (Rodgers 2000):

J =
1
2
ðx− xbÞT B− 1ðx− xbÞ+ 1

2
½HðxÞ− yo�TðE+FÞ− 1½HðxÞ− yo�,

where, xb is the background state and B is the associated error covariance matrix; yo

is the observed satellite measurement; HðxÞ is the simulated satellite data at the state
variable x through the observation operator H, which is the RRTM for satellite
measurement; and E and F are the error matrices associated with the observation
and forward model, respectively.

The gradient of the cost function at the iteration process of the minimum is:

∇x J = B− 1ðx− xbÞ+ HT ðE+FÞ− 1½HðxÞ− yo�,

where, HT is the adjoint operator and the derivative of the radiance with respect to
the state variables. So, an RRTM includes both fast forward and Jacobian radiative
transfer models that are capable of producing the model simulation of radiance from
the satellite instrument and the gradients of a simulated brightness temperature with
respect to input variables.

In CRTM, for a plane-parallel atmosphere, the radiance emanating to the top of
the atmosphere is obtained from the differential form of the radiative transfer
equation (Weng 2007; Han et al. 2012):

μ
dIðτ, μ,ϕÞ

dτ
= − Iðτ, μ,ϕÞ+ Sðτ, μ,ϕ; μ0 , ϕ0Þ+

ϖ

4π

Z2π

0

Z1

− 1

Mðτ; μ,φ; μ′,ϕ′ÞIðτ, μ′,ϕ′Þdμ′dϕ′θ,

where I is the radiance; S and M are the source term and scattering phase matrix,
respectively; μ0 and ϕ0 are the cosines of the zenith angle and the azimuthal angle
of the sun, respectively; μ and ϕ are the cosines of the zenith angle and the
azimuthal angle in the scattering direction, respectively; ϖ is the single scattering
albedo; and τ is the optical thickness.

The first and second terms on the right-hand side of the equation are the
transmitted radiance from the bottom of the layer and the emitted radiance by the
layer, which can be derived from the atmospheric temperature and optical param-
eters. The third integral term contains the contributions due to multiple scattering.
The total radiance from the first two terms approaches the exact emission solution
as the scattering approaches zero. The multiple scattering is evaluated using a
two-stream solution with a satisfactory accuracy under more cloudy conditions;
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although, the more streams that are used for multiple scattering, the more exact the
solution becomes. To overcome the computational expense of the term-by-term Mie
calculation of the scattering coefficients and phase-matrix parameters, the micro-
physical properties (extinction coefficient, single-scattering albedo, asymmetry
factor, and Legendre phase function coefficients) of cloud particles are stored in
lookup tables. Up to six particles, including water, rain, ice, snow, graupel and hail,
are treated presently.

A similar radiative theoretical formula, albeit with different treatment and code
construction, is used in RTTOV. The top of the atmosphere upwelling radiance,
Lðυ, θÞ, at a frequency υ and viewing angle θ, is combined linearly (Bauer et al.
2006a, b; James et al. 2014):

Lðυ, θÞ= ð1−NÞ LClrðυ, θÞ+NLCldðυ, θÞ.

where, LClrðυ, θÞ and LCldðυ, θÞ are the clear-sky and cloudy or rainy top of the
atmosphere upwelling radiance, respectively. Note that N, the effective cloud
fraction in the vertical profile, is a key argument for the simulation in that the two
independent columns are linearly combined by it to produce the final result.
Moreover, the scattering effect for the infrared and microwave radiance uses
completely different approaches: it is parameterized for the former and treated
explicitly for the latter. For the simulation of microwave radiance scattered by cloud
and precipitation, the core RTTOV module is used for the clear-air part, while a
separate interface, RTTOV-SCATT, is provided to add the scattering effect from
hydrometeors in the atmosphere profile. The scattering effect of hydrometeors at
microwave frequencies is computed using the delta-Eddington approximation, and
the Mie scattering properties are also handled through the lookup tables. The
hydrometeor variables involved in cloudy profile include cloud liquid water, cloud
ice water and solid precipitation rain and snow.

3 Data and Methods

3.1 Satellite Observation

It is satellite microwave observations that form the focus of the present study. The
satellite data from the Advanced Microwave Sounding Unit (AMSU) onboard
NOAA-16 are used. AMSU is the second—the replacement version—of the
four-channel Microwave Sounding Unit, which was first launched in 1978, onboard
TIROS-N. Also, it is the predecessor of the Advanced Technology Microwave
Sounder, onboard the Suomi National Polar Orbiter Partnership satellite, which
combines and inherits most of the channels from AMSU. AMSU is a cross-track
scanning microwave radiometer for sounding the atmospheric temperature and
humidity. It is divided into Unit-A (AMSU-A) and Unit-B (AMSU-B), which
provide a total of 15 channels and 5 observation channels, respectively. Twelve of

Assessment of Radiative Effect of Hydrometeors … 341



the AMSU-A channels are in the oxygen band frequency range from 50.3 to
57.3 GHz. The other three channels are located at 23.8, 31.4 and 89 GHz.
AMSU-B has two window channels located at 89 and 150 GHz, along with three
humidity sounding channels around the 183 GHz water vapor line. The field of
view (FOV) size at nadir of AMSU-A is about 48 km. There are only 30 FOVs
from each scan. AMSU-B, meanwhile, has an FOV of 16 km at nadir and a total of
90 FOVs at each beam position.

3.2 Case Description

A typhoon case is selected for the experiments. The cloud associated with the
typhoon is systemic. More importantly, the accuracy of the simulated satellite
radiance or brightness temperature in various channels is strongly affected by the
surface emissivity. Compared to other surface types, the surface emissivity is less
variable over the ocean and the microwave emissivity modeling over the sea surface
is now considered as a well-handled issue. The selection obviously benefits the
investigation.

Typhoon Luosha, numbered 0716, is the fifth tropical storm that has made
landfall on the Chinese mainland in October since 1949, and was also the eighth
landfalling typhoon in 2007. It initiated over the eastern Philippine Sea on 2
October 2007. Luosha moved northwestward and made its first landfall around 6
October near Yilan County, Taiwan. After landfall, it turned in a circular movement
over the eastern Taiwan Strait before returning to make a second landfall in Yilan
County. Luosha then moved northwestward across the Taiwan Strait and made a
third landfall on the Chinese mainland around 7 October 2007.

3.3 Numerical Forecast Model

In this study, the Advanced Research WRF (ARW), version 3.3.1, developed at the
National Center for Atmospheric Research (NCAR), USA, is employed. A double
nested domain is configured. The parent domain is in the horizontal direction with a
resolution of 54 km, while the two-way nesting domain has a resolution of 18 km.
The Lin scheme is used for microphysical parameterization. This is a sophisticated
scheme that has a 6-class hydrometeor setup, including water vapor, cloud liquid
water, rain water, ice, snow and graupel, suitable for real-data high-resolution
simulation. The other schemes used for physical processes are the Betts–Miller–
Janjic cumulus parameterization scheme, the Yonsei University planetary boundary
layer scheme, RRTM longwave radiation scheme, and the Dudhia shortwave
radiation scheme (Wang et al. 2010). The WRF model is integrated up to 24 h,
starting from 1800 UTC 2 October 2007, with National Centers for Environmental
Prediction (NCEP) reanalysis data used as the initial and boundary conditions.
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3.4 Inputs to the RRTM

The output of the numerical model’s inner domain forecast with 18 km horizontal
resolution is taken as the input to the RRTM. It includes not only atmospheric
temperature, water vapor and pressure at user-defined layers, wind at 10 m
above-ground, surface temperature and pressure, but also hydrometeor profiles of
five cloud types, to evoke the inclusion of the multiple scattering of atmospheric
particles in the RRTM. The five hydrometeor types are cloud water, rain water, ice,
snow and graupel. Figure 1 shows the vertical profiles averaged for the hydrom-
eteors in the typhoon area (18°–24°N, 125°–131°E). The cloud water and rain water
are situated mainly below 500 hPa, with temperature at around 273 K. A small
amount of cloud water overruns the zero degree line and is situated up to 300 hPa.
Ice, snow and graupel water concentrate at the higher levels (Graupel is not shown).
The altitude of ice is the highest. Snow is located below ice, and graupel water is
the lowest with a much larger extent from 600 to 300 hPa.

For CRTM, the effective radius and variety of hydrometeor particle sizes are
required, besides the inputs mentioned above. Taking account of the lack of ade-
quate and authentic observations of cloud microphysical data, the effective radius of
particle size is generally set to a constant. In this study, the effective radius of cloud
liquid water, rain water, ice, snow and graupel are 15, 200, 200, 600 and 600 μm,
respectively.

Fig. 1 Vertical profiles of
hydrometeors averaged in the
typhoon area (18°–24°N,
125°–131°E)
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For RTTOV, there is a need for cloud cover, and not the effective radius and
variety of hydrometeor particle sizes. This is retrieved from the relative humidity in
this study. The experiential formula between cloud cover N and relative humidity is:

N =
f − f0
1.0− f0

� �b

,

where the range of N is 0–1.0; f is relative humidity; and f0 is the critical value of
relative humidity, which is dependent on the altitude. Here, this value is taken as
0.9 below 600 m, 0.5 for 600–1500 m, 0.6 for 1500–2500 m, and 0.5 when the
altitude is above 2500 m. b is an experiential constant that is generally equal to 2.

4 Analysis of the Simulation of Cloudy and Rainy Satellite
Microwave Observations

4.1 Influence of Hydrometeors on the Satellite Microwave
Simulated Brightness Temperature

The simulated brightness temperature with and without hydrometeor profiles, using
CRTM, as well as the satellite observations, are presented in Fig. 2. A five-class
hydrometeor range—including cloud, rain, snow, ice and graupel—is used in the
cloudy and rainy simulations. For brevity, only the results for AMSU-A channel 1
at 23.8 GHz and AMSU-B channel 1 at 89 GHz are given. As can be seen, large
deviation exist between the simulated brightness temperature without hydrometeors
and the observation. The inclusion of the radiative effect of hydrometeors in the
RRTM leads to a notable matching up of the satellite brightness temperature
simulation with the observation.

4.2 Deviation and Root-Mean-Squared Error

The area average of deviation and root-mean-squared error (RMSE) between the
simulated brightness temperatures with and without hydrometeors are presented in
Fig. 3. In terms of the channel numbers shown on the horizontal axis, numbers 1–
15 are the 15 AMSU-A channels, while 16–20 correspond to AMSU-B channels 1–
5. The legend shows the results for the different hydrometeors, in which ‘Ice*10’
implies that the result of ice is multiplied by 10, as the original magnitude is too
small, and ‘4wat’ and ‘5wat’ represent the results of four-class and five-class
hydrometers, respectively. The four-class result, which excludes graupel, is pro-
vided for convenience of comparison between CRTM and RTTOV in Sect. 6,
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because graupel is not currently included in RTTOV. The difference between the
‘5wat’ and ‘4wat’ results implies the effect of graupel.

In terms of the deviation, it can be seen that the radiative effect of hydrometeors
has a diverse influence on the simulation of AMSU-A and AMSU-B brightness
temperature, apart from in the AMSU-A high-level channels 10–14. The total
radiative effect increases the brightness temperature for the AMSU-A channels 1–3
and decreases the temperature for the other AMSU-A channels and all the AMSU-B
channels, both in the ‘5wat’ and ‘4wat’ results. The increment for channel 2 is the
largest. Channel 3 yields the minimum warming from the cloudy and rainy parti-
cles. The cooling effect reduces gradually from AMSU-A channel 4 to 9. The
decrement of brightness temperature becomes larger again in the AMSU-A window
channel 15, and the two AMSU-B window channels, 16 and 17. The radiative effect
of hydrometeors strengthens with the channel number in the AMSU-B sounding
channels, from 18 to 20. All window channels—including AMSU-A 1–3, 15 and
AMSU-B 16, 17—have large RMSE between the simulation with and without
hydrometeors. The largest RMSE exceeds almost 20 K in channel 2. There are also
several degrees of RMSE in simulated brightness temperature brought by the
radiative effect of hydrometeors in both the AMSU-A low-level channels 4–8 and
all AMSU-B humidity sounding channels. This corresponds well with the cloud

(a) (b) (c)

(d) (e) (f)

Fig. 2 Observed and CRTM-simulated brightness temperature for a–c AMSU-A channel 1 and
d–f AMSU-B channel 1. a, d observations; b, e simulations without hydrometeors; c, f simulations
with hydrometeors
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detection performed in these channels in present data assimilation systems, in that
the satellite observations of these channels are indeed affected by cloud and pre-
cipitation and must be removed in clear-sky satellite data assimilation.

Given that the focus is on the radiative effect of individual hydrometeors, it is
found that the cloud and rain water play their roles mainly in the window and
low-level channels, because cloud and rain water concentrate in the low-level
atmosphere. The radiative emission of cloudy and rainy particles in the microwave
low frequency increases the brightness temperature, and scattering becomes
prevalent with the increase of frequency. Although there is still a warming of cloud
and rain water in AMSU-A channel 15 and AMSU-B channel 16, the magnitude is
small. The radiative effect of cloud and rain is one of cooling in AMSU-B window
channel 17. In AMSU-A channels 4–8 and the AMSU-B humidity sounding
channels 18–20, it is mainly rain that depresses the simulated brightness temper-
ature. The higher the corresponding altitude of the channel, the smaller the mag-
nitude, which is in accordance with the fewer cloud and rain water particles in
high-level layers. This is also true for the AMSU-B sounding channels, as the

(a)

(b)

Fig. 3 Area average of simulated brightness temperature a deviation and b RMSE between the
simulation with and without hydrometeors for AMSU-A and AMSU-B
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channel number is ordered opposite with the corresponding altitude. Ice and snow
reduce the simulated brightness temperature. The variation produced by ice is
extremely small and is obvious in AMSU-B channels, with a tenth of several
degrees. The cooling effect of snow is notable not only in AMSU-B, but also
AMSU-A, always bringing a reduction of about 1–2 K. In addition, the radiative
effect of graupel can be determined from the difference between the ‘5wat’ and
‘4wat’ results. Specifically, it is the cooling in brightness temperature owing to
scattering from graupel with large particle radius in all AMSU-A and AMSU-B
channels. Graupel plays a more important role than ice and snow, and is even the
key role among all hydrometeors in several channels.

4.3 Contribution Ratio

The percentage of brightness temperature variation contributed by each hydrome-
teor in deviation between the cloudy and clear simulation is shown in Fig. 4 to
illustrate the comparative importance of the radiative effect of hydrometeors on the
microwave satellite observation. The results of AMSU-A channels 10–14, in which
hydrometeors play no role, are ignored.

It can be seen that the radiative effect is completely predominated by the cloud
and rain water in AMSU-A channels 1–3. The total percentages of cloud and rain
contribution exceed more than 98 % and 80 % in channels 1–2 and channel 3,
respectively. The ratio of rain water is always larger than that of cloud water. From
AMSU-A channels 4–9, the increase in the channel central frequency reduces the
effect of cloud and rain water. The total contribution drops to below 40 % after
channel 4 and fades completely in channel 9. The contributions of snow, ice and
graupel all increase with channel number in AMSU-A channels 1–9, with the effect
of snow increasing uniformly; it exceeds 50 % after channel 7 and reaches 84 % at
channel 9. The effect of ice only emerges as being notable in the mid-level chan-
nels, 7–9. Graupel, meanwhile, takes up an important position from channel 3,
making its maximum contribution (33 %) in channel 4. The contribution ratio of
graupel decreases from 29 % to 8 % from channel 5 to 9.

In the AMSU-A window channel 15 and the five AMSU-B channels, it is
graupel that makes the most important contribution. Its contribution is greater than
50 % in all three window channels and one humidity sounding channel: AMSU-A
channel 15 and AMSU-B channels 16, 17 and 20. Snow is the second highest
contributor in those channels and has the leading role in channels 18 and 19. The
effects of cloud and rain water are concentrated in the window channels. The effect
of ice is shown in three humidity sounding channels; the maximum is 13 % in
channel 18.

Assessment of Radiative Effect of Hydrometeors … 347



Fig. 4 Contribution ratio of each hydrometeor to the brightness temperature variation
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5 Sensitivity of the Satellite Simulation to Hydrometeors’
Properties

5.1 Sensitivity to Water Content

The sensitivity of satellite microwave brightness temperature to the water content of
hydrometeors is verified by experiments in which the hydrometeors are each given
a content increase or decrease of 10, 20 and 50 %.

The area-averaged deviation of brightness temperature produced by the changes
in hydrometeor water content is illustrated in Fig. 5. As can be seen, the brightness
temperatures of the AMSU-A window channels 1–3, 15 and the AMSU-B window
channels 16–17, are the most sensitive to the content of cloud and rain water. The
channel with the largest sensitivity is channel 2. The sensitivity of ice is apparent
only in AMSU-B channels. It is worth pointing out that the temperature deviation is
extraordinarily large when the content of ice is increased by 50 %. An explanation
may be the insufficient ice water in the numerical forecast. Thus, the radiative effect
of ice is likely underestimated in this study (Hong et al. 2010), and there is a need to
revisit this later. Snow and graupel have strong influences on the simulated
brightness temperature of the AMSU-A low-level channels, window channel 15,
and all AMSU-B channels—especially those channels with high frequencies. The
sensitivity of satellite microwave remote sensing to the water content corresponds
well with the radiative effects of hydrometeors revealed above.

5.2 Sensitivity to Particle Size

In a similar way to water content in Sect. 5.1, the sensitivity to particle size is
discussed using the results of experiments in which the effective radii of hydrom-
eteors are each increased or decreased by 10, 20 and 50 %. The area-averaged
deviation of brightness temperature is shown in Fig. 6.

There is no variation in brightness temperature produced by the changes in cloud
and ice water particle size. The radiative effect of rain is mainly one of warming,
owing to the emission process, in the AMSU-A window channels 1–3, 15 and
AMSU-B window channel 16; while in other channels, the affect is one of cooling
associated with scattering. However, enlargement of the effective radius only
increases the temperature in AMSU-A channels 1–2. The brightness temperatures
in AMSU-A channels 3, 15 and AMSU-B 16 are depressed when the particle size
becomes large. At the same time, the brightness temperatures of AMSU-A channels
1–3 are depressed, and those in other channels are increased, as the effective radius
is reduced. This implies that emitting particles dominate only in the channels with

Assessment of Radiative Effect of Hydrometeors … 349



Fig. 5 Area-averaged
deviation of brightness
temperature produced by the
changes in hydrometeor water
content (indicated by the
different colored bars; see
legend at the bottom of the
figure) for AMSU-A and
AMSU-B
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Fig. 6 Area-averaged
deviation of brightness
temperature produced by the
changes in the effective radii
of hydrometeors (indicated by
the different colored bars; see
legend at the bottom of the
figure) for AMSU-A and
AMSU-B
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low frequency, and scattering becomes prevalent with an increase in particle size.
The cooling of scattering overruns the warming due to emission in those
high-frequency channels.

The brightness temperatures of AMSU-A channels 1–7, 15 and all AMSU-B
channels are sensitive to the particle size of snow and graupel water. The sensi-
tivities of AMSU-A channel 15 and AMSU-B channels are much stronger. For
snow, the temperature generally increases, regardless of whether the effective radius
is enlarged or reduced. The temperature associated with graupel decreases with
increasing particle size. On the contrary, the temperature becomes warmer when the
particle size is reduced. Meanwhile, the sensitivity seems to be complicated by the
frequency. This is attributed to the scattering associated not only with particle size,
but also the frequency.

5.3 Sensitivity to the Vertical Distribution of Hydrometeors

To study the sensitivity of the satellite simulation to the vertical distribution of
hydrometeors, the hydrometeor profiles are adjusted by moving them each up or
down by one and two layers. The one and two layers correspond to 50 and 100 hPa,
respectively, because the hydrometeor profiles are on the even interval pressure layer
with 50 hPa. Figure 7 shows the area-averaged deviation of brightness temperature
brought about by the adjustment of the hydrometeor profiles.

It can be seen that the sensitivity of the satellite simulation to the vertical
distribution of hydrometeors is not only apparent in the change of brightness
temperature in those channels affected by cloud and precipitation, but also by the
transfer of the particular channel affected. It is understandable that the brightness
temperature in the channel associated with its response function at a certain altitude
is greatly affected by the change of hydrometeors in this layer.

6 Inter-Comparison Between RTTOV and CRTM

6.1 Simulated Satellite Brightness Temperature

Figure 8 presents the simulated brightness temperature with and without hydrom-
eteor profiles by using RTTOV. The simulation by CRTM with its four-class
hydrometeor setup, i.e., cloud, rain, snow and ice, the same as that of RTTOV, is
presented. Compared to Fig. 2, the RTTOV clear-sky simulations agree well with
those of CRTM without hydrometeors. It has large deviation with the observation
and cannot capture the observed brightness temperature. Simultaneously, the sim-
ulation is improved greatly by the consideration of the radiative effect of
hydrometeors. This makes both RTTOV and CRTM a practical tool under cloudy
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Fig. 7 Area-averaged
deviation of brightness
temperature brought about by
the adjustment of
hydrometeor profiles
(indicated by the different
colored bars; see legend at
the bottom of the figure) for
AMSU-A and AMSU-B
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and rainy conditions, through the capability of incorporating absorption and scat-
tering from hydrometeors. It should be noted, however, that the depression of
RTTOV-simulated brightness temperature in AMSU-B channel 1 is not as evident
as in the CRTM simulation with its five-class hydrometeor range, while it is almost
the same as the simulation of CRTM with only four classes of hydrometeors. This
demonstrates that it is the cooling effect of graupel particles that is missing in the
present RTTOV. In general, the five-class hydrometeor (with graupel) CRTM
simulation is the closest match to the observation.

6.2 Deviation and RMSE

The RTTOV results for the area-average deviation and RMSE between the simu-
lated brightness temperatures with hydrometeors and those without hydrometeors
are shown in Fig. 9. In general, the radiative effect of hydrometeors represented in

(a) (b) (c)

(d) (e) (f)

Fig. 8 RTTOV- and CRTM-simulated brightness temperature for a–c AMSU-A and
d–f AMSU-B channel 1. a, d RTTOV simulations without hydrometeors; b, e RTTOV
simulations with hydrometeors; c, f four-class hydrometeor CRTM simulations
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RTTOV agrees well with that of CRTM. Only the AMSU-A high-level channels
10–14 are not affected by cloud and precipitation. The brightness temperature is
increased in AMSU-A channels 1–3 and decreased in other channels. The warming
effect, owing to the radiative emission of cloud and rain water dominates in three of
the AMSU-A window channels, 1–3, but is weakened in both the other AMSU-A
window channel, 15, and the AMSU-B window channel 16. The effect of rain water
is already one of cooling in AMSU-A channel 15 and AMSU-B channel 16.
A subtle difference is found between RTTOV and CRTM. The effect of cloud and
rain water in other channels is one of scattering, which decreases the temperature.
The scattering of both ice and snow leads to a reduction in temperature.

However, a significant discrepancy exists between the results of the two
RRTMs. That is, the magnitude of the deviation produced by the radiative effect of
hydrometeors: CRTM appears to be at least double the magnitude of RTTOV.

(a)

(b)

Fig. 9 RTTOV area-averaged simulated brightness temperature a deviation and b RMSE between
the simulation with and without hydrometeors for AMSU-A and AMSU-B
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6.3 Response Function of Hydrometeors

As mentioned above, the derivative of the satellite brightness temperature with
respect to the state variables obtained by the adjoint model of the RRTM is used in
data assimilation to generate the minimum cost function. It is also the response
function that expresses the sensitivity of the brightness temperature to the input
variables. Figures 10 and 11 are the response functions of four cloud-type
hydrometeors—cloud, rain, ice and snow—produced in both RTTOV and CRTM.

The response functions of cloud water and rain water are situated in the low level
and those of ice and snow are located in the high level, corresponding well with the
vertical distribution of hydrometeors. Of note is that there is also a peak around
300 hPa for cloud water. This should contribute less to the variation of brightness
temperature, taking into account the limited cloud water content in the high-level
atmosphere. The response functions of cloud and rain water for the AMSU-A
window channels and AMSU-B window channel 1 are positive, expressing the
radiative emission of cloud and rain particles and increasing the brightness tem-
perature. The response functions, especially that of rain water, become negative for
the AMSU-B humidity sounding channels. This is consistent with the temperature
depression in these channels, which suggests that the radiative effect has turned to
one of cooling, owing to scattering. The negative response functions of ice and
snow show that the radiative effect is one of scattering, and there is a depression in
the brightness temperature. Moreover, it is illustrated by the order of magnitude that

(a) (b) (c)

(e) (f) (g)

(d)

(h)

Fig. 10 Response functions of hydrometeors obtained from the RTTOV Jacobian model.
a–d AMSU-A; e–h AMSU-B
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the radiative effect of rain is the strongest, followed by cloud and snow. Ice has the
weakest radiative effect among these four classes of hydrometeors.

It is important to note at this point that it is still the magnitude of the response
function that causes the level of discrepancy between the results of RTTOV and
CRTM. The stronger the response function is, the larger the deviation of temper-
ature is produced. This is in accordance with the previous statistical results, i.e., the
deviation and RMSE between the simulated brightness temperature with and
without hydrometeors.

7 Summary and Discussion

In this paper, the radiative effect of hydrometeors on the simulation of microwave
satellite observations in the RRTM is evaluated by taking the hydrometeor output
from a WRF numerical forecast as the input. The evaluation includes analysis of the
simulation of cloudy and rainy satellite microwave observations and an investigation
of the sensitivity of the satellite simulation to hydrometeor properties, including the
water content, droplet size and vertical distribution. An inter-comparison between
the results of two popular RRTMs within the NWP community, CRTM and
RTTOV, is also carried out.

(a) (b) (c)

(e) (f) (g)

(d)

(h)

Fig. 11 Response functions of hydrometeors obtained from the CRTM Jacobian model. a–d
AMSU-A; e–h AMSU-B
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The inclusion of the radiative effect of hydrometeors in the RRTM leads to a
notable matching up between the satellite brightness temperature simulation and
observations. The development of RRTMs with the capability of incorporating
emitting and scattering processes from hydrometeors is a necessary development so as
to supply assimilations of satellite observations affected by cloud and precipitation.

The radiative effects of hydrometeors have diverse influences on most channels
of satellite microwave observations, except the AMSU-A high-level temperature
sounding channels 10–14. The validation of the effect of hydrometeors in the
RRTM corresponds well with the cloud detection performed in these channels in
present data assimilation systems, in that the satellite observations of these channels
are indeed affected by cloud and precipitation and must be removed in clear-sky
satellite data assimilation.

Cloud and rain water mainly have a warming effect owing to their radiative
emission. This effect dominates in three of the AMSU-A window channels, 1–3, but
is weakened both in the other AMSU-A window channel, 15, and the AMSU-B
window channel 16. The effect of cloud and rain water in other channels is one of
scattering, which decreases the brightness temperature. Ice, snow and graupel all
present a cooling effect, owing to scattering. The variation produced by ice is
extremely small, but is obvious in AMSU-B. The effect of both snow and graupel is
notable in all AMSU-A and AMSU-B channels.

The sensitivity of satellite microwave remote sensing to the water content cor-
responds well with the radiative effect of hydrometeors. The brightness temperature
is not sensitive to effective radius size of cloud and ice, and the sensitivity of
satellite observations is strong to the particle size of rain, snow and graupel.
Meanwhile, the sensitivity becomes complicated by the frequency. The sensitivity
of the satellite simulation to the vertical distribution of hydrometeors is presented
by the transfer of the particular channel affected.

The radiative effect of hydrometeors is generally consistent in RTTOV and
CRTM. The greatest discrepancy is the magnitude of the response function of
hydrometeors and the corresponding deviation of brightness temperature produced
by the radiative effect of hydrometeors. The results in CRTM appear to be at least
double the magnitude of those in RTTOV.

It could be argued that the current assessment is limited by the fact that the input is
model-predicted cloud condensate, which is unlikely to be accurate. It is undeniable
that there are errors, possibly even large ones, in the numerical forecast, especially
for the cloud microphysical variables. However, the study nevertheless provides a
feasible approach to understanding the simulation of RRTMs under cloudy condi-
tions, given the lack of accurate and sufficiently detailed cloud microphysical
observations. Moreover, quantitative evaluations of the errors arising from RRTMs
with a numerical forecast background are very important because the errors are
typically used to define the observational error covariance matrices in direct
assimilations of satellite radiance. Of course, more observational datasets (e.g.
satellite active sensors, CloudSat, measurements from aircraft) will be used in future
work to better characterize the hydrometeors predicted by the numerical model.
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The performances of RRTMs under scattering cloudy and rainy atmospheres
may vary substantially. Scattering by cloud and precipitation is a complicated
process involving many hydrometeor-related factors. On the one hand, satellite
simulations are sensitive to hydrometeors’ properties; while on the other hand, these
variables are hard to obtain precisely, and are sometimes even missing completely.
Having a fixed particle size in this study is a definite limitation. The determination
of particle size from diagnostic or alternative prognostic schemes in numerical
models can be tested later.

In addition, it should also be noted that the channels in which the hydrometeors
have their greatest radiative effects are the window channels, as well as the lower
sounding channels. The measurements from these channels respond sensitively to
the radiation emanating from the Earth’s surface, such that the simulation errors are
strongly dependent on the accuracy of the surface emissivity. Thus, there is also a
need to properly handle the variability of surface emissivity in the use of satellite
data affected by cloud and precipitation, especially over complex surface types such
as land, snow and ice, whose surface emissivity varies significantly.
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Toward New Applications of the Adjoint
Sensitivity Tools in Data Assimilation

Dacian N. Daescu and Rolf H. Langland

Abstract Novel applications of the adjoint-based sensitivity tools are investigated

to obtain a priori guidance on the forecast impact of modeling correlated obser-

vational errors in a four-dimensional variational data assimilation system (4D-Var

DAS). A synergistic framework is considered that combines a posteriori estimates

to the observation error covariance (R) and derivative information extracted from the

adjoint-DAS forecast errorR-sensitivity (FSR). It is explained that the FSR approach

allows the analysis of structured error correlation models and estimation of their

potential impact on reducing the forecast errors. Theoretical aspects are discussed

and a proof-of-concept is provided with Lorenz’s 40-variable model. The practical

ability to exercise these new adjoint capabilities is shown in experiments performed

with the Naval Research Laboratory Atmospheric Variational Data Assimilation

System-Accelerated Representer (NAVDAS-AR) and the Navy’s Global Environ-

mental Model (NAVGEM). In particular, the FSR analysis of radiances assimilated

from the Infrared Atmospheric Sounding Interferometer (IASI) indicates that model-

ing inter-channel observation error correlations may provide an increased benefit to

the forecasts, as compared with tuning procedures that ignore the error correlations

and only adjust the assigned observation error variance parameters.

1 Introduction

The information content of observations ingested into atmospheric data assimilation

systems (DASs) is closely determined by the representation of the statistical proper-

ties of the errors in the prior state estimate (background) and observations. Improv-

ing the specification of the background error covariance (B-matrix) is a continu-
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ous research effort in the numerical weather prediction (NWP) community (Bouttier

et al. 1997; Buehner 2005; Bannister 2008a, b; Brousseau et al. 2012; Clayton et al.

2013; Kuhl et al. 2013; Wang et al. 2013; Lorenc et al. 2015). The rapid growth in the

data volume provided by remote sensing instruments (Thépaut and Andersson 2010;

Lahoz 2010) has prompted research to estimate and improve the representation of

the observation error covariance (R-matrix) in the DAS.

Studies based on a posteriori statistical analysis of observed-minus-background

(𝐝ob) and observed-minus-analysis (𝐝oa) departures (Desroziers et al. 2005; Garand

et al. 2007; Bormann and Bauer 2010; Bormann et al. 2010; Stewart et al. 2014)

indicate that both spatial and inter-channel error correlations are present in the radi-

ances assimilated from hyperspectral sounding instruments such as the Atmospheric

Infrared Sounder (AIRS) and the Infrared Atmospheric Sounding Interferometer

(IASI). Error correlations of increased magnitude for microwave imager radiances

have been estimated in the work of Bormann et al. (2011). Spatial and spectral

thinning, superobbing, and error variance inflation are standard procedures imple-

mented at NWP centers to address the information redundancy and to alleviate the

impact of correlated observation errors in high-density satellite data (Goldberg et al.

2003; Pauley 2003; McNally et al. 2006; Collard 2007). An open research question

is whether modeling correlated observation errors in the DAS will entail substan-

tial gains in the forecast skill. Stewart et al. (2013) illustrate the potential benefits

of incorporating error correlation structures (𝐂o
-matrix) in the R-matrix specifica-

tion. For operational implementation, promising results have been put forward by

Weston et al. (2014) who used an estimate derived from a posteriori consistency

diagnosis to specify inter-channel error correlations to IASI radiances assimilated in

the Met Office four-dimensional variational data assimilation system (4D-Var DAS).

Weston et al. (2014) also explained that various simplifications and further adjust-

ments (such as reconditioning) are necessary to overcome computational issues that

arise from the use of a non-diagonal R matrix e.g., the increased condition number

of the Hessian matrix in the 4D-Var minimization problem.

Trial-and-error experimentation to design new correlation models that increase

the information content of observations requires significant computational resources

and software development efforts. The capability to identify high-impact error cor-

relation structures and assess the potential gain in the model forecast skill prior to
the actual implementation in the DAS may provide valuable insight for develop-

ing error covariance models that are effective in reducing the forecast errors. The-

oretical aspects of adjoint-based estimation to forecast error sensitivity in nonlin-

ear variational data assimilation are discussed by Daescu (2008) and Daescu and

Navon (2013). The practical ability to analyze various DAS-input components was

shown by Daescu and Todling (2010) with the Grid-point Statistical Interpolation

(GSI) analysis implemented in NASA Goddard Earth Observing System (GEOS).

Daescu and Langland (2013a, b) provided a sensitivity analysis and a priori forecast

impact estimates of observation error variance (𝜎
2
o) parameters in a 4D-Var DAS,

the Naval Research Laboratory Atmospheric Variational Data Assimilation System-

Accelerated Representer (NAVDAS-AR, Xu et al. 2005; Rosmond and Xu 2006).

The study of Lupu et al. (2015) for tuning IASI error variances indicates that an
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improved performance may be achieved from a tuning approach that uses a posteriori
diagnosis to obtain new estimates 𝜎

2
o and relies on the adjoint-based 𝜎

2
o -sensitivity

guidance for instrument channel selection.

Our work brings forward the practical ability to obtain guidance on the perfor-

mance of an observation error covariance model through the adjoint-DAS forecast

R-sensitivity (FSR) and impact assessment. The chapter is organized as follows.

Section 2 outlines the diagnosis of the error covariance based on observation resid-

uals and provides insight on its limitations for covariance tuning. Section 3 includes

a review of the FSR approach and details the methodology to estimate the forecast

impact of a structured model to observation error correlations. A proof-of-concept

is given with Lorenz’s 40-variable model. Section 4 presents results with the adjoint

versions of NAVDAS-AR and Navy’s Global Environmental Model (NAVGEM,

Hogan et al. 2014). Diagnosis of inter-channel error correlations, FSR-based sen-

sitivity, and a priori forecast impact estimates are presented for IASI and AIRS

instrument channels assimilated in NAVDAS-AR during May of 2013. Summary

and prospects for further applications are in Sect. 5. A few fundamental properties

of the a posteriori-derived error covariance estimates are given in the appendix.

2 A Posteriori Observation Error Covariance Diagnosis

The framework considered in this study is of an analysis state expressed as

𝐱a = 𝐱b +𝐊
[
𝐲 − 𝐡(𝐱b)

]
(1)

𝐊 = 𝐁𝐇T (𝐇𝐁𝐇T + 𝐑
)−1

(2)

where 𝐱b is a prior (background) estimate of the true state 𝐱t, 𝐲 is the observation

vector, 𝐡 is the observational operator and 𝐇 denotes its linearized version (Jacobian

matrix) evaluated at 𝐱b. Statistical information on the background error 𝜺b = 𝐱b − 𝐱t
and the observational errors 𝜺o = 𝐲 − 𝐡(𝐱t) is used to specify the matrices 𝐁 and 𝐑
that represent, respectively, the true (unknown) background error covariance 𝐁t and

observational error covariance 𝐑t. Hereafter the analysis (1)–(2) associated with the

error covariance specification (𝐁,𝐑) is referred to as the status quo DAS.

In the context of linear estimation theory, Desroziers et al. (2005) have shown

that estimates ̃𝐑 to 𝐑t and ̃𝐁 to 𝐁t may be obtained from the statistical analysis of

the observation residuals, respectively, as

̃𝐑 = E
[
𝐝oa(𝐝

o
b)

T]
(3)

𝐇̃𝐁𝐇T = E
[
𝐝ab(𝐝

o
b)

T]
(4)

where E denotes the statistical expectation operator, 𝐝ob = 𝐲 − 𝐡(𝐱b), 𝐝oa = 𝐲 − 𝐡(𝐱a),
and 𝐝ab = 𝐡(𝐱a) − 𝐡(𝐱b). This approach has prompted the investigation of observation

error covariance tuning procedures based on the estimates (3). However, as pointed
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out by Talagrand (1999), a posteriori evaluation relies on a priori hypotheses on the

error correlation structures. Assuming a linear observational operator, 𝐡(𝐱) = 𝐇𝐱,

the right side term in (3) is expressed as

E
[
𝐝oa(𝐝

o
b)

T] = (𝐈 −𝐇𝐊)
(
𝐈 −𝐇𝐊t

)−1 𝐑t (5)

where 𝐊t denotes the optimal Kalman gain matrix,

𝐊t = 𝐁t𝐇T (𝐇𝐁t𝐇T + 𝐑t
)−1

(6)

By combining (3) and (5), it is noticed that the following equivalence holds (Daescu

and Langland 2013c)

̃𝐑 = 𝐑t ⇔ 𝐇𝐊 = 𝐇𝐊t (7)

Therefore, the quality of the estimate ̃𝐑 ≈ 𝐑t is closely determined by the error

covariance specification (𝐁,𝐑) in the status quoDAS. Todling (2015) provides a cau-

tionary note on misrepresented observation error correlations when little is known

about the true covariances 𝐁t,𝐑t. Covariance estimation in the context of ensemble

data assimilation may alleviate some of these issues, as presented by Waller et al.

(2014). In practice, tuning the observation error covariance based on the estimate ̃𝐑
may improve or degrade the analysis and further insight is given in the Appendix.

Additional information is necessary to assess the potential benefit of the model ̃𝐑
and to design error covariance tuning procedures that are effective in improving the

DAS performance.

3 Forecast Sensitivity to Observation Error
Covariance (FSR)

A comprehensive set of equations to evaluate the forecast sensitivity with respect

to various input parameters of a 4D-Var DAS is provided by Daescu and Langland

(2013a, b). The evaluation of the forecast 𝜎
2
o -sensitivity allows assessing the poten-

tial benefits of the observation error variance specification 𝜎

2
o derived from a pos-

teriori diagnosis. By extending the adjoint-DAS methodology to error correlation

parameters, FSR provides a computationally feasible approach to obtain guidance

on the forecast performance of a trial error covariance model ̃𝐑 prior to its actual

implementation in the analysis scheme (1)–(2).

Consider a scalar measure to the forecast error defined as

e(𝐱a) = (𝐱af − 𝐱vf )
T𝐄(𝐱af − 𝐱vf ) (8)

where 𝐱af = Mt0,tf (𝐱
a) is the analysis forecast at verification time tf initiated at t0 from

𝐱a, 𝐱vf is the verifying analysis at tf (a proxy for the true state 𝐱tf ), and 𝐄 is a diagonal
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matrix of weights that gives (8) units of energy per unit mass. The FSR is expressed

as the rank-one matrix (Daescu and Langland 2013a, b),

𝜕e
𝜕𝐑

= − 𝜕e
𝜕𝐲

𝐳T, 𝜕e
𝜕𝐑ij

= − 𝜕e
𝜕𝐲i

𝐳j (9)

where the vector
𝜕e
𝜕𝐲

= 𝐊T 𝜕e
𝜕𝐱a

(10)

denotes the forecast sensitivity to observations (Baker and Daley 2000) and 𝐳 denotes

the weighted residual vector

𝐳 = 𝐑−1 [𝐲 − 𝐡(𝐱b) −𝐇(𝐱a − 𝐱b)
]
≈ 𝐑−1 [𝐲 − 𝐡(𝐱a)

]
(11)

The observation error covariance model is expressed as

𝐑 = 𝜮o𝐂o𝜮o
(12)

where 𝜮o = diag(𝝈o) is the diagonal matrix of the specified observational error

standard deviation 𝜮o
ii = 𝝈o,i, and 𝐂o

is the observational error correlation model, a

symmetric and positive definite matrix with all diagonal entries of 1. The forecast

𝐂o
-sensitivity is the rank-one matrix (Daescu and Langland 2013a, b)

𝜕e
𝜕𝐂o = −

(

𝜮o 𝜕e
𝜕𝐲

)

(𝜮o𝐳)T , 𝜕e
𝜕𝐂o

ij
= −𝝈o,i𝝈o,j

𝜕e
𝜕yi

zj (13)

The evaluation of the forecast𝐂o
-sensitivity (13) allows the investigation of struc-

tured error correlation models. Consider a structure of the observational error cor-

relation model defined by the observation relationship C . Let 𝐼 and 𝐽 denote the

index set of observations in relationship C ,

(i, j) ∈ 𝐼 × 𝐽 ⇒ yi C yj (14)

For example, a model to inter-channel observational error correlations may be

structured according to 𝐼 = {i ∶ yi ∈ instrument channel #I} and 𝐽 = {j ∶ yj ∈
instrument channel #J}; models to account for homogeneous and isotropic spatial

error correlations (Gaspari and Cohn 1999; Gneiting 1999) may be structured

based on the separation distance d between observation pairs, 𝐼 × 𝐽 = {(i, j) ∶
dist(yi, yj) = d}. Assuming that a scalar correlation coefficient (parameter) 𝜌 is asso-

ciated with the observation error correlation structure C ,

(i, j) ∈ 𝐼 × 𝐽 ⇒ Co
ij = 𝜌 (15)
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and accounting for the symmetry of the correlation model, Co
ij = Co

ji, from (13) and

(15) the sensitivity embedded in the correlation structure C is evaluated as

𝜕e
𝜕𝜌

= −
∑

(i,j)∈𝐼×𝐽
𝝈o,i𝝈o,j

[
𝜕e
𝜕yi

zj +
𝜕e
𝜕yj

zi

]

(16)

3.1 Estimation of the Forecast Impact of the Model �̃�

The forecast impact of the observation error covariance model ̃𝐑 as compared with

the status quo specification 𝐑 is defined as

𝛿e = e[𝐱a(̃𝐑)] − e
[
𝐱a(𝐑)

]
(17)

where 𝐱a(̃𝐑) is the analysis state associated with the model ̃𝐑 in (1)–(2). A first order

approximation to 𝛿e may be obtained from the FSR derivative information as

𝛿e1 = Tr
[
𝜕e
𝜕𝐑 (𝛿𝐑)T

]

=
∑

i,j

𝜕e
𝜕𝐑ij

𝛿𝐑ij (18)

where Tr denotes the matrix trace operator and

𝛿𝐑 = ̃𝐑 − 𝐑 (19)

is a symmetric matrix, 𝛿𝐑 = (𝛿𝐑)T, representing the variation in the observation

error covariance model. The rank-one matrix structure of the FSR (9) allows an effi-

cient estimation of the first order impact (18) as (Daescu and Langland 2013b)

𝛿e1 = −𝐳T [𝛿𝐑] 𝜕e
𝜕𝐲

(20)

Since the FSR (9) is evaluated in the status quo DAS, the impact estimate (18)/(20)

is obtained prior to the actual implementation of the trial model ̃𝐑 in the analysis

(1)–(2) and provides guidance on its forecast performance.

Typically, observational error correlations are not modeled in operational

atmospheric data assimilation systems. Henceforth in this section it is assumed that

𝐂o
in (12) is the identity matrix, 𝐂o = 𝐈, and thus 𝐑 is specified as a diagonal matrix,

𝐑 = (𝜮o)2 = diag(𝝈2
o) (21)

A common approach for tuning the model 𝐑 is to adjust the specified observational

error variance parameters only, without accounting for error correlations. In this con-
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text, ̃𝐑 = diag(𝝈2
o) and a first order estimate to the forecast impact induced by the

variation

𝛿𝐑
𝜎

=
(
̃𝜮o

)2
− (𝜮o)2 (22)

is obtained as

e
[

𝐱a(𝝈2
o)
]

− e
[
𝐱a(𝝈2

o)
]
≈ −

p∑

i=1

(

𝛿𝝈2
o,i

)(
𝜕e
𝜕yi

zi

)

(23)

where 𝛿𝝈2
o,i = 𝝈

2
o,i − 𝝈2

o,i denotes the change in the observational error variance spec-

ification associated with the observation yi and p denotes the dimension of the obser-

vation vector 𝐲.

3.1.1 The Impact of Modeling Observational Error Correlations

Of particular significance to practical applications is the ability to assess the added
benefit of an observational error correlation model ̃𝐂o

, as compared with a tuning

procedure that only adjusts the error variance parameters. Consider the covariance

model ̃𝐑 represented as

̃𝐑 = ̃𝜮o
̃𝐂o

̃𝜮o
(24)

From (21) and (24), the variation (19) is expressed as

𝛿𝐑 = ̃𝜮o
̃𝐂o

̃𝜮o − (𝜮o)2 =
(
̃𝜮o

)2
− (𝜮o)2

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

𝛿𝐑
𝜎

+ ̃𝜮o
(
̃𝐂o − 𝐈

)
̃𝜮o

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝛿𝐑c

(25)

First term in the right side of (25) is the diagonal matrix 𝛿𝐑
𝜎

defined in (22), whereas

second term

𝛿𝐑c = ̃𝜮o
(
̃𝐂o − 𝐈

)
̃𝜮o

(26)

is a matrix with all main diagonal entries set to zero and represents the additional

contribution to 𝛿𝐑 induced by the variation 𝛿𝐂o = ̃𝐂o − 𝐈 in the error correlation

model. The first order estimate (20) to the forecast impact is expressed as

𝛿e1 = 𝛿e
𝜎

+ 𝛿ec (27)

where

𝛿e
𝜎

= −𝐳T
[
𝛿𝐑

𝜎

]
𝜕e
𝜕𝐲

(28)
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is the estimate (23) to the forecast impact of adjusting only the observational error

variance and

𝛿ec = −𝐳T
[
𝛿𝐑c

]
𝜕e
𝜕𝐲

(29)

is an estimate to the added impact associated with the error correlation model ̃𝐂o
.

If the correlation model ̃𝐂o
is structured as in (14) and (15), the estimate (29) to the

forecast impact of the correlation structure C embedded in the covariance model ̃𝐑
is evaluated as

𝛿eC = −𝜌
∑

(i,j)∈I×J
𝝈o,i𝝈o,j

[
𝜕e
𝜕yi

zj +
𝜕e
𝜕yj

zi

]

(30)

This approach is used in the numerical experiments for IASI and AIRS instruments to

obtain a priori estimates (30) to the added benefit of inter-channel error correlations

derived from observation-space residuals, as compared with estimates (23) to the

forecast impact of tuning only the observational error variance parameters.

3.2 Proof-of-Concept with Lorenz Model

A proof-of-concept to a priori adjoint-based estimation of the forecast impact of

correlated observational errors is presented with Lorenz’s 40-variable model (Lorenz

and Emanuel 1998)

d xj
d t

= (xj+1 − xj−2)xj−1 − xj + F, j = 1 ∶ n (31)

where n = 40, xn+j = xj, and the forcing constant is specified as F = 8. The sys-

tem (31) is integrated with the standard fourth-order explicit Runge-Kutta method

and a constant time step 𝛥t = 0.005, hereafter identified with a 36 min time inter-

val, to produce a reference trajectory (“the truth”) 𝐱t. An initial state 𝐱t0 is obtained

by performing a 90-days (3600 time steps) integration initialized from xj = 8 for

j ≠ n∕2 and xn∕2 = 8.008. A 4D-Var data assimilation framework is considered as

follows. The length of each assimilation interval [t0, tN] is specified as tN − t0 = 0.05
i.e., a 6 h time interval. Observations are assumed to be taken by a rotating instru-

ment that completes a full rotation in the 6-h assimilation window, as illustrated

in Fig. 1a. At each time step ti = t0 + i𝛥t, i = 1 ∶ 10, four observations are assimi-

lated y4i−3, y4i−2, y4i−1, y4i associated with the model variables x4i−3, x4i−2, x4i−1, x4i,
respectively. The observational errors 𝜀

o = 𝐲 − 𝐱t are assumed to be normally dis-

tributed, unbiased, uncorrelated in time, and with the standard deviation of 𝜎o,t =
0.25. The errors in observations taken at the same time ti are assumed to be cor-

related according to an autoregressive model of order one (AR-1) with parameter

0 < 𝜌 < 1, 𝐂o
t (i1, i2) = 𝜌

|i1−i2|.
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Fig. 1 a A rotating instrument provides observations of four state variables at each time step of

the 6-h assimilation interval. b The structure of the true observational error correlation matrix 𝐂o
t .

c The structure of the assigned background error correlation matrix Cb

In this setup, the true error correlation matrix𝐂o
t has a block diagonal structure, as

illustrated in Fig. 1b, and 𝐑t = 𝜎

2
o,t𝐂

o
t . It is further assumed that observational error

correlations are not modeled in the status quo DAS, 𝐂o = 𝐈, and 𝐑 is specified as

𝐑 = 𝜎

2
o,t𝐈. Specifically, at each time step the diagonal blocks of the error covariance

matrix 𝐑t and its representation 𝐑 in the DAS are respectively,

𝐑t[1 ∶ 4, 1 ∶ 4] = 𝜎

2
o,t

⎡
⎢
⎢
⎢
⎣

1 𝜌 𝜌

2
𝜌

3

𝜌 1 𝜌 𝜌

2

𝜌

2
𝜌 1 𝜌

𝜌

3
𝜌

2
𝜌 1

⎤
⎥
⎥
⎥
⎦

, 𝐑[1 ∶ 4, 1 ∶ 4] = 𝜎

2
o,t

⎡
⎢
⎢
⎢
⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤
⎥
⎥
⎥
⎦

(32)

The background estimate 𝐱b to the initial state 𝐱t0 is prescribed by introducing ran-

dom perturbations in 𝐱t0 taken from the standard normal distribution, 𝜺b ∼ N(0, 1).
The background error covariance matrix 𝐁t is modeled in the DAS by a static matrix

𝐁 = 𝜮b𝐂b𝜮b
. The background error standard deviation is assigned as 𝜎b = 1 and

the background error correlation matrix 𝐂b
is constructed based on the 5th-order

piecewise rational function defined in Eq. (4.10) of Gaspari and Cohn (1999) with a

correlation length parameter c = 3, 𝐂b(i, j) = 0 if |i − j| ≥ 2c. The specified corre-

lation matrix 𝐂b
is shown in Fig. 1c.

A twin experiments framework is used to investigate the ability of the adjoint-

DAS FSR approach to provide an a priori estimate to the impact of observational

error correlations. It is emphasized that the FSR estimates to the forecast impact

are each valid for a single analysis episode and without accounting for the impact

propagation (dependency) into subsequent assimilation cycles. Therefore, the long

term forecast impact due to a permanent change in the specified parameter value is

not quantified. For consistency with the theoretical formulation to the FSR-based

𝐑-impact approximation, the setup of the observing system experiments (OSEs) is

as illustrated in Fig. 2. At each assimilation cycle the only difference between the

status quo (control) and experiment consists on the 𝐑-specification: the experiment

is initialized with the same input (𝐲, 𝐱b,𝐁) used to produce the control analysis 𝐱a
and by replacing 𝐑 with 𝐑t to produce the analysis �̄�a.
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Fig. 2 The twin experiments setup to validate the FSR approach to forecast error R-impact esti-

mation

The forecast aspect (8) is taken as the squared Euclidean norm of the error in

the 24-h forecast verified against the reference state 𝐱tf . The simplicity of the Lorenz

model allows the investigation of the FSR approach to forecast 𝐑-impact estima-

tion (18)–(20) for various values of the error correlation coefficient 𝜌 in (32). It is

noticed that the magnitude of the perturbation 𝛿𝐑, as measured by its Frobenius

norm, increases with the correlation strength parameter 𝜌. Numerical results are

presented for parameter values 𝜌 = 0.25 (EXP-1, weak correlations), 𝜌 = 0.5 (EXP-

2, moderate correlations), and 𝜌 = 0.75 (EXP-3, strong correlations). A new set of

observations 𝐲 = 𝐱t + 𝜺o, 𝜺o ∼ N(𝟎,𝐑t) was generated for each parameter specifica-

tion and accordingly, both control and experiment data assimilation/forecast cycles

were run for a 37-month period (4440 cycles). First month was considered a spin-up

period and a statistical analysis of the forecast error 𝐑-impact determined through

OSEs as

𝛿e = e[�̄�a(𝐑t)] − e[𝐱a(𝐑)] (33)

and the first order FSR-based estimate 𝛿e1 defined in (20) was performed over the

remaining 36-month period. For each experiment, scatter plots of the 𝐑-impact 𝛿e
and its a priori approximation 𝛿e1 collected for each analysis/forecast cycle are

shown in Fig. 3. From the time series of analyses/forecasts, the correlation coeffi-

cient of the two forecast error impact measures, corrcoef (𝛿e, 𝛿e1), was found to be

of ∼0.98 in EXP-1, ∼0.95 in EXP-2, and ∼0.9 in EXP-3 which indicates the ability

of the FSR approach to provide proper guidance on the impact of observational error

correlations. In average, throughout the 36-month period, insertion of the 𝐑t model

in the DAS was found to have a benefic impact on forecasts, 𝛿e < 0. The percent-

age of analysis/forecast episodes associated with 𝛿e < 0 was closely determined by

the correlation strength parameter and increased from ∼61 % in EXP-1 to ∼78 % in

EXP-3. For comparison, a plot of the 30-day (120 analysis/forecast cycles) moving

average of the 𝐑-impact on the forecast error is shown in Fig. 4 for weak correla-

tions (EXP-1, 𝜌 = 0.25) and strong correlations (EXP-3, 𝜌 = 0.75). It is noticed that

in average, the first-order FSR-approximation 𝛿e1 overestimates the actual forecast

error impact 𝛿e of the error covariance 𝐑t. Specifically, the average relative error in

the approximation 𝛿e1 was found to be of ∼29 % in EXP-1 and of ∼42 % in EXP-3.
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Fig. 3 Scatter plots of the 𝐑-impact on the forecast error determined through OSEs and the asso-

ciated adjoint-based FSR approximation: a EXP-1, b EXP-2, and c EXP-3

Fig. 4 The 30-day moving average of the forecast error R-impact determined through OSEs and

the associated first order adjoint-based FSR approximation: a EXP-1 and b EXP-3

4 Results with NAVDAS-AR/NAVGEM

The practical ability to combine information derived from a posteriori error covari-

ance diagnosis and adjoint-based FSR is shown in numerical experiments performed

with NAVDAS-AR/NAVGEM and their adjoint versions. The forecast aspect (8)

is specified as the error in the 24-h forecasts produced by NAVGEM at a resolu-

tion of T359L50, verified against the NAVDAS-AR analyses valid at tf = t0 + 24 h

and measured in a moist total energy norm over the global domain. The results pre-

sented are valid for the analyses/forecasts produced for the time period May 1–31

of 2013. The contribution of various observation types assimilated in NAVDAS-AR

to forecast error reduction has been evaluated using the second-order approximation

measure of Langland and Baker (2004). Average values of the observation impact

estimates associated with the analyses/forecasts produced at each 6-h cycle of the

4D-Var assimilation interval are shown in Fig. 5a. The complementary information

provided by the sensitivity to observation error covariance is shown in Fig. 5b. Obser-

vational error correlations are not modeled in the NAVDAS-AR version considered
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Fig. 5 a The observation impact (J kg
−1

) on the 24 h forecast error reduction for various observa-

tion types assimilated in NAVDAS-AR. b The 24 h forecast error sensitivity (J kg
−1

) with respect to

the observation error covariance weight coefficient soi ; also shown is the forecast error sb-sensitivity,

(s)Bckgr

in our experiments, 𝐂o = 𝐈. To facilitate the comparison between various observa-

tion types 𝐲i, i = 1 ∶ I, the forecast sensitivity is evaluated with respect to the error

covariance weight coefficient soi (non-dimensional scalar) in the parametric repre-

sentation 𝐑i(soi ) = soi𝐑i (Daescu and Langland 2013a, b)

𝜕e
𝜕soi

= −(𝐑i𝐳i)T
𝜕e
𝜕𝐲i

, i = 1 ∶ I (34)

Also displayed in Fig. 5b is the forecast sensitivity with respect to the background

error covariance weight factor, 𝐁(sb) = sb𝐁, evaluated as

𝜕e
𝜕sb

= (𝐑𝐳)T 𝜕e
𝜕𝐲

(35)

From (11) it is noticed that

𝐑𝐳 = 𝐲 − 𝐡(𝐱b) −𝐇(𝐱a − 𝐱b) ≈ 𝐲 − 𝐡(𝐱a) (36)

and the evaluation of (34) and (35) is performed by taking the corresponding inner

product between the analysis residual and the observation sensitivity. The status quo
corresponds to the parameter values soi = 1, i = 1 ∶ I, sb = 1 and the sensitivities

provide guidance to improve the relative weighting of various input components in

the DAS. For the case study presented here, the sb-sensitivity indicates that inflation

of the background error covariance, sb > 1, is of potential benefit to the forecasts.

Satellite-derived cloud-drift and water vapor-motion winds (SATWND) have a par-

ticularly large impact on the forecast error reduction however, the FSR identifies this

data type as over-weighted. Overall, assimilation of radiances from the Advanced

Microwave Sounding Unit (AMSU)-A may benefit from reducing the assigned 𝜎o,

whereas the guidance for the IASI instrument is to inflate the assigned 𝜎o values. It is
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emphasized that the FSR analysis only identifies the direction to adjust the assigned

error covariance parameters and without providing the actual parameter values for

covariance tuning. The combined information derived from a posteriori covariance

estimation and FSR is detailed next for IASI and AIRS instruments based on the

analyses and 24 h forecasts valid at 0000 UTC.

4.1 Estimates of the Observational Error Standard Deviation

A statistical analysis of bias-corrected innovations 𝐝ob and residuals 𝐝oa produced by

NAVDAS-AR was performed to assess the consistency of the specified observational

error standard deviation for radiance data provided by the atmospheric sounders

AIRS and IASI. During the time period considered in this study, NAVDAS-AR

assimilated 64 channels from AIRS and 73 channels from IASI, as listed in Tables 1

and 2, respectively.

Figure 6 displays the values of 𝜎o (K) as specified in NAVDAS-AR and the esti-

mates 𝜎o derived from observation residuals (3) for each instrument channel. In gen-

eral, for both instruments the estimates 𝜎o are of significantly lower magnitude as

compared with the values assigned in NAVDAS-AR. These findings are consistent

with the results obtained at other NWP centers (e.g., Bormann et al. 2010; Stewart

et al. 2014; Weston et al. 2014).

Table 1 AIRS channels assimilated in NAVDAS-AR in May 2013

Channel group AIRS channel numbers

Long-wave CO2, upper

temperature-sounding

92 93 99 104 105 110 111 116 117 123 128 129 138

139 144 145 151 156 157 162 168 169 170 172 173

174 175 177 179 180 182 185 186 190 192 193 198

201 204 207 210 213 215 216 218 239 250 251

Long-wave CO2, lower

temperature-sounding

253 308 318

Short-wave channels 1881 1882 1883 1884 1897 1901 1911 1917 1918

1921 1923 1924 1928

Table 2 IASI channels assimilated in NAVDAS-AR in May 2013

Channel group IASI channel numbers

Long-wave CO2, upper

temperature-sounding

122 128 135 141 148 154 161 173 185 187 193 199 205 207 210

212 214 217 219 222 224 226 230 232 236 239 246 249

Long-wave CO2, lower

temperature-sounding

252 254 260 262 265 267 269 282 306 323 329 335 347 350 354

356 360 366 371 373 375 377 379

Water vapor sensitive 2889 2944 2948 2951 2958 3098 3168 3248 3281 3309 3442 3444

3448 3450 3491 3506 3575 3577 3582 3589 3653 3661
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Fig. 6 The values of 𝜎o (K) specified in NAVDAS-AR and the a posteriori (Desroziers) estimates

𝜎o (K) for a AIRS and b IASI

4.2 Estimates of the Inter-Channel Error Correlations

The inter-channel observational error correlations ̃𝐂o
ij for AIRS and IASI instruments

have been estimated based on the Desroziers diagnostic (3) as

̃𝐑ij = E
{
[𝐝oa]ch#i[𝐝

o
b]ch#j

}
,

̃𝐂o
ij =

1
𝜎o,i𝜎o,j

̃𝐑ij (37)

The evaluation of (37) incorporates each pair of observations from the instrument

channels i and j taken at the same location in the time-space domain. For any practical

applications, the symmetric form of (37) is considered by taking

̃𝐑sym = 1
2

(
̃𝐑 + ̃𝐑T

)

(38)

The estimated inter-channel error correlations for AIRS and IASI are shown in Fig. 7.

For each instrument, the a posteriori diagnosis indicates that in general, there are

weak (<0.2) or no correlations for the long-wave upper temperature sounding chan-

nels. A few AIRS channels ranging between 201–253, display mild correlations (0.2–

0.5). Error correlation coefficients in the range of 0.2–0.6 have been obtained for

the long-wave lower temperature-sounding channels of IASI (channels 252–379).

Error correlations of increased magnitude have been estimated for the water-vapour

(humidity-sensitive) channels assimilated from IASI and the short-wave channels

assimilated from AIRS. These estimates are consistent with the results of Bormann

et al. (2010) in the ECMWF assimilation system and of Weston et al. (2014) with

the Met Office 4D-Var.

For practical applications, the performance of a covariance specification deter-

mined by the diagnostic estimates may be impaired by several factors such as the
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Fig. 7 Estimates of the inter-channel error correlations derived from Desroziers diagnostic for

a AIRS and b IASI

validity of the a priori assumptions on the error correlation structures, tuning the

𝐑-model only in the presence of deficiencies in both 𝐁- and 𝐑-models, uncertain-

ties in the estimation entailed by a nonlinear observational operator, observation and

model biases, and the amount of information available for statistical analysis e.g.,

the size of the ensemble of innovation and residual vectors. An unresolved issue is

to assess whether adjusting the error covariance parameters based on the diagnostic

estimates will improve the forecasts. For each instrument, the FSR-based forecast

error sensitivity was evaluated to obtain a priori guidance on the forecast error per-

formance of the observation error variance specification 𝜎

2
o and the added benefit of

incorporating the inter-channel error correlation model ̃𝐂o
in NAVDAS-AR.

4.3 The FSR Guidance and Forecast Error Impact Estimates

The forecast error sensitivity to the observation error variance weight parameters

𝜎

2
o,i(s

o
i ) = soi 𝜎

2
o,i is evaluated from (34) for each instrument channel. The average

soi -sensitivity values associated with AIRS and IASI channels is shown in Fig. 8.

Positive sensitivity values identify those instrument channels that may benefit from

reducing the assigned 𝜎o, whereas negative sensitivity values point toward error vari-

ance inflation. The FSR guidance is that in general, forecasts will benefit from reduc-
ing the 𝜎o assigned to the majority of the AIRS channels and from further inflat-
ing the 𝜎o assigned to the long-wave lower temperature-sounding channels of IASI.

In particular, it is estimated that tuning the long-wave lower temperature-sounding

channels of IASI to the diagnosis estimates �̃�o will degrade the forecasts. The soi -

sensitivity displays mixed results and without a clear tendency for the long-wave

upper temperature-sounding channels of IASI. The estimates (22) and (23) to the
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Fig. 8 Sensitivity of the 24 h forecast error (J kg
−1

) to the observation error variance weight para-

meters (s)𝜎2
o and a priori estimates to the forecast error impact (J kg

−1
) of tuning the observa-

tion error variances to the diagnosis estimates 𝜎
2
o . Time-averaged values per assimilation cycle are

shown for a AIRS and b IASI.

forecast error impact of adjusting the observational error variance from 𝜎

2
o to the

diagnosis value 𝜎

2
o are also shown in Fig. 8.

4.3.1 The Impact of Inter-Channel Error Correlations

The FSR approach has been implemented to obtain information on the forecast sensi-

tivity and impact estimates of inter-channel error correlations. The sensitivity evalu-

ation is performed based on the structured formulation (15) and (16) and by account-

ing for the symmetry of the matrix 𝐂o
. Having available the observation sensitivity

vector, the evaluation of the forecast error 𝐂o
-sensitivity (16) is performed together

with the estimation of the inter-channel error correlations ̃𝐂o
(37) by operating on

the same structures of observation pairs. The sensitivity to inter-channel error cor-

relations for AIRS and IASI is displayed in Fig. 9. Since the status quo corresponds

to 𝐂o = 𝐈, the guidance provided by the 𝐂o
-sensitivity matrix is as follows: entries

with negative values indicate that insertion of a positive correlation coefficient is

of potential benefit to the forecasts, whereas entries with positive values indicate

that insertion of a negative correlation coefficient is of potential benefit to the fore-

casts. In particular, it is noticed that the 𝐂o
-sensitivity matrix associated with IASI

exhibits a well-defined structure with negative values of increased magnitude for the

long-wave lower temperature-sounding channels 252–379. In conjunction with the

diagnosis estimates in Fig. 7, the FSR guidance is that insertion of the IASI inter-

channel error correlation model ̃𝐂o
in NAVDAS-AR is of potential benefit to the

forecasts. For comparison, the 𝐂o
-sensitivity matrix associated with AIRS shows

entrywise values of relatively lower magnitude and of increased variation in sign.

A priori estimates to the forecast impact of the model ̃𝐑 = ̃𝜮
o
̃𝐂o

̃𝜮
o

are obtained

based on the first-order approximation (18). As explained in Sect. 3, the FSR allows
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Fig. 9 Forecast error sensitivity (J kg
−1

) to inter-channel error correlations. Displayed are time-

averaged values per assimilation/forecast cycle for a AIRS and b IASI

Fig. 10 First-order FSR-based estimates to the forecast error impact (J kg
−1

) of the observational

error covariance model ̃𝐑. Displayed are time-averaged values per assimilation/forecast cycle for

a AIRS and b IASI

estimation of the impact associated with a specified correlation structure C in the

model ̃𝐑. The right side term in (18) provides an entrywise measure (impact matrix)

of the forecast impact of the inter-channel error covariance model ̃𝐑, as shown in

Fig. 10. The main diagonal entries of the impact matrix provide estimates to the

forecast error impact of tuning the observation error variances only, as expressed in

(23)/(28). The off-diagonal elements of the impact matrix provide estimates to the

added impact of modeling observation error correlations, as expressed in (29)/(30).

The time-series of the estimated 𝜎

2
o-impact 𝛿e

𝜎

and of the estimated ̃𝐑-impact 𝛿e1
(27) are shown in Fig. 11. For the case study presented here, the FSR indicates little

forecast impact from modeling inter-channel error correlations for AIRS radiances.

The FSR guidance for IASI is that modeling inter-channel observation error correla-
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Fig. 11 The FSR-based estimates to the forecast error impact (J kg
−1

) of tuning the observation

error variance only (𝛿𝜎
2
o -impact) and of the error covariance specification ̃𝐑 (𝛿𝐑-impact). Displayed

is the time series of the estimates valid for May 2013 at 0000 UTC for a AIRS and b IASI

tions may provide an increased benefit to the forecasts and in particular, reduction of

the assigned 𝜎o values is justified if inter-channel error correlations are incorporated

in NAVDAS-AR.

5 Summary and Research Perspectives

Novel applications of the adjoint sensitivity tools have been investigated to analyze

observation error correlation structures and obtain guidance on the forecast impact of

a trial error covariance model prior to its actual implementation in the DAS. Until

now, efforts to implement error correlation models for radiance data provided by

hyperspectral instruments have relied mainly on a posteriori consistency diagno-

sis. The FSR approach allows identification of high-impact error correlation struc-

tures and provides valuable insight on the development of covariance models that

are effective in reducing the forecast errors. A synergistic framework was proposed

for linking these methodologies that combines complementary information on the

error correlation structures and alleviates their individual shortcomings. The prac-

tical ability to exercise this novel adjoint capability was shown in a set of prelim-

inary experiments with NAVDAS-AR/NAVGEM. Estimates of inter-channel error

correlations for IASI and AIRS instruments are derived from the covariance diag-

nosis and first order estimates to the forecast error impact are obtained from the

FSR derivative information. For the particular case study presented here, the FSR

guidance is that modeling inter-channel error correlations would benefit the assimi-

lation of IASI radiances and have little impact on the assimilation of AIRS radiances.

The observation-space formulation of the NAVDAS-AR 4D-Var algorithm facilitates

the specification of a non-diagonal observation error covariance model and research

is ongoing at NRL-Monterey to account for inter-channel error correlations in the
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assimilation of sounder radiance data (Campbell and Satterfield 2015). Further work

is needed to perform the FSR analysis for various microwave and infrared sounders

instruments and to validate the a priori FSR guidance through OSEs.

The observation sensitivity vector is the key ingredient to the FSR-based sensitiv-

ity analysis and may be also produced in an ensemble-based DAS (Liu and Kalnay

2008; Liu et al. 2009). Therefore, the FSR applications presented here in the adjoint-

DAS 4D-Var framework may be as well implemented in ensemble-based DASs. The-

oretical aspects of the adjoint-DAS estimation of the forecast error sensitivity to the

𝐁-matrix specification are discussed in our work Daescu and Langland (2013a, b)

however, this capability has not been properly investigated for practical applications.

It is expected that further research to obtain the forecast 𝐱b- and 𝐁-sensitivity infor-

mation will find an extended range of applications in NWP.
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Appendix

As shown by Desroziers et al. (2005), the error covariance estimates ̃𝐑 in (3) and ̃𝐁
in (4) are expressed, respectively, as

̃𝐑 = 𝐑
(
𝐇𝐁𝐇T + 𝐑

)−1 (𝐇𝐁t𝐇T + 𝐑t
)

(39)

𝐇̃𝐁𝐇T = 𝐇𝐁𝐇T (𝐇𝐁𝐇T + 𝐑
)−1 (𝐇𝐁t𝐇T + 𝐑t

)
(40)

By analogy with (1) and (2), the analysis state associated with the covariance

specification (̃𝐁, ̃𝐑) is expressed as

�̃�a = 𝐱b + ̃𝐊
[
𝐲 − 𝐡(𝐱b)

]
(41)

̃𝐊 = ̃𝐁𝐇T
(

𝐇̃𝐁𝐇T + ̃𝐑
)−1

(42)

By adding (39) and (40), it is noticed that the estimates (̃𝐁, ̃𝐑) are consistent with

the innovation error covariance,

𝐇̃𝐁𝐇T + ̃𝐑 = 𝐇𝐁t𝐇T + 𝐑t (43)

and this property has prompted research on covariance tuning procedures based on

the diagnosis estimates (39), (40). However, as explained by Daescu and Langland

(2013c), the operator 𝐇𝐊 remains invariant when the status quo specification (𝐁,𝐑)
is replaced by the estimates (̃𝐁, ̃𝐑),

𝐇𝐊 = 𝐇̃𝐊 (44)
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The relationship (44) was established in Daescu and Langland (2013c) as follows.

𝐇̃𝐊
(42)
= 𝐇̃𝐁𝐇T

(

𝐇̃𝐁𝐇T + ̃𝐑
)−1

(40)
= 𝐇𝐁𝐇T (𝐇𝐁𝐇T + 𝐑

)−1 (𝐇𝐁t𝐇T + 𝐑t
) (

𝐇̃𝐁𝐇T + ̃𝐑
)−1

(43)
= 𝐇𝐁𝐇T (𝐇𝐁𝐇T + 𝐑

)−1

(2)
= 𝐇𝐊

From (1), (41), and (44) it follows that

𝐇𝐱a = 𝐇�̃�a (45)

and therefore, replacing the status quo model (𝐁,𝐑) by the a posteriori diagnosis

model (̃𝐁, ̃𝐑) has no impact on the observation-space representation of the analysis.
In particular, if 𝐇 is the identity operator, 𝐇 = 𝐈, then the covariance specification

(̃𝐁, ̃𝐑) has no impact on the analysis,

𝐱a = �̃�a (46)

It is also noticed that the equivalence between (5) and (39) is established from the

identities

𝐈 −𝐇𝐊 = 𝐑
(
𝐇𝐁𝐇T + 𝐑

)−1 ;
(
𝐈 −𝐇𝐊𝐭

)−1 𝐑t = 𝐇𝐁t𝐇T + 𝐑t (47)
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GPS PWV Assimilation with the JMA
Nonhydrostatic 4DVAR and Cloud
Resolving Ensemble Forecast for the 2008
August Tokyo Metropolitan Area Local
Heavy Rainfalls

Kazuo Saito, Yoshinori Shoji, Seiji Origuchi and Le Duc

Abstract On 5th August 2008, scattering local heavy rainfalls occurred at various
places over the Tokyo metropolitan area, and five drainage workers were claimed by
an abrupt increase of water level. The Japan Meteorological Agency (JMA) opera-
tional mesoscale model of the day failed to predict occurrence of the local heavy
rainfalls, which were brought about by deep convective cells developed on the
unstable atmospheric condition without strong synoptic/orographic forcings.
A 11-member mesoscale ensemble prediction with a horizontal resolution of 10 km
was conducted using the operational mesoscale analysis of JMA and perturbations of
the JMA global one-week ensemble prediction system as the initial condition and the
initial and lateral boundary perturbations, but the intense rains exceeding 20 mm/3 h
were hardly predicted. A downscaling ensemble forecast experiment with a hori-
zontal resolution of 2 km was conducted using the 6 h forecast of the 10 km
ensemble as the initial and boundary conditions. Scattered intense rains were pre-
dicted in some ensemble members, but their locations and distribution were insuf-
ficient. The total precipitatable water vapor (PWV) observed by the GNSS Earth
Observation Network System (GEONET) of Geospatial Information Authority of
Japan showed that the JMA mesoscale analysis given by the hydrostatic
Meso-4DVAR underestimated water vapor over the Tokyo metropolitan area. To
modify the initial condition, a reanalysis data assimilation experiment was con-
ducted with the JMA’s nonhydrostatic 4DVAR (JNoVA), where PWV data from
GEONET were assimilated 2.5 days with 3-h data assimilation cycles. The 2 km
downscale ensemble run from the JNoVA analysis properly predicted the areas of
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scattering local heavy rains. Threat scores and ROC area skill scores suggest that
even in the ensemble prediction, accuracy of initial condition is critical to numeri-
cally predict small scale convective rains. Fractions skill scores indicated the value
of the cloud resolving ensemble forecast for such the unforced convective rain case.

1 Introduction

Accuracy of quantitative precipitation forecast (QPF) in mesoscale numerical
weather prediction (NWP) has been remarkably improved recently by virtue of
progress of NWP technology, increase of observation data and the computer power,
however, absolute forecast accuracy of the heavy rainfalls that lead to the disaster is
still insufficient (Saito 2012). Although the precipitation that occurs along with the
orographic and/or synoptic scale forcing has been becoming predictable, the
accurate forecast of local heavy rainfalls without large scale forcing is still very
difficult. Since the temporal and spatial scales of local heavy rain is small, a high
resolution numerical model that can express complex physics inside the deep
convective cloud commensurate with the phenomena is required. Besides, since
such the phenomena occur in the unstable air condition, small differences of the
initial condition sometimes cause a large difference in the forecast, it is necessary to
determine the initial value with high accuracy.

It is well-known that the accuracy of the water vapor field in the lower level
atmosphere is particularly important for the forecast of heavy rainfalls. The Global
Navigation Satellite System (GNSS) as typified by the U.S Global Positioning
System (GPS) is a relatively new observation tool to estimate water vapor in the
atmosphere. It gives information on water vapors along the slant pass between the
GNSS satellites and ground receivers, and the total precipitable water vapor (PWV)
in high accuracy (Bevis et al. 1994). Shoji et al. (2009) conducted data assimilation
experiments of the PWV derived from the nationwide ground GPS network (GNSS
Earth Observation Network: GEONET) for a heavy rainfall event on 28th July 2008
in western Japan. They assimilated GEONET and global (East Asia) GPS PWV data
to improve the initial condition of the numerical model, and demonstrated that
underestimation of low level humidity and the positional error of the low-level
convergence zone over the Sea of Japan in the analysis were reduced by the PWV
data and the forecast of the observed rainfalls in western Japan was significantly
improved. The precipitation system was developed along the convergence zone over
the Sea of Japan, and the operational mesoscale model (MSM) of the Japan Mete-
orological Agency (JMA) with a horizontal resolution of 5 km was used. Shoji et al.
(2011) conducted mesoscale data assimilation experiment of Myanmar cyclone
Nargis using GPS-derived PWV over the Bay of Bengal, and showed the availability
of the PWV data to improve the intensity forecast of the tropical cyclone. For both
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studies, the JMA’s hydrostatic mesoscale 4 dimensional variational assimilation
system (Meso 4D-Var; Ishikawa and Koizumi 2002) were used for data assimilation.

As mentioned previously, the forecast of local heavy rainfalls without large scale
forcing is difficult. Kawabata et al. (2007) was the first to apply a cloud resolving
4D-Var to reproduce a local convective heavy rainfall developed over the Tokyo
metropolitan area with the GPS-derived PWV assimilation. With Kawabata et al.
(2011), they demonstrated the availability of high resolution data assimilation and
GPS-derived PWV data for the prediction of mesoscale convective systems and the
associated local heavy rainfalls, but the lead times were about 1 h for both cases.

In general, deterministic prediction exceeding the time scale of the phenomena
(less than a few hours in the local heavy rainfall) is essentially impossible, thus for
prediction with a certain amount of lead time, the ensemble forecast is necessary.
Recently Duc et al. (2013) conducted verification of high resolution ensemble
forecasts using the JMA nonhydrostatic model with horizontal resolutions of 10 and
2 km. They verified 15 rainfall cases in July 2010 and indicated that the cloud
resolving resolution (2 km) is necessary to predict intense rains even in the
ensemble forecast. Their study was a statistical verification for several precipitation
events and data assimilation trial for specific case was not conducted.

A typical example of convective rains that occur in the unstable atmosphere with
weak large-scale forcing is a local heavy rainfall event in the Tokyo metropolitan
area on 5th August, 2008. As mentioned in the next section, several convection
cells developed sporadically in the area of Tokyo and its surroundings. A tragic
accident where five underground drainage workers in sewer construction in
Toshima, Tokyo were killed has occurred, and it became a trigger that the term
“guerrilla heavy rain” was socially used. Ogura (2009), citing this case, pointed out
the necessity to distribute a probability diagram of heavy rainfall for a certain
threshold 6–12 h before their occurrence.

In this study, we conduct GPS-derived PWV assimilation experiments and
ensemble forecast experiments using the JMA nonhydrostatic model and its
4D-VAR data assimilation system (JNoVA). We show the importance to improve
water vapor field in the numerical model initial condition, and discuss the proba-
bility prediction of such local heavy rainfalls based on the ensemble forecast. In
Sect. 2, the local heavy rainfall event on 5th August 2008 is presented as a target
case. In Sect. 3, forecasts from operational mesoscale analysis of JMA are shown
for both deterministic and ensemble forecast as the reference. In Sect. 4, we
compare PWV of the JMA mesoscale analysis and GEONET, and conduct data
assimilation of PWV using JNoVA. Forecast results from the GPS assimilated
analysis and ensemble prediction are shown. Verification of the forecasts and the
probabilistic prediction of the local heavy rains are shown, with the discussion of
predictability of the intense convective rains based on the fraction skill score which
consider the positional lags. Summary and concluding remarks are given in Sect. 6.
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2 Tokyo Metropolitan Area Local Heavy Rainfalls on 5
August 2008

The summer of 2008 of Japan was characterized by several local heavy rainfalls.
One of the events occurred in the Tokyo metropolitan area on 5th August 2008
along with the unstable atmospheric condition. Figure 1 shows the total precipi-
tation amount on the day in Tokyo, where 134 mm was recorded at Toshima, and
111.5 mm at Otemachi. In Toshima-ward, an accident occurred where five
underground drainage workers in the sewer construction were flowed by an abrupt
increase of the water level around 1215 JST. JMA issued a heavy rain flood
warning at 1233 JST, but it was 18 min after the accident.

Figure 2 is the surface weather map at 0900 JST, 5th August. A stationary front
is seen in the southern part of the Kanto Plain and a low pressure area was located
on the far south coast of Japan, but there were no clear disturbance in the Tokyo
metropolitan area.

Figure 3a shows accumulated 3 h precipitation from 1200 to 1500 JST by the
JMA precipitation analysis based on radar and surface rain-gauge networks. Several
intense rainfall cells were scattered over a wide areas from the southern Kanto Plain
(Tokyo metropolitan area) to Shizuoka Prefecture. Ishihara (2013) performed the
analysis based on the reflection intensity data obtained by the 10 min interval
meteorological radars of JMA, and reported that 179 convection cells developed in
the Tokyo metropolitan area and its surroundings (about 140 km square) from 0900

Toshima

OtemachiHachioji

Fig. 1 Total precipitation amount on 5th August 2008. Reproduced from Tokyo Regional
Headquarters (2008)
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Fig. 2 Surface weather map at 0900 JST, 5th August 2008

Fig. 3 a Accumulated 3 h precipitation from 1200 to 1500 JST on August 5, 2008 by JMA
precipitation analysis. b Same as in (a) but 18 h forecast of the Mesoscale model (MSM) of JMA.
Initial time is 1500 UTC (2400JST), 4th August
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JST to 1800 JST. Note that almost no rains appeared in the northern part of the Kanto
Plain. Figure 3b shows the corresponding 3 h precipitation from 1200 to 1500 JST
by the 18 h forecast of the JMA operational mesoscale model (MSM), whose initial
time was 1500 UTC (2400 JST), 4th August 4. Weak rain areas are forecasted in
some places in the south of the Kanto Pain and the Joetsu mountainous region (north
of Kanto), but most of them were less than 5 mm/3 h and the model failed to predict
the occurrence of strong rains in Tokyo and its surrounding areas.

3 Forecast from Operational Mesoscale Analysis of JMA

3.1 Downscale Forecast

First, we conducted simple downscale experiments with the JMA nonhydrostatic
model (NHM; Saito et al. 2006, 2007; Saito 2012) from the JMA operational
mesoscale analysis (MA). Specifications of the models and analyses employed in
this study are listed in Table 1. Here, specifications of the operational systems are
as of August 2008.

Figure 4a shows 3-h precipitation from 1200 to 1500 JST on August 5 by NHM
with a horizontal resolution of 10 km (NHM10). Initial and boundary condition is
the same that in the operational MSM forecast, i.e., the mesoscale analysis (MA) at
1500 UTC (2400 JST), 4th August and the global model (GSM) forecast of JMA.
Physical processes (3-ice bulk cloud microphysics and Kain-Fritsch convective
parameterization) and vertical levels of NHM10 are the same as in MSM, except for
the horizontal resolution. In Fig. 4a, weak rains over 10 mm/3 h is seen in Kana-
gawa Prefecture (west of Tokyo), which is slightly different from the MSM forecast
(Fig. 3b), but intense precipitation is not predicted.

Figure 4b shows 12 h forecast of the 2 km resolution NHM (NHM2) with the
initial time of 1800 UTC, August 4th (0300 JST, 5th). In this experiment, 6 h
forecast of NHM10 and the subsequent forecasts of NHM10 were used for initial
and boundary conditions of NHM2, respectively. Computational domain of NHM2
is the region of the 1600x1100 km which covers southern part of Japan, and is the
same that used in the JMA operational local forecast model (LFM) from November
2010 to August 2012. Convective parameterization is not used in NHM2. Precip-
itations shown in Fig. 4b are divided into small areas, and intense convection cells
are scattered. These characteristic features of predicted rains by NHM2 is closer to
observation (Fig. 3a) than MSM and NHM10, however, most of the strong rainfalls
are limited over the area west of Tokyo, probably due to the influence of the “parent
model” NHM10, which predicted moderate rain only in the west of Tokyo.
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3.2 Ensemble Forecast

To see whether the positional lags and intensity errors of the precipitation by the
downscaling experiments can be corrected by considering the uncertainty of the
initial value or boundary values, we conducted the mesoscale ensemble prediction
experiments using the downscale experiment described in the previous section as
the control run.

First, as a 10 km resolution mesoscale ensemble forecast was conducted where
the initial and boundary perturbations of NHM10 were given by the JMA one-week
ensemble prediction system (EPS). The same procedure were tested at MRI in the
comparison of mesoscale ensemble prediction systems conducted in the WWRP
(world weather research program) Beijing Olympic 2008 Research and Develop-
ment Projects (B08RDP; Duan et al. 2012). The ensemble using the JMA one-week
EPS corresponds to the ‘WEP’ system, and the detailed procedures such as the
normalization of perturbations are described in Saito et al. (2010, 2011). As a cloud
resolving ensemble forecast, 2 km down scaling was conducted with NHM2 using
the 6-h forecast of the 10 km mesoscale ensemble prediction as the initial and
boundary conditions. Duc et al. (2013) conducted similar downscale ensemble
experiments with NHM10 and NHM2 targeting on 15 rainfall cases in central Japan
in July 2010 and made verifications.

Upper panels of Fig. 5 shows 3-h precipitation from 1200 JST to 1500 JST by
each ensemble member of the 10 km mesoscale ensemble prediction. Although
some of the members (p02, p05, m01, etc.) express the somewhat strong rainfalls in
the Tokyo metropolitan area, no intense rains are predicted in Shizuoka prefecture

Fig. 4 a Same as in Fig. 3b but by the forecast of 10 km resolution NHM. b Same as (a) but 12 h
forecast of 2 km resolution NHM with the initial time of 1800 UTC, August 4th (0300 JST,
August 5th)
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in such the members. Middle panels of Fig. 5 show ensemble spread (left) and the
ensemble mean (right). Reflecting that there are no members forecasting strong
rains, no large ensemble spread is seen in the Tokyo metropolitan area. The rainfall
intensity in the ensemble mean is weak. Lower panels of Fig. 5 show the proba-
bility forecast of the 3 h precipitation for different thresholds based on the NHM10
ensemble forecast. Probability of occurrence of precipitation is shown over the
Tokyo metropolitan area up to 10 mm threshold, while occurrence is not shown for
rainfall intensity larger than 20 mm. Note that rains are predicted over northern part
of the Kanto plain, where rains were not observed actually. These results suggest
that ensemble prediction with the horizontal resolution of 10 km is not useful in the
viewpoint of disaster prevention for local heavy rainfall case in this study. As
suggested in the operational MSM forecast (Fig. 3b), a similar result is expected in
the ensemble forecast even with a horizontal resolution of 5 km if the cumulus
parameterization is employed.

As the cloud resolving experiment, downscaling ensemble forecast with a hor-
izontal resolution of 2 km was carried out. The relationship of the 10 km and the

Fig. 5 Top Three-hour precipitation from 1200 JST to 1500 JST by each ensemble member of the
10 km mesoscale ensemble. Initial time is 1200 UTC (2100 JST) August 4. Middle Ensemble
spread (left) and the ensemble mean (right). Bottom Probability forecast of 3-h precipitation for
different thresholds. From the left, 1, 5, 10, 20, and 50 mm
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2 km ensemble forecasts is shown in Fig. 8, which will be described later
(Sect. 4.2). Figure 6 shows the 3 h precipitation of each member, ensemble spread
and the ensemble mean, and the probability prediction of 3 h rainfalls for the
different thresholds by the 12 h forecast of the 2 km ensemble forecast. Reflecting
the forecast characteristics of NHM2 shown in the Fig. 4b, scattered strong con-
vection cells are seen in the forecast of each ensemble member (the upper panels).
In some members (e.g., p02, p05, and m01), very intense rainfalls more than
50 mm are seen in the Tokyo metropolitan area, corresponding to the members in
the 10 km ensemble that predicted somewhat strong precipitations in the same area.
Ensemble spread becomes larger over a wide area from the Tokyo metropolitan area
to Shizuoka prefecture, while the ensemble mean is still small (less than 20 mm in
the maximum) because the strong precipitation cells of each member are predicted
at different positions.

In the probability forecast distribution of different threshold values shown in the
lower panels of Fig. 6, probability more than 20 % is seen for a threshold of
20 mm/3 h over the Tokyo metropolitan area, where the heavy rain was not pre-
dicted by the control run (Fig. 4b). This result suggest the usefulness of the cloud

Fig. 6 Same as in Fig. 5 but forecast by 2 km cloud resolving ensemble prediction. Initial time is
1800 UTC, 4th (0300 JST, 5th) August 2008

392 K. Saito et al.



resolving ensemble forecast to some extent, however, probability of very strong
rains over 50 mm is less than 10 % at the maximum and the development is limited
to a very narrow scattered areas. This means that the simple downscale ensemble
prediction is not sufficient in terms of the disaster prevention.

Fig. 7 a PWV observed by GEONET at 1200 (left), 1500 (middle) and 1800 (right) UTC, 4th
(2100, 2400 JST 4th and 0300 JST 5th) August 2008. b Same as in (a) but PWV by the
Meso4DVAR analysis

Fig. 8 Schematic chart of the JNoVA data assimilation cycles and the NHM ensemble forecast
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We also conducted another downscale ensemble prediction with NHM10 and
NHM2 using the mesoscale analysis of August 4 1500 UTC (2400 JST) as the
initial condition of the control run of NHM10, but satisfactory results were not
obtained because a fake strong rain area was predicted in the east of Tokyo (figure
not shown).

4 Analysis and Assimilation of GPS PWV

4.1 Comparison of PWV of Mesoscale Analysis and GPS

Forecasts of NHM10 from the operational mesoscale analysis (MA) at 1200 UTC
(2100 JST), August 4th could not reproduce the local heavy rains in the Tokyo
metropolitan area, including the mesoscale ensemble prediction which uses it as the
control run. Cloud resolving ensemble forecast by NHM2 showed some degree of
usefulness to predict intense rains, but was still not sufficient for very strong rains.
One of the causes of these insufficiency was in the initial field of water vapor given
by MA. Figure 7 compares PWV observed by GEONET of the Geospatial Infor-
mation Authority of Japan (upper) and MA (bottom) at 1200 (left), 1500 (middle)
and 1800 (right) UTC, 4th (2100, 2400 JST 4th and 0300 JST 5th) August 2008. In
the GEONET PWV of 1200 UTC (upper left), several GEONET stations observed
a large PWV values more than 66 mm (gray) from Tokyo to Saitama Prefecture, but
PWV of MA in this area at the same time (lower left) is quite underestimated. In the
subsequent times (1500 and 1800 UTC), MA analyzed the large PWV areas to the
east while PWVs over the Boso and the Miura peninsulas and coastal region facing
to Pacific Ocean are underestimated.

4.2 Data Assimilation of GPS PWV

As mentioned in the above section, the operational mesoscale analysis of JMA
underestimated PWV around the Tokyo metropolitan area at 1200 UTC (2100 JST)
4th August. To improve the initial field of the NHM forecast, a JMA
non-hydrostatic model based four-dimensional variational method (JNoVA; Honda
et al. 2005; Honda and Sawada 2009) was adopted to the assimilation experiment of
GEONET PWV. Figure 8 illustrates a schematic chart of the JNoVA data assimi-
lation cycles and the subsequent NHM ensemble forecasts. Three days assimilation
cycles were performed from 0000 UTC (0900 JST) of August 2nd with 3 h
assimilation windows up to 1800 UTC of 4th (0300 JST of 5th), August. The first
guess field at the beginning of the data assimilation cycle was given by a 3 h
forecast of 5 km NHM from 2100 UTC, 1st (0600 JST 2nd) August.
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The following two types of initial value analyses were tested:

(1) JNoVA_noGPS:

Analysis by JNoVA where GEONET PWV data are not assimilated.

(2) JNoVAg2:

Those that assimilate GPS PWV in the analysis by JNoVA. Data only altitude
difference is less than 200 m in the actual elevation and the model terrain and at
observation points below 500 m elevation are used for assimilation. Observation
error of GPS PWV is set to 3 mm. For more information about the real time analysis
and assimilation details of GEONET PWV data, see Shoji (2009) and Shoji et al.
(2009). The procedures are almost the same as the assimilation of GPS PWV data at
JMA’s operational system from April 2009, while the following points are different:

i. the thinning interval in this study is set to 15 km compared to 30 km of the
operational version.

ii. the GPS PWV data in the precipitation area of more than 1.5 mm/h are not used
in the operational JNoVA, but these data are assimilated in this study.

Actually, differences in the analysis results by above modifications was small.
Figure 9 shows the PWV from 1200 to 1800 UTC (2100 to 0300 JST) obtained

by the two JNoVA experiments. Magnitudes of PWV in the JNoVA analyses are
generally larger than those of MA even without GPS data (upper panels). At 1500

Fig. 9 Same as in Fig. 7 but PWV by the JNoVA analysis. Upper without GPS (JnoVA_noGPS),
Bottom with GPS (JNoVAg2)
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UTC (2400 JST) and 1800 UTC (0300JST), PWVs in JNoVA_NoGPS are rather
overestimated compared to the PWV values in GPS observations. In JNoVAg2,
PWV of analysis values are closer to the observed ones as a matter of course.
A large PWV area is spread over the Saitama Prefecture, north of Tokyo, at 1200
UTC (2100 JST), while overestimation at 1500 and 1800 UTC (2400 and 0300
JST) is reduced. On the other hand, the water vapor increases in the south coastal
area, the windward side of the Tokyo Metropolitan area.

4.3 Free Forecast from the GPS Assimilated Analysis
and Ensemble Prediction

Forecast and ensemble experiments with NHM10 and NHM2 were conducted using
the analysis by JNoVAg2 at 1200 UTC (2100 JST), 4th August (see Fig. 8 for
design of experiments), similar to those using MA in the previous Sects. 3.1 and
3.2. Figure 10 shows the 3 h rainfall from 1200 to 1500 JST, 5th August by the

Fig. 10 Same as in Fig. 5, except ensemble forecast from JNOVA analysis with GPS PWV data
(JNoVAg2). Control forecast without perturbation is added to left of the middle panels
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control run and the ensemble forecast by NHM10. In the control forecast, which is
shown in the middle left of Fig. 10, moderate strong precipitation ranging
10–20 mm/3 h is spread over more distinctively from the western Tokyo to the
eastern part of Shizuoka Prefecture, compare to the corresponding forecast from
MA (Fig. 4a). The similar intense rains are detected by many ensemble members
which perturbed from the JNoVAg2 control run. The areas of the large ensemble
spread correspondingly shifted to the east compared to the 10 km ensemble from
MA (Fig. 5). In the figures of probability prediction (bottom), precipitation areas
are well reproduced for the threshold of 10 mm/3 h but those more than 20 mm/3 h
are not forecasted. This result suggests that the model resolution is intrinsically
important for expression of the local convective intense rains appeared in this case.

Figure 11 shows the corresponding 3 h precipitation for the same valid times by
the downscale forecast and the cloud resolving ensemble forecast by NHM2 using
the JNoVAg2 analysis. Heavy rain area in the control run is mostly seen in the
Kanagawa Prefecture, but most of the ensemble members predicted strong rains in

Fig. 11 Same as in Fig. 6, except ensemble forecast from JNOVA analysis with GPS PWV data
(JNoVAg2). Control forecast without perturbation is added to left of the middle panels
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the Tokyo metropolitan area, and strong rains are also found in the Shizuoka
Prefecture in some members. A noteworthy characteristic feature in this ensemble
forecast is that almost no precipitation is predicted by any members at northern
Kanto where precipitation was not observed (Fig. 3a). This feature also reflected in
the ensemble spread and the ensemble mean (middle panels of Fig. 11) and the
probability forecast distribution diagrams (bottom) for the thresholds of 5, 10 and
20 mm/3 h. Positions of strong precipitation cells predicted by the individual
ensemble members are slightly different each other. That is, convective precipita-
tion of this day occurred without the specific forcing and the occurrence of con-
vection was sporadic. Reflecting the spatial lags in the positions of individual cells,
the probability values are generally less than 20 % for 20 mm/3 h, however, the
areas where the probability of intense rain is predicted is very well corresponding to
the locations where strong rains by convective cells were actually observed.
Probability of 50 mm/3 h rains is sporadic and less than 10 %. The value is not
high, but the risk of occurrence is certainly predicted from the Tokyo metropolitan
area to the Shizuoka prefecture.

5 Verification

5.1 Verification of Ensemble Prediction

We performed verification of the ensemble forecasts by NHM10 and NHM2 from
the JMA mesoscale analysis and nonhydrostatic 4DVAR analysis with GPS PWV
described in the previous section. Figure 12a shows threat scores for 3 h precipi-
tation by the control run and the ensemble mean using NHM10. Here, verification
grid size is 5 km, and the average for 0600–1800 is indicated. The domain of
verification is a central Honshu area that is indicated by Fig. 3. Compared to the
forecast when the initial condition is given by the operational mesoscale analysis
(Meso4dvar_cntl), the thread score of the forecast from the initial condition with
GPS PWV (JNoVA_cntl) is much improved especially at the thresholds less than
10 mm/3 h. One of the interesting things in this figure is that, the ensemble means
of the two ensembles (Meso4dvar_mean and JNoVA_mean) only improved the
threat scores of the control forecasts for the weaker precipitation below 3 mm/3 h
and for rains over 5 mm/3 h the score are even worse than those of the control runs.
Threat scores for intense rains larger than 15 mm/3 h are extremely low in the
ensemble means.

Figure 12b is the case for the 2 km NHM. In the forecast which assimilated the
GPS PWV, the control forecast (JNoVA_cntl) showed its skill up to the threshold
of 25 mm/3 h. The ensemble mean improve the control forecast (JNoVA_cntl) for
weak and moderate rains with the strength of the threshold below 10 mm/3 h.
Without GPS PWV, thread scores (Meso4dvar_cntl and Meso4dvar_mean) are not
good even in the 2 km ensemble. This result suggest that the accuracy of the initial
condition of the control run is primarily important even in the high resolution

398 K. Saito et al.



ensemble forecast, for such the cases of local convective rains where the result is
sensitive to the slight difference in the initial value.

Figure 12c shows the bias scores by the NHM10 and NHM2 experiments with
GPS PWV data. In the 10 km ensemble mean, frequency of rains exceeding
5 mm/3 h become smaller while weak rains less than 1 mm/3 h are overestimated,
whereby the threat score (Fig. 12a) is also worsening. Bias scores of the 2 km
control run gradually increase with the precipitation intensity, but underestimate
weak rains below 5 mm/3 h, suggesting that the resolution of 2 km is not yet
sufficient to predict the occurrence of small scale convection cells. In the 2 km
ensemble, tendency of the ensemble mean to underestimate heavy rains is the same
as in the 10 km ensemble, but the bias trend of the control run in 2 km acts to
alleviate the tendency thus the bias of the 2 km ensemble (JNoVA2 km_mean)

Fig. 12 a Threat scores by the forecast of 10 km forecast. Average of 0600 JST to 1800 JST of
August 5th. b Same as in (a) but 2 km forecast. c Bias scores of 10 and 2 km forecasts. d Brier
skill score of the 10 and 2 km ensemble forecasts
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becomes somewhat flat compared to the 10 km ensemble (JNoVA10km_mean).
This compensation is considered to be a reason that threat scores of the 2 km
ensemble mean overcomes those of the control run for the weak rains (Fig. 12b).

5.2 Verification of Probabilistic Forecast

In this section we verify scores which represent the accuracy of probability forecast.
Brier score is the well-known mean square error of the probability estimation:

BS=
1
N
∑N

1 ðpf − poÞ2, ð1Þ

where po is the probability of an event being observed and pf the probability of
prediction that the event occurs. If the positional lags are not considered, po is 1
when the event occurs and 0 if there is no event.

Brier score is an index to show the accuracy of the probability forecast, however,
in case that the event occurs only occasionally, there is a drawback that Brier score
tends to be better when the predicted probability pf is small. There is Brier skill
score (BSS) as an indicator that fixes this shortcoming. BSS is an index showing the
improvement rate of Brier score against the probabilistic prediction based on cli-
matology (BSref), and is expressed by the following equation:

BSS=1−BS B̸Sref . ð2Þ

Figure 12d shows the Brier skill scores for the 10 km mesoscale ensemble
forecast and the 2 km cloud resolving ensemble forecast. Here we took observed
sample frequency during the verification period as BSref. Brier skill scores are
negative except 2 km cloud resolving ensemble forecast that assimilates GPS PWV
(JNoVA2 km). Even for the forecast for JNoVA2km, positive skills were not
obtained for thresholds over 15 mm/3 h. This result means that if the positional lags
are not allowed, even the probability of precipitation by the ensemble forecast,
high-resolution verification may face the problem of ‘double penalty’ (Ebert 2008;
Gillelandet al. 2009), and suggests the difficulty of applying the results of the
numerical weather prediction to the forecast as it is. Incidentally, it is well-know
that a phenomenon that Brier skills score becomes negative often happens when the
observed sample frequency during the verification period is used as BSref. In fact,
the observed sample frequency is obtained only after the verification period thus to
use them as BSref is unfair for the forecast. We can expect BSS becomes positive if
a longer-term statistic is used for BSref.

In calculating the Brier score, fraction skill score (FSS) has been proposed by
Mittermaier and Roberts (2010), where a template of a certain size is considered
and an indicator is computed on how the average probability of occurrence in the
template is well expressed:
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FSS=1−
1
n∑

n
1 ðpfcst − pobsÞ2

1
n∑

n
1 ðpfcstÞ2 + 1

N∑
n
1 ðpobsÞ2

, ð3Þ

where pobs and pfcst are the percentage of verification grids where the event was
observed and predicted in the template, respectively.

Figure 13 illustrate FSSs of 10 and 2 km ensemble predictions for different
rainfall intensity when the size of the template to compute the fraction is varied.
Here the horizontal axis is the rainfall intensity, and the vertical axis represents the
size of the template to calculate the fraction (in the case of 30 km, 3 × 3 grids for
10 km and 15 × 15 grids for 2 km). For weak rains below 5 mm/3 h, the scores by
the 10 km ensemble (left) is better than the 2 km ensemble (right), which reflects
the low bias scores in NHM2 seen in Fig. 12c. The performances of the two
ensembles become reverse for intense rains more than 10 mm/3 h, and the 2 km
cloud resolving ensemble greatly improves the forecast of heavy rains. The scores
become better when the template size is larger, but the improvement is distinct up to
positional lag of 30 km (template size of 60 km). This result is consistent with Duc
et al. (2013) which verified downscale cloud resolving ensemble prediction over
Japan for the period of July 2010. Although the resolution of the JNoVA analysis is
5 km, the data assimilation is conducted by the inner loop model with a horizontal
grid space of 15 km (Table 1). The template size of 60 km is likely corresponding
to the effective minimum resolution of a grid model (4–5 times of the grid spacing).
High-resolution downscaling can express the phenomenon corresponding to its
model resolution, but the uncertainty of the spatial and time scales corresponding to
the resolution and frequency of the original observation data and assimilation
remains unavoidable, thus the deterministic forecast for smaller spatiotemporal
scales is not possible.

FSSs shown in Fig. 13 are not high even considering the positional lags. This
result is in contrast with the case of the 2011 July Niigata and Fukushima heavy

Fig. 13 Fractions Skill Score of 10 km ensemble forecast (left) and 2 km ensemble forecast
(right). The horizontal axis is 3 h rainfall intensity, and the vertical axis is horizontal scale
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rains (Saito et al. 2013) where the horizontal convergence associated with the large
scale stationary front was clear.

6 Summary and Concluding Remarks

Targeting on the Tokyo metropolitan area local heavy rains of August 5th, 2008, we
conducted downscale and ensemble forecast experiments with horizontal resolu-
tions of 10 and 2 km using the JMA nonhydrostatic model. Initial time of the
10 km experiments were set at 1200 UTC (2100 JST), 4th August. Heavy rains in
the Tokyo metropolitan area were not predicted by the control run of the 10 km
forecast, and rainfalls in the metropolitan area was small even in the 2 km model. In
the 10 km ensemble forecast, some members represented the moderate precipita-
tion, but the maximum rainfall was less than 20 mm in three hours. Although the
ensemble mean somewhat improved the control run in place and spread of the
rainfalls, strong rains were not represented at all. In the 2 km cloud resolving
ensemble, some members expressed strong rainfalls in the metropolitan area, but
positions of the intense precipitation were shifted to the west compared to
observation.

PWV of operational mesoscale analysis of JMA at the initial time was under-
estimated compared to the GEONET observations. To improve water vapor field in
the initial condition, we conducted data assimilation experiments of GPS PWV
using the JMA nonhydrostatic regional 4DVAR system. Water vapor field of the
initial value was modified when GPS PWV was assimilated and precipitation
forecast were significantly improved in the 10 km forecast and its ensemble, but
strong precipitation over 20 mm/3 h were not predicted. The forecast of the strong
precipitation was improved by the 2 km downscaling, and in the 2 km ensemble,
occurrence of the strong rainfalls in the Tokyo metropolitan area and in Shizuoka
prefecture was represented in most members. No precipitation area of the northern
Kanto is also well represented, and the probability distribution diagram of
20 mm/3 h well reproduced the characteristic distributions of the observed spread
of the strong precipitation cells.

From above results, it can be seen that heavy rain caused by convection cells in
the field of weak external forcing cannot be expressed sufficiently by the low
resolution, cumulus convection parameterized model. The 2 km cloud resolving
model represents heavy rains, but the area of weak rains is reduced. The ensemble
forecast reflects the tendency of the control run, thus the accuracy of the initial
value is still important. Since it adds information about the quantitative forecast
uncertainty, the value of the forecast significantly increases compared to the
deterministic forecast only.

The event in this study were sporadic localized heavy rains by small scale
convection cells that occurs in the field of weak large-scale forcing, whose deter-
ministic prediction was very difficult. The situation is in contrast with the case of
the 2011 July Niigata and Fukushima heavy rains where the horizontal convergence
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by a stationary front was evident. Even in the case of this study, areas where strong
rains occur were well reproduced by the 2 km ensemble forecast with the modified
initial condition. This result suggests a certain predictability of small scale con-
vective rains in terms of the probabilistic forecast. Although Brier skill scores were
negative even in the 2 km ensemble with GPS PWV assimilation but fraction skill
score clearly demonstrated advantage of the cloud resolving ensemble for intense
rains. Spatial scale of the template size to compute the fraction may be affected by
the original uncertainty in the analysis. Even in local heavy rainfall that occurs in a
field of weak large-scale forcing, local surface convergence by the sea breeze
sometimes triggers the occurrence of deep convection. Predictability for such the
case observed in the Tokyo Metropolitan Area Convection Study (TOMACS;
Nakatani et al. 2013) has been reported by Saito et al. (2014) and will be discussed
in another paper.
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Validation and Operational
Implementation of the Navy Coastal
Ocean Model Four Dimensional
Variational Data Assimilation System
(NCOM 4DVAR) in the Okinawa Trough

Scott Smith, Hans Ngodock, Matthew Carrier, Jay Shriver,
Philip Muscarella and Innocent Souopgui

Abstract The Navy Coastal Ocean Model Four-Dimensional Variational Assimi-
lation (NCOM 4DVAR) system is an analysis software package that is designed to
supplement the current capability of the operational analysis/prediction system
known as the Relocatable Navy Coupled Ocean Model (Relo NCOM) system. The
present assimilation component of Relo NCOM employs the Navy Coupled Ocean
Data Assimilation Three-Dimensional Variational Assimilation (NCODA 3DVAR)
system to process and assimilate observations. The NCOM 4DVAR, on the other
hand, uses a representer based 4DVAR method and has been found to improve the
forecast-skill for several regional applications. This chapter presents the results of
validation experiments performed in the Okinawa Trough. The analysis and
resulting forecast skill of the two assimilation methods within Relo NCOM (NCOM
4DVAR and NCODA 3DVAR) are compared, and the operational implementation
of NCOM 4DVAR is examined to verify that it satisfies operational constraints.
The metrics used to validate the NCOM 4DVAR system include: computational
efficiency, scalability, robustness, and the prediction accuracy of temperature, sea
surface height, and sonic layer depth through NCOM 4DVAR and NCODA
3DVAR analyses. Forecast skill metrics are computed using surface observations of
temperature, salinity and sea surface height, and profile observations from gliders
and AXBTs (aerial expendable bathythermograph). Overall, the validation reveals
that NCOM 4DVAR has lower root mean square errors for both analyses and
forecasts than the operational NCODA 3DVAR system.
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1 Introduction

The Navy Coastal Ocean Model four-dimensional variational (NCOM 4DVAR)
system is a data assimilative nowcast/forecast ocean modeling and prediction
system developed at the Naval Research Laboratory (NRL) for use at the Naval
Oceanographic Office (NAVOCEANO) (Smith et al. 2015). This system is built to
be used within the same framework as the Relocatable NCOM (Relo NCOM),
which is the present operational ocean analysis and prediction tool that the Navy
uses for non-global applications. The current data assimilation component of Relo
NCOM uses the three-dimensional variational data assimilation method, performed
by the Navy Coupled Ocean Data Assimilation system (NCODA 3DVAR, Smith
et al. 2012). The newly developed NCOM 4DVAR system is designed to supple-
ment NCODA 3DVAR allowing the user to select either system depending on the
application at hand. Regardless of which assimilation option is selected, Relo
NCOM uses the same forcing, initial and boundary conditions, and the same ocean
model (NCOM) for its forecasting component.

Most ocean models have reduced accuracy and prediction skill at regional and
coastal scales where the prediction of tracers, currents, and acoustic properties are
important for search and rescue operations, hydrocarbon/chemical spill simulations,
environmental prediction, and other Navy operations. While the currently opera-
tional NCODA 3DVAR may be ideal for global and large basin scales due to its
computational efficiency, NCOM 4DVAR has improved analysis/forecasting
capabilities and has shown that it can be operated at sufficiently high resolution in
coastal and/or regional areas in a reasonable amount of time (Ngodock and Carrier
2014b). The NCOM 4DVAR is able to provide an improved analysis by accounting
for observations at their actual collection times, rather than assuming the observa-
tions occur at the same time as in 3DVAR. Also in 4DVAR, observation corrections
are temporally correlated and their influence is propagated throughout the entire
assimilation window via the model dynamics. This allows more information to be
extracted and utilized from sparse observations, thereby producing a more accurate
and dynamically consistent analysis, which in turn increases the forecasting pre-
dictability skill. Another advantage that NCOM 4DVAR has is the capability to
directly assimilate velocity (Carrier et al. 2014) and sea surface height (SSH)
(Ngodock et al. 2015) observations without having to use synthetic observations.
Synthetic observations consist of temperature and salinity profiles that are derived
from SSH observations (Fox et al. 2002). The generation of synthetic observations is
required in the NCODA 3DVAR assimilation system because there are no model
dynamics or cross-covariances to correlate SSH observations to the other variables.

In this study, the resulting analyses and forecasts from three experiments are
analyzed and compared. All experiments are performed using the operational
implementation of Relo NCOM for the Okinawa Trough. The only difference
between the experiments is that the first uses NCODA 3DVAR and the second and
third experiments use NCOM 4DVAR. Two separate NCOM 4DVAR experiments
are performed and presented that use different methods of assimilating sea surface
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height (SSH) observations (described in Sect. 2.3). Every effort is made to keep the
forcing, parameters, data, and data processing as similar as possible between the
experiments, so that the primary aspect being compared is the assimilation method.

Section 2 describes the Relo NCOM system along with its major components
that are relevant to the validation experiments in this study. Then in Sect. 3, the
setup of the validation testing experiments for the Okinawa Trough are discussed,
followed by the results in Sect. 4. Section 5 goes over some of the implications of
applying the NCOM 4DVAR system operationally. Finally, some conclusions are
provided in Sect. 6.

2 Components of Relo NCOM

The Relo NCOM system is a flexible data assimilation/forecasting system (Rowley
2010), with most model configuration parameters available for the user to define.
The Relo NCOM system consists of a suite of scripts that efficiently handle the
input and output data streams, NCODA data processing, the data assimilation, and
NCOM forecasts. It also performs the preparation of a new domain, which includes
interpolating and setting up the initial and boundary conditions and surface forcing.
The initial and boundary conditions are extracted from a larger model, such as the
global Hybrid Coordinate Ocean Model (HYCOM) (Metzger et al. 2014). The
surface forcing fields can come from the Navy Operational Global Atmospheric
Prediction System (NOGAPS, Rosmond 1992; Rosmond et al. 2002); Coupled
Ocean Atmosphere Mesoscale Prediction System (COAMPS; Hodur 1997) prod-
ucts generated at the Fleet Numerical Meteorology and Oceanography Command
(FNMOC); from COAMPS raw output; or now from the Navy Global Environ-
mental Model (NAVGEM, Hogan et al. 2014). In most cases, atmospheric model
wind stresses, radiation fluxes, atmospheric pressure, temperature, and humidity are
prepared for the NCOM model, and bulk flux formulae are used in NCOM to
calculate surface heat fluxes (Rowley 2010).

2.1 Navy Coastal Ocean Model (NCOM)

The Navy Coastal Ocean Model (NCOM, Martin 2000) is the ocean forecasting
component of Relo NCOM. . NCOM was developed primarily from two existing
ocean circulation models, the Princeton Ocean Model (POM) (Blumberg and
Mellor 1983; 1987) and the Sigma/Z-level Model (SZM) (Martin et al. 1998).
NCOM has a free-surface and is based on the primitive equations and hydrostatic,
Boussinesq, and incompressible approximations. Turbulent mixing is parameterized
by the Mellor-Yamada Level-2.5 (MYL2.5) turbulence closure parameterization
(Mellor and Yamada 1982) for vertical diffusion and the Smagorinsky scheme
(Smagorinsky 1963) for horizontal diffusion (Carrier et al. 2014). The vertical
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mixing enhancement scheme of Large et al. (1994) is used for parameterization of
unresolved mixing processes occurring at near-critical Richardson numbers.
A source term is included in the model equations to allow for river input and runoff
inflows (Barron et al. 2007).

As in the POM, NCOM employs a staggered Arakawa C grid with an
orthogonal-curvilinear horizontal grid orientation. Spatial finite differences are
mostly second-order centered, but higher-order spatial differences are optional.
NCOM features a leapfrog temporal scheme with an Asselin filter to suppress time
splitting. Most terms are handled explicitly in time, but surface wave propagation and
vertical diffusion are solved implicitly (Martin 2000). In the vertical, NCOM can be
configured with terrain-following free-sigma or fixed sigma, or constant z-level
surfaces or their combination (Barron et al. 2006). Typically, one of two types of
combinations is used: the first is a hybrid sigma and z-level combination with sigma
coordinates applied from the surface down to a designated depth (100–200 m
depending on where the shelf break is located), and z-levels below this specified
depth. The second vertical grid choice typically used is the general vertical coordinate
(GVC) grid consisting of a three-tiered structure: (1) a near-surface “free” sigma grid
that expands and contracts with the movement of the free surface, (2) a “fixed” sigma,
and (3) a z-level grid allowing for “partial” bottom (Martin et al. 2008).

2.2 Navy Coupled Ocean Data Assimilation 3D Variational
Analysis (NCODA 3DVAR) System

NRL developed and implemented an ocean data analysis component of COAMPS
called the Navy Coupled Ocean Data Assimilation System (NCODA; Cummings
2005). The version of NCODA used operationally and in this study employs the
3DVAR method and is capable of processing observations from a large number of
different platforms. These include, but are not limited to: satellite sea surface tem-
perature (SST), SSH/altimetry, satellite microwave-derived sea ice concentration,
and in situ surface and profile data from ships, drifters, fixed buoys, profiling floats,
XBTs (expendable bathythermographs), AXBTs (aerial expendable bathythermo-
graphs), CTDs (conductivity, temperature, and depth), and gliders. The observa-
tional data are prepared and processed through the NCODA automated data quality
control system (NCODA-QC) which identifies spurious observations compared
against climatological or model fields and associated variability information
(Cummings 2011). Observations that satisfy the quality control are then passed into
another NCODA module called NCODA-PREP where they are combined with the
previous forecast fields to produce the initial innovations. Observation and forecast
errors, and correlation scales are also computed in NCODA-PREP.

The NCODA 3DVAR module reads in the innovations and error covariance
information and uses a conjugate gradient routine to minimize a 3D variational cost
function to determine the analysis increments in observation space. These
increments are then mapped back to the model space using the background error
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covariances resulting in a set of corrections corresponding to the NCOM forecast
fields (Smith et al. 2012). The NCODA 3DVAR system is currently being used
operationally at NAVOCEANO in the Relo NCOM, global HYCOM, and
COAMPS.

2.3 Navy Coastal Ocean Model Four Dimensional
Variational System (NCOM 4DVAR)

The NCOM 4DVAR system operates within the framework of Relo NCOM. The
same scripts that are used to operate Relo NCOM with NCODA 3DVAR are used
to operate the NCOM 4DVAR, with a few additional parameters for the NCOM
model adjoint and the specification of the assimilation window. NCOM 4DVAR
uses the same data that is processed by NCODA-QC and it also uses
NCODA-PREP to process these observations for the specified domain.
NCODA-PREP had to be slightly modified to account for the temporal distribution
of the observations and to create time dependent innovations that are required for
the NCOM 4DVAR. It should be noted that an observation density-reduction
option has been added to the NCOM 4DVAR to ensure that no two observations
fall within a correlation scale distance of one another, as too many correlated
observations can adversely affect the conditioning of the minimization.

The analysis component of NCOM 4DVAR is a variational assimilation system
based on the indirect representer method as described by Bennett (1992, 2002) and
Chua and Bennett (2001) and uses the tangent linearization (TL) of the NCOM
code and its adjoint. The NCOM 4DVAR system is described in detail by Ngodock
and Carrier (2014a), and a full derivation of the representer method can be found in
Chua and Bennett (2001). Therefore, only an overview is provided here.

The representer method aims to find an optimal analysis solution as the linear
combination of a first guess (i.e., prior model solution) and a finite number of
representer functions, one per datum,

u ̂ðx, tÞ= uFðx, tÞ+ ∑
M

m=1
β ̂mrmðx, tÞ, ð1Þ

where u ̂ðx, tÞ is the analysis solution, uFðx, tÞ is the prior forecast, rmðx, tÞ is the
representer function for the mth observation, and β ̂m is the mth representer coeffi-
cient. The representer coefficients are found by solving the linear system,

ðR+OÞβ= y−HuF , ð2Þ

where O is the observation error covariance, y is the observation vector, and H is
the linear observation operator that maps the model fields to the observation
locations. R is the representer matrix defined as,
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R=HMBMTHT , ð3Þ

whereM is the TL of NCOM,MT is the adjoint of NCOM, and B is the model error
covariance. Since the matrix R+O is symmetric and positive definite, Eq. (2) can
be solved for β iteratively using a linear solver, such as the conjugate gradient
method. From Eqs. (2) and (3), βm can be found for each representer by integrating
the adjoint and TL models over some number of minimization steps until
convergence.

In the NCOM 4DVAR, βm is found with a pre-conditioned conjugate gradient
solver. The preconditioner here follows from Courtier (1997), where β is redefined
as u=

ffiffiffiffi
O

p
β in the minimization step such that Eq. (2) can be expressed as,

ffiffiffiffiffiffiffiffiffiffi
O− 1

p
R

ffiffiffiffiffiffiffiffiffiffi
O− 1

p
+ I

� �
u=

ffiffiffiffiffiffiffiffiffiffi
O− 1

p
y−HuFð Þ ð4Þ

This transformation ensures that there is a lower bound of 1 for the eigenvalues,
which insures that the condition number will remain reasonably small and allow the
conjugate gradient solver to converge relatively quickly. Once β is determined,
Eq. (1) is then used to compute the analysis.

The background and model error covariance in NCOM 4DVAR is univariate
and follows the work of Weaver and Courtier (2001) and Carrier and Ngodock
(2010). This is deemed acceptable as the application of the TL and adjoint
models in the minimization and final sweep provide multivariate balance con-
straints through the linearized dynamics. It has been shown (Yu et al. 2012) that
omitting linear balance constraints does not lead to a significant degradation of
the final solution in terms of the fit to observations. The univariate error
covariance can be decomposed into a correlation matrix and associated error
variance such that,

B=ΣCΣ, ð5Þ

where Σ is a diagonal matrix consisting of the standard deviations of the back-
ground error and C is a symmetric matrix of background error correlations.
In NCOM 4DVAR, the error standard deviations of the background are used at the
initialization of the TL model only, whereas the model error (also contained in the
matrix Σ) is used when the adjoint forces the TL model during integration (i.e., as
the TL model integrates forward in time). This allows the weak constraint method
to correct for the initial condition error while also adjusting the forward model
trajectory based on the specification of the model error. The error correlation, for
both the model and the background errors, is not directly calculated and stored in
NCOM 4DVAR; rather, the effect of the correlation matrix acting on an input
vector is modeled by the solution of a diffusion equation (Weaver and Courtier
2001; Yaremchuk et al. 2013; Carrier and Ngodock 2010; Ngodock 2005).

The NCOM 4DVAR includes two methods for assimilating SSH. The first is by
creating synthetic profiles of temperature and salinity (T and S) in the same way as
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NCODA 3DVAR (Smith et al. 2012). The second option is to assimilate SSH
observations directly. Direct assimilation of SSH is not feasible with the NCODA
3DVAR system because it creates gravity waves. A method has been devised for
NCOM 4DVAR to overcome this issue by assimilating SSH observations only into
the baroclinic mode of the model. NCOM 4DVAR has an internal routine that
checks and adjusts the barotropic mode to ensure that it is in balance with the
baroclinic mode. Therefore, by the time the SSH observation information reaches
the barotropic mode, it is in dynamic balance with the model and does not produce
gravity waves. A more detailed description of this method is provided in Ngodock
et al. (2015).

3 Validation Test Description: Okinawa Trough

The study region encompasses both the Okinawa Trough and Ryukyu Islands of
Japan, from 17°N to 34°N and 118°E to 134°E (Fig. 1). The Okinawa Trough
region is highly dynamic in nature; it has a complex geometry, sharp bathymetry
gradient, a strong Kuroshio current, large barotropic and internal tides, significant
river input, and frequent typhoon passage. All of these features provide an excellent
testing ground to evaluate the predictive capability of the NCOM 4DVAR assim-
ilation system. The Okinawa Trough is located between Taiwan and southern Japan

Fig. 1 The Okinawa Trough
model domain, with 3 km
horizontal resolution. The
study region encompassed
both the Okinawa Trough and
Ryukyu Islands of Japan,
from 17°N to 34°N and 118°E
to 134°E (dashed lines)
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and is a seabed feature of the East China Sea; it is an active, initial back-arc rifting
basin which formed behind the Ryukyu arc-trench system in the western Pacific
Ocean. A large portion of the domain is more than 1,000 m deep with a maximum
depth of 2,716 m.

All of the Relo NCOM Okinawa Trough experiments that are compared in this
study are 12 months long (Jan 1, 2007–Dec 31, 2007). Each of these experiments
uses surface boundary conditions from the global 0.5° NOGAPS (Rosemond et al.
2002) and lateral boundary conditions from a 6 km Relo NCOM Western Pacific
domain. This Western Pacific Relo NCOM is performed operationally at NAVO-
CEANO and receives its lateral boundary conditions from the global NCOM
(Barron et al. 2006 and 2007). Each experiment employs NCOM configured with
50 layers in the vertical including 25 free-sigma layers extending to a depth of
116 m with constant z-levels extending down to a maximum of 5500 m.

The following three experiments will be used in this comparison: (1) a standard
Relo NCOM using the operational implementation of NCODA 3DVAR (EXP1);
(2) the NCOM 4DVAR where the SSH observations are assimilated via synthetic
profiles of temperature and salinity generated by the Modular Ocean Data Assim-
ilation System (MODAS, Fox et al. 2002) (EXP2); and (3) NCOM 4DVAR
assimilating SSH observations through direct assimilation of the along-track mea-
surements (EXP3). The standard implementation of NCODA 3DVAR (EXP1) uses
the MODAS synthetic profiles to assimilate SSH observations, as is the case with
EXP2.

The 4DVAR assimilation of along-track SSH (EXP3) is included in this com-
parison because it is a relatively new technique and has outperformed the other two
methods in previous tests. In order to run EXP3, an estimated mean SSH field is
needed to transform the observations from height anomalies into the SSH form of
the ocean model. Since a sufficiently long enough time period of Relo NCOM does
not exist for this domain, a 5-year mean SSH field from the global HYbrid
Coordinate Ocean Model (HYCOM) is interpolated to the observation locations and
added prior to the inclusion of the data within the assimilation. Another reason to
include the direct assimilation of SSH in this study is to identify any model-drift
that may be present in the cycling forecast from the 4DVAR analysis. There is a
possibility that the assimilation of along-track SSH may produce unrealistic cor-
rections to the thermodynamic state of the model. This is not a concern when
synthetic profiles are assimilated, as the generation of these profiles uses clima-
tology to constrain the temperature and salinity profiles. This climatological con-
straint does not exist when SSH observations are assimilated directly. On the other
hand, the 4DVAR does constrain the adjustments to the temperature and salinity by
the background around which the adjoint and TL models are linearized. The
objective is to determine if this constraint is sufficient to prevent unrealistic
adjustments to the thermodynamic structure and, therefore, prevent the model
solution from drifting far from reality.

The observational data used in these experiments come from several sources:
subsurface in situ and profile temperature (T) and salinity (S) observations were
collected from XBTs and Argo Floats, SST observations are collected from
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NOAA’s GAC and LAC satellites, and SSH observations are from altimeter data
obtained from the ENVISAT, GFO, and Jason-1 satellites. The SSH data are
processed through the ALtimeter Processing System (ALPS; Jacobs et al. 2002),
which is available from the Altimetry Data Fusion Center (ADFC) at the Navy
Oceanographic Office (NAVOCEANO). A collection of additional glider and
AXBT observations are also provided and used in this study.

At 3 kilometers (km) resolution, the Okinawa Trough domain has a spatial size
of 535 by 628 grid points and 50 layers; this corresponds to a total of 16,799,000
grid points. Due to the computational cost of NCOM 4DVAR, which involves
solving the adjoint and TL models several times within the minimization driver, the
total time to run the assimilation for a model grid of this size is operationally
prohibitive.

To reduce the computational time it is necessary to run the NCOM 4DVAR
assimilation on a reduced resolution grid. For the 4DVAR experiments (EXP2 and
EXP3), the model grid is coarsened by interpolating the 3 km model background to
a 6 km analysis grid that covers the same region and vertical structure as the
original configuration. This is deemed acceptable as the static spatial covariance
scales employed by the NCOM 4DVAR are based on the Rossby radius of
deformation, which is approximately 40 km for this region. Once the assimilation is
complete on the reduced-grid, the analysis increments are projected back to the
original 3 km resolution and added to the full-resolution background state to pro-
duce the analysis. A series of experiments conducted during the early testing phase
for the NCOM 4DVAR in the Okinawa Trough confirmed that a forecast run at
3 km initialized by a 6 km analysis yields a nearly identical solution as one run
from a 3 km analysis. This result, coupled with the fact that the computational cost
of the analysis is greatly reduced by the use of the coarse-resolution analysis,
justifies this method.

4 Validation of NCOM 4DVAR

The results of the validation testing are broken up into 4 subsections. The first is the
analysis and 24-h forecast errors of the different experiments as a function of time
throughout the 12-month time period. The remaining 3 subsections focus on sub-
surface predictability. These statistics are only computed over a 3-month time
period (Aug–Oct, 2007), because the vast majority of profile observations are
collected during this time. It is also important to examine the predictability and
persistence of extended forecasts out to 96 h, and it is prohibitive to perform these
extended forecasts for the entire year. In the second and third subsections, the time
average predictability of the subsurface temperature and salinity is compared with
all assimilated profile data (Sect. 4.2); and then with non-assimilated AXBT and
glider profile data for independent verification (Sect. 4.3). Finally, in Sect. 4.4, the
predictability of sonic layer depth (SLD) is analyzed.
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4.1 Time Distribution of Errors

The first comparison performed on these experiments is to examine the seasonality
and errors of the analysis and the corresponding 24-h forecast that is generated by
NCOM. To do this, a normalized error metric is computed as a function of time
over the 12 month time-period of the experiments. This evaluation can also help
determine if any model drift is present in the solution; this would manifest itself as
an increasing 24-h forecast error with time as the model solution slowly drifts from
reality. The error metric employed for this is a normalized mean absolute error that
will be referred to as the Jfit measure,

Jfit =
1
M

∑
M

m=1

ym −Hmxj j
σm

, ð6Þ

where M is the total number of observations; ym, Hm, and σm are the observation,
observation operator, and observation error, respectively, associated with the mth
observation; and x is the model state (either the forecast or analysis). Equation 6
indicates that if the forecast or analysis fits the collective observations within their
corresponding prescribed observation errors, the Jfit value will be at or below one. If
the Jfit value is well below the value of one, then this may indicate that the solution
is over-fitting the observations, and the prescribed model errors may need to be
reduced.

Figure 2 shows the Jfit normalized error of the analysis (red) and the 24-h
forecast (blue) for both 4DAR NCOM experiments. In these figures, the dashed
black line represents the overall observation error. The normalized errors (Jfit) are
computed relative to all of the observations that are assimilated; or in the case of the
24-h forecast it is all of the observations that will be assimilated in the next cycle.
These observations include temperature, salinity and in the case of EXP3, SSH. For
both 4DVAR experiments (Fig. 2a, b) the analysis fits within the observation error
for the majority of the time period and the 24-h forecasts are generally within 2
standard deviations of the observation error.

The results in this figure also show that the 4DVAR assimilation of synthetic
observations (EXP2) is outperforming the 4DVAR assimilating SSH directly
(EXP3). This, however, does not necessarily imply that EXP2 is better, because the
normalized error metric (Jfit) computed for these two experiments uses different
observations and observation errors. In EXP2 (Fig. 2a) SSH observations are
converted to synthetic temperature and salinity observations, and it is these syn-
thetic observations that are assimilated and used in the Jfit value, along with the
remaining in situ temperature and salinity observations. The synthetic observations
have a relatively high observation error, higher than the real observations of
temperature and salinity that are assimilated directly in EXP3 (Fig. 2b). Therefore,
the solution in EXP2 will fit within a lower percentage of the observation error.

Figure 3 displays comparisons of SSH normalized error of the 24-h forecasts
generated from NCODA 3DVAR (EXP1) and the two 4DVAR NCOM
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experiments (EXP2 and EXP3). In these error metrics, the SSH forecasts are
compared to a SSH map product created by the ALtimeter Processing System
(ALPS) (Jacobs et al. 2002). Along-track SSH observations are high resolution in
the along-track direction, but sparse in the cross-track direction. This makes
comparisons with models difficult as the structure of mesoscale eddies cannot be
entirely resolved using instantaneous SSH observations. The ALPS SSH product is
a 2D optimal interpolation of sea surface height anomalies (SSHA) from multiple
altimetry sources using characteristic covariance information regarding the scale of
typical ocean eddies, propagation speeds, and time scales. A 5-year HYCOM mean
SSH field is added to the ALPS SSH, in the same manner as the along-track SSH
observations.

Figure 3a displays a comparison of the 24-h SSH forecast error between EXP1
(black) and EXP2 (red) for the 12 months of the experiments using the Jfit error
metric in Eq. 6. In this comparison, EXP2 exhibits similar SSH forecast error as
EXP1, albeit lower from January through May, and higher from May through
September. This result is not surprising, as both forecasts are generated from

Fig. 2 Normalized error of the analysis (red) and 24-h forecast (blue) from the 4DVAR
experiment assimilating a SSH via MODAS synthetics (EXP2) and b SSH directly (EXP3). The
normalized errors are computed using Eq. 6 and are relative to all of the assimilated observations
during the year-long Okinawa Trough experiments
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analyses that use synthetic profiles from MODAS to constrain the mass field.
Since MODAS synthetics are based on climatology, they are generally more iso-
tropic and slowly varying; therefore, limiting the advantage of 4DVAR over
3DVAR.

Figure 3b compares EXP3 and EXP1 24-h SSH forecast errors. In the case of
EXP3, the 4DVAR analysis assimilates the along-track SSH observations directly.
As such, the EXP3 24-h SSH forecast exhibits lower error than EXP1 generally
throughout the entire 12-month experiment. This indicates that directly assimilating
SSH, rather than through derived synthetic profiles of temperature and salinity,
yields a superior SSH forecast. This is consistent with theory, as the observation
errors for synthetic profiles are relatively high (Ngodock et al. 2015).

4.2 Profile Distribution Errors

It is important for the subsurface thermodynamic characteristics to be captured
by the model, thus the first comparison presented is the RMS errors computed as
a function of depth, rather than time. This error metric, calculated for the

Fig. 3 Comparison of the 24-h SSH forecast error resulting from the year-long 3DVAR
experiment (EXP1, black) and the two 4DVAR experiments: a assimilation of SSH via MODAS
synthetics (EXP2, red) and b assimilation of SSH directly (EXP3, red). The normalized errors are
computed using Eq. 6 and are relative to the SSH maps from ALPS
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forecasts generated from NCODA 3DVAR and NCOM 4DVAR, presents a
comparison of the model layer-by-layer error relative to available profile
observations.

Figures 4 and 5 show the 24-h forecast layer-by-layer RMS error value com-
parison between EXP1 and the 2 4DVAR experiments, EXP2 and EXP3, respec-
tively. These error statistics are calculated for temperature (left panel) and salinity
(right panel) relative to profile observations from three out of the 12 months of the
experiments (August–October). In these figures, the value (N) in the left panel is the
total number of profiles used to compute these statistics during the 3-month time
period. Each profile consisted of both temperature and salinity observations down
to a particular depth, so the total number of temperature and salinity observations
used in these comparisons is the same. NCODA-QC calculates synthetic salinity
profiles using MODAS for profile observations of just temperature (such as
AXBTs). Then, layer-by-layer, RMS error values are computed for each experiment
using forecast-observation comparisons during the entire 3-month period. It should
be noted that not all of the profiles used for these comparisons went below 1400 m
and many were confined to the upper 100 m. The results shown in these figures
reveal that both EXP2 and EXP3 outperform EXP1 in predicting temperature,
especially within the depth range of 100–600 m. Whereas, the systems are pretty
similar at predicting salinity, except that EXP2 does not have the increased error
near 350 m that is in EXP1.

Figure 6 is an overlay of all the error profiles in Figs. 4 and 5 for comparison,
including their corresponding 96-h forecasts (dashed lines). As expected, the error

Fig. 4 Comparison of 24-h
forecast RMS profile errors
between EXP2 (red) and
EXP1 (black) for temperature
profiles (left panel) and
salinity profiles (right panel).
These are from 3-months
(August–October). The value
N is the total number of
profile observations used in
these statistics
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characteristics grow from the 24-h forecast to the 96-h for both 4DVAR systems.
However, the gains provided by the 4DVAR analyses do not degrade much over the
period of 96-h and the forecasts generated from the 4DVAR analyses continue to
demonstrate skill over the forecasts generated by NCODA 3DVAR. It is interesting
to point out that the 96-h forecasts of EXP2 and EXP3 have the same, or better, skill
than the 24-h forecast of EXP1.

Fig. 5 Comparison of 24-h
forecast RMS profile errors
between EXP3 (red) and
EXP1 (black) for temperature
profiles (left panel) and
salinity profiles (right panel).
These are from 3-months
(August–October). The value
N is the total number of
profile observations used in
these statistics

Fig. 6 Comparison of 24-h
(solid) and 96-h (dashed)
forecast RMS profile errors
between EXP1 (black), EXP2
(red), and EXP3 SSH (blue)
for temperature profiles (left
panel) and salinity profiles
(right panel). These statistics
are computed over 3-months
(August–October). The value
N is the total number of
profile observations used in
these statistics
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4.3 Profile Errors Relative to Independent Data

In addition to the 12-month experiments, a series of smaller 3-month runs using the
NCOM 4DVAR (with direct SSH and synthetic assimilation) and the NCODA
3DVAR experiments were performed with some data types withheld for indepen-
dent forecast evaluation. For these comparisons, EXP1 and EXP3 are compared
with (1) all withheld glider data (Fig. 7) and (2) all withheld AXBT data (Fig. 8).

Figure 7 illustrates the layer-by-layer Jfit values (Eq. 6) for the EXP3 24-h
forecast (red) versus the EXP1 24-h forecast (black) for temperature (left panel) and
salinity (middle panel) computed against withheld glider observations. It should be
noted that the withheld glider observations were also processed through NCODA-
PREP. Therefore, the observation counts in the right panel of this figure are the
processed glider observations binned into the NCODA analysis layers in time
increments of 3 h. Clearly, the forecast using EXP3 outperformed EXP1 according
to this independent data comparison, for both temperature and salinity through all
model layers. Figure 8 shows the same comparison, but using withheld AXBT data.
There is no salinity AXBT data, therefore there is no panel for salinity. Just as in the
glider comparison, EXP3 outperforms EXP1 when compared to this independent
data set.

Overall, the results from these experiments indicate that the NCOM 4DVAR
analysis system, when assimilating SSH observations directly or through synthetic
profiles of temperature and salinity, fits the assimilated observations within the

Fig. 7 The layer-by-layer Jfit error values (Eq. 6) for the EXP3 24-h forecast (red) versus the
EXP1 24-h forecast (black) for temperature (left panel) and salinity (middle panel) computed
against withheld glider observations (right panel)
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prescribed observation error. Further, the resulting forecasts generated from the
NCOM 4DVAR analyses perform equally or better than the forecasts generated
from the NCODA 3DVAR analyses, for both subsurface temperature and salinity,
and also for model sea surface height.

4.4 Sonic Layer Depth Prediction

Sonic Layer Depth (SLD) is the depth at which sound speed is maximum in the
upper water column. SLD is an important quantity to the Navy, because it is the
upper boundary of the SOFAR (sound fixing and ranging) channel in which
acoustic signals at certain frequencies can become trapped. Therefore, the predic-
tion skill of SLD is one of the more important metrics that the Navy uses in
determining the quality of a prediction system. For the comparison in this section,
SLD was calculated using NRL’s ProfParam software (Helber et al. 2008) for all of
the glider and AXBT profile data (collected during 1 August 2007 through 31
October 2007). The analyses, and 24, 48, 72, and 96-h forecasts of EXP1, EXP2,
and EXP3 were interpolated to these observation locations and times.

Table 1 provides the overall statistics of SLD prediction skill of each of the three
experiments over the 3-month time period. In this table, N is the total number of
SLD observations computed from glider and AXBT profiles. The mean difference

Fig. 8 The layer-by-layer Jfit
error values for the EXP3
24-h forecast (red) versus the
EXP1 24-h forecast (black)
for temperature (left panel)
computed against withheld
AXBT data (right panel).
There is not a panel for
salinity, because there are no
salinity AXBT data
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(bias) between the SLDs calculated from the prediction system and data (Model
SLD–Data SLD) reveal that the analysis and forecast systems are consistently
predicting a shallower SLD than the data in all experiments. The RMS errors from
these differences, along with their correlation coefficient, demonstrate that both
versions of 4DVAR perform better than the NCODA 3DVAR at predicting SLD for
the analysis and all forecast lengths.

Figure 9 displays 2D histograms of occurrence counts between matching
observation (x-axis) and model (y-axis) SLDs. Here, the model SLD values are
interpolated to each observation location and compared to the observed SLD.
The SLD matchups are binned in 5 m resolution cells and the number of occur-
rences of each matchup within each cell is indicated by the colorbar. This is done
for the analysis (top row), 24-h forecast (middle row), and 96-h forecast (bottom
row) for EXP1 (left-most column), EXP2 (middle column), and EXP3 (right-most
column). Note that the color bar is in log scale. Also, there are no observation
counts shallower than 10 m (for both data and model), because the ProfParam
software used to calculate SLDs does not allow for a SLD below 10 m. Therefore,
more occurrence counts concentrated near the diagonal black line signifies that the
model is doing well at predicting SLD.

Table 1 Sonic Layer Depth (SLD) prediction errors of the NCODA 3DVAR and NCOM
4DVAR analyses, along with their ensuing 24, 48, 72, and 96-h forecasts. Errors are relative to the
SLD computed from all AXBT and glider profile observations during Aug–Oct 2007. The
experiments with the best correlation are in bold

N RMS error (m) Correlation coefficient Mean diff (m)

Analysis

EXP1 5579 22.59 0.46 −9.07
EXP2 5579 18.07 0.65 −1.79
EXP3 5579 17.85 0.65 −2.02
NCOM 24 h forecast

EXP1 5600 21.28 0.52 −7.96
EXP2 5600 19.14 0.61 −2.68
EXP3 5600 18.68 0.63 −2.84
NCOM 48 h forecast

EXP1 5602 20.41 0.55 −7.14
EXP2 5602 19.71 0.59 −3.43
EXP3 5602 19.27 0.60 −3.58
NCOM 72 h forecast

EXP1 5531 20.25 0.55 −6.75
EXP2 5531 19.82 0.58 −3.51
EXP3 5531 19.54 0.58 −3.76
NCOM 96 h forecast

EXP1 5469 20.02 0.55 −6.18
EXP2 5469 19.83 0.57 −3.53
EXP3 5469 19.60 0.58 −4.05
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In the EXP1 analysis histogram, there is an unusual band of modeled SLD
counts between 10-15 m depth, and there is an overall significant bias towards the
model under-predicting SLD relative to the observations (there are more red squares
below and to the right of the diagonal black line). In the EXP3 analysis this bias is
significantly reduced; and in the EXP2 analysis, one can barely notice the bias. As
the forecast proceeds from 24 to 96-h, there is a clear trend of the shallow modelled
SLD bias becoming more pronounced in the 4DVAR and the overall SLD pre-
diction capability of 4DVAR moving towards that of EXP1. However, it can be

Fig. 9 Okinawa Trough 2D histograms of SLD (m) of NCODA 3DVAR (left), NCOM 4DVAR
with synthetic SSH assimilation (middle), and NCOM 4DVAR with direct SSH assimilation
(right) analyses (top), 24-h forecasts (middle) and 96-h forecasts (bottom) relative to SLD
computed from profile observations during the 3-month time period of 1 August to 31 October
2007. The diagonal black line denotes the locations on each histogram where the modelled SLD
matches the observed and the color bar denotes the number of counts on a log scale
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seen that EXP2 does better than EXP3 at predicting SLD, and both 4DVAR sys-
tems perform significantly better than EXP1 (even after 96-h of forecasts).

To better visualize this improvement, Fig. 10 shows the difference in counts
between EXP1 and EXP2 for both the analysis and the 96-h forecast. In this figure,
a blue box signifies that EXP2 has more counts at that particular SLD comparison.
The analysis histogram (left panel of Fig. 10) has mostly blue boxes along and near
the diagonal, and red boxes below and to the right; it is clear that the 4DVAR is
doing better and that the NCODA 3DVAR has a significant shallow SLD bias. This
improvement persists throughout the 96 h of forecast (right panel of Fig. 10).

5 Operational Implementation of the NCOM-4DVAR

The majority of the NCOM 4DVAR experiments were performed at the DoD
Supercomputing Resource Center (DSRC) where the average wall clock time for an
analysis/forecast cycle was 70 min. Occasionally, if there were a significant number
of observations during a cycle, the conjugate gradient solver would take up to ten
iterations to converge, and hence take up to 1.5 h to complete a cycle. Most of the
cycles, however, required an hour or less. This puts the time it takes to perform the
NCOM 4DVAR for a relatively large domain within the operational constraints of
NAVOCEANO.

Fig. 10 2D histograms showing the difference in SLD counts between EXP1 and EXP2 analyses
(left) and 96-h forecasts (right). Blue (red) squares signify that the NCOM 4DVAR has more (less)
SLD combination counts than NCODA 3DVAR
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Although there is room for improvement, much effort was put into the paral-
lelization of the NCOM 4DVAR software such that it can operate on as many
processors as efficiently possible. The software is parallelized by splitting the
horizontal domain into separate tiles that are each assigned to a processor (CPU).
Periodically, throughout the operation of the code, information has to be transferred
amongst the tiles. Therefore, as the number of CPUs is increased, so does the
amount of data that needs to be transferred amongst the tiles, and there comes a
limit when adding more CPUs for a particular domain only marginally decreases
the total wallclock time (this is the software’s scalability). The core of the NCOM
4DVAR software scales relatively efficiently. Through a number of tests, it was
determined that the optimal CPU tile size for the NCOM 4DVAR is about 20 × 20
grid points, therefore, 192 CPUs was the optimal number for the Okinawa Trough
domain.

To achieve the goal of performing an analysis/forecast cycle in about an hour, a
software module was created to allow the analysis and the forecast to operate at
different grid resolutions. As discussed in Sect. 3, this module is used to interpolate
the high resolution forecast to a coarser resolution to be used as the background for
the 4DVAR analyses. After the analysis, the module is used to interpolate the
coarse analysis to the high resolution grid for the initial conditions of the forecast.
In the Okinawa Trough experiments, the 4DVAR analysis is run at a 6 km reso-
lution and the forecast is run at 3 km resolution. A number of experiments were
performed testing the impact of reducing the resolution of the analysis component
of the system and it was determined that the impact on forecast skill was negligible,
but the reduction in computation time was tremendous.

Even though the NCOM 4DVAR takes significantly longer and requires more
resources to operate than the 3DVAR (the average wall clock time to perform an
analysis/forecast cycle with the 3DVAR is 5 min on 12 CPUs) the ability to cor-
relate observations with the dynamics over multiple days significantly improves the
analysis and ensuing forecast skill. Also, innovations are computed and applied in
NCOM 4DVAR at the actual observation time. Whereas, the assimilation window
for 3DVAR is only one day and regardless of when the observations are recorded,
their innovations are all applied at a single analysis time.

The optimal assimilation window length for the NCOM 4DVAR can vary
depending on the region, grid resolution, and the observations being assimilated.
A longer assimilation window allows the observations more time to propagate
throughout the domain via the model dynamics, which therefore should improve the
model covariance and produce a better analysis. However, increasing the assimi-
lation window increases the computational time and allows more time for small
errors that may arise from the TL approximation to potentially grow. Figure 11
shows the impact the length of the assimilation window has on the predictability of
the 24-h forecast. In this figure, experiments were performed on the Okinawa
Trough domain during August 2007 for assimilation windows ranging from one to
five days. The RMS errors of the 24-h forecast of temperature and salinity follow
the correct pattern and generally decrease as the assimilation window is increased.
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The improvement resulting from increasing the assimilation window, however, is
minor and doesn’t warrant the extra computational cost. This is why just a 3-day
assimilation window was used in the experiments presented in this chapter.

6 Conclusions

In this chapter, the accuracy of NCOM 4DVAR was compared to the operational
3DVAR-based Relo NCOM analysis/prediction system. Year-long experiments
were performed for the Okinawa Trough domain. For three of the months in these
experiments, the forecasts were extended out to 96 h so that the long-term pre-
dictability can be examined. A number of different types of observations were used
in both the assimilation and validation: SST observations from satellites, subsurface
temperature and salinity profile observations from ARGO floats, AXBTs and
gliders, and SSH observations from altimeters. In some of the experiments, portions
of the profile data were removed from the assimilation and used as an independent
validation data set. The overall results from these experiments indicate that the
NCOM 4DVAR analysis system, when assimilating SSH observations directly or
through synthetic profiles of temperature and salinity, fits the assimilated obser-
vations within the prescribed observation error. Further, the resulting forecasts
generated from the NCOM 4DVAR perform equally or better than the forecasts
generated from the NCODA 3DVAR for subsurface temperature and salinity,
model sea surface height, and sonic layer depth. Finally, it is demonstrated that

Fig. 11 Comparison of
assimilation window lengths
for the NCOM 4DVAR in the
Okinawa Trough. RMS errors
are computed for the 24-h
forecasts of temperature (left)
and salinity (right) during
August 2007 using
assimilation windows ranging
from 24 to 120-h
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despite the computational requirements of the NCOM 4DVAR exceeding those of
NCODA 3DVAR, they are within the operational constraints.
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Stratospheric and Mesospheric Data
Assimilation: The Role of Middle
Atmospheric Dynamics

Saroja Polavarapu and Manuel Pulido

Abstract The middle atmosphere refers to the stratosphere and mesosphere and
features dynamics and circulations that are fundamentally different from those of
the troposphere. The large-scale meridional circulations in the middle atmosphere
operate on seasonal and longer time scales and are largely forced by the breaking of
upward propagating waves. The winter stratosphere is dominated by large-scale
waves and a polar vortex which confines constituents and which is sometimes
punctuated by stratospheric sudden warmings. In contrast, the summer stratosphere
is quiescent. Meanwhile, the meridional circulation in the mesosphere is mainly
driven by the breaking of a broad spectrum of gravity waves that have propagated
upward from the troposphere. These facets of middle atmosphere dynamics have
implications for, and pose unique challenges to, data assimilation systems whose
models encompass this region of the atmosphere. In this work, we provide an
overview of middle atmosphere data assimilation in the context of the dynamics of
this region. The purpose is to demonstrate how the dynamics can be used to explain
the behavior of data assimilation systems in the middle atmosphere, and also to
identify challenges in assimilating measurements from this region of the atmo-
sphere. There are two overarching themes. Firstly, we consider the vertical prop-
agation of information through waves, resolved and parameterized, and background
error covariances. Secondly, we delve into the dynamical sources of model errors
and techniques for their estimation.
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1 Introduction

The past decade has seen operational weather forecasting centers raise their model
lids to the middle or upper mesosphere. The NASA’s Global Modeling and
Assimilation Office (GMAO) raised its model lid height to 80 km in January 2004.
The European Centre for Medium-Range Weather Forecasts (ECMWF) did the
same in February 2006, as did the Met Office in November 2009. The Canadian
Meteorological Centre (CMC)’s model lid moved to 0.1 hPa (roughly 65 km) in
June 2009 (Charron et al. 2012). Given that the primary focus of an operational
weather forecasting centre is on producing real time forecasts for the troposphere,
the extra computational expense invested in raising the model lid to such heights
merits an explanation. There are two main motivating factors for making this
change. On the one hand, a precise model representation of the stratosphere is
expected to increase predictive skill of extended range (10 days to subseasonal)
forecasts (Tripathi et al. 2014; Gerber et al. 2012; Charlton et al. 2004, 2005b) but
more importantly there is a significant number of nadir satellite observations that
are sensitive to the middle atmosphere, Fig. 1 shows the normalized weighting
functions from the Advanced Microwave Sounding Unit (AMSU)-A instrument.
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Several channels (12–14) exhibit peak sensitivity to upper stratospheric temperature
and many others (6–11) have peak or significant sensitivity to lower or mid
stratosphere temperature. In order to assimilate these channels, a model would need
a good background forecast up to 0.1 hPa, so its sponge layer should begin above
this level. This then implies a model lid in the middle mesosphere. Thus the
stratosphere and most of the mesosphere are now part of the weather forecasting
domain.

Since weather forecast models form the basis of major reanalysis efforts such as
ERA-Interim (Dee et al. 2011), JRA-55 (Kobayashi et al. 2015) or MERRA
(Rienecker et al. 2011), there are now long time series of analyses of the middle
atmosphere which serve the climate community. These reference datasets are
widely used for assessing and validating climate models, for understanding mea-
surements and driving chemistry transport models (CTMs). Thus a whole com-
munity is inspecting assimilation products in the middle atmosphere, providing
feedback on successes and deficiencies. In particular, middle atmosphere dynami-
cists, climatologists and chemists have noted differences in the various reanalysis
products and established an international effort (Stratospheric Processes and their
Role in Climate (SPARC) Ranalysis Intercomparison Project or S-RIP) to sys-
tematically compare the products and provide guidance to climate scientists as to
where and when they are reliable as well as to data assimilators (http://www.sparc-
climate.org/activities/reanalysis/). The very existence of S-RIP points to the value
placed on middle atmosphere analyses by climate scientists.

There are yet other reasons for assimilating observations of the middle atmo-
sphere, such as driving models with chemistry to quantify stratospheric ozone loss
(Shepherd et al. 2014), assessing changes in the transport of constituents (and the
Brewer-Dobson circulation) (Hegglin et al. 2014), better understanding large-scale
dynamic events such as sudden stratospheric warmings and their potential impacts
or responses under climate change scenarios and providing lower boundary con-
ditions for space weather models. Finally, the stratosphere has a memory that can be
exploited for improving the skill of seasonal forecasts (Stockdale et al. 2015;
Sigmond et al. 2013; Marshall and Scaife 2009; Boer and Hamilton 2008) pro-
viding yet another motivation for the assimilation of observations into models
capable of depicting the middle atmosphere.

Middle atmosphere data assimilation has therefore become increasingly relevant
to operational and research atmospheric data assimilation efforts. While the same
general techniques of data assimilation are applied to all regions of the atmosphere
simultaneously, there are reasons to afford middle atmosphere data assimilation
separate consideration. Firstly, the dynamics of the middle atmosphere differ from
those of the troposphere and, as will be shown below, this has important impli-
cations for understanding the behavior of data assimilation systems. Secondly, the
degree to which a forecast model captures these dynamics provides insight into the
nature of model errors in this region of the atmosphere. Finally, the observing
system targeting this region of the atmosphere poses unique challenges. While
radiosondes have formed the backbone of tropospheric assimilation systems
(whether directly or through the anchoring of bias correction schemes applied to
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satellite measurements), they only reach as high as the middle stratosphere, leaving
much of the middle atmosphere devoid of in situ measurements. Operational
satellites sensing the middle atmosphere are primarily nadir sounders such as
AMSU (Advanced Microwave Sounding Unit). Since these instruments are sen-
sitive to broad layers of the atmosphere, the vertical structure of the stratosphere
and mesosphere cannot be well resolved. Fortunately, with the routine assimilation
of Global Positioning System (GPS) Radio Occultation (RO) measurements, the
vertical structure of the lower to mid stratosphere can be better resolved (Cardinali
and Healy 2014; Healy and Thépaut 2006). However, above 35 km, the data
become noisier and only weakly constrain the full state despite effectively con-
straining the bias of satellite measurements. Thus, the vertical structure of the
atmosphere above the mid stratosphere remains difficult to estimate.

The goal of this chapter is to present a subjective overview of middle atmosphere
data assimilation, from the perspective of middle atmosphere dynamics but targeted
to a data assimilation audience. The intent is not to be exhaustive, but rather,
illustrative, while maintaining a focus on identifying particular issues and chal-
lenges in the middle atmosphere of coupled troposphere-middle atmosphere data
assimilation systems. Constituent assimilation is an enormous topic that is relevant
for the middle atmosphere, but one that is not considered here. The distribution of
constituents is determined by atmospheric transport and mixing as well as chemical
reactions. An overview of transport in the middle atmosphere is provided by
Andrews et al. (1987) and Shepherd (2007) while Monge-Sanz et al. (2013) discuss
the role of assimilation techniques on constituent transport in the context of
chemistry transport models. The assimilation of constituents also has the potential
to improve wind analyses in the middle atmosphere (e.g. Allen et al. 2014, 2015;
Milewski and Bourqui 2011, 2013; Semane et al. 2009). Recent reviews of
chemical data assimilation are provided by Bocquet et al. (2015) and Sandu and
Chai (2011).

The chapter is organized as follows. In Sect. 2 a brief overview of middle
atmosphere dynamics is provided while in Sect. 3 we look at middle atmosphere
data assimilation through the lens of middle atmosphere dynamics. Some additional
challenges and issues of middle atmosphere data assimilation not previously
mentioned are discussed in Sect. 4 and a summary of the chapter is presented in
Sect. 5.

2 Brief Overview of Middle Atmosphere Dynamics

In order to understand how forecasting and assimilation systems respond to per-
turbations such as analysis increments, it is necessary to introduce a few concepts
about middle atmosphere dynamics. A very brief introduction of the dynamic
features that have some impact on data assimilation is given here, but more detailed
accounts are available in textbooks (e.g. Andrews et al. 1987; Vallis 2006) and
articles (e.g. Shepherd 2000, 2002, 2007; McLandress 1998; Smith 2004).
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The middle atmosphere refers to the stratosphere and mesosphere and extends
from roughly 10 to 80 km above the Earth’s surface. Temperature increases with
height in the stratosphere due to the absorption of ultraviolet radiation by ozone and
decreases with height in the mesosphere as the ozone concentration drops off. The
stratosphere is statically stable and the climatological winds are to a first approx-
imation zonal. If we consider the two-dimensional, steady, geostrophic and
hydrostatic equations, in the absence of a momentum source, the atmosphere would
be in radiative equilibrium balance with outgoing terrestrial radiation balancing
incoming solar radiation. This means a cold dark winter pole and a warm sunlit
summer pole. Through thermal wind balance, zonal winds increase with height.
However, as shown in Fig. 2a, radiative-equilibrium temperature calculations yield
temperatures near the winter pole (dashed lines) that are far too cold compared to
observed values (solid lines), and zonal wind speeds that are much too strong
(compare dashed and solid lines in Fig. 2b).

The addition of a simple Rayleigh friction term as a forcing term in the zonal
momentum equation which is linearly proportional to zonal wind with the pro-
portionality constant increasing with height (McLandress, 1988) results in tem-
peratures and zonal wind speeds which are closer to observations (compare dotted
and solid lines in Fig. 2) than the radiative equilibrium solution (dashed lines). The
conclusion is that some kind of momentum source/sink is needed to explain the
observed zonal mean temperatures and winds, as was first hypothesized by Leovy
(1964).

The origin of this momentum source/sink is breaking waves, which exert a drag
or forcing on the zonal mean flow and drive a mean meridional circulation. In the
winter stratosphere, large-scale quasi-stationary Rossby waves forced by topogra-
phy and land-sea contrasts are able to propagate upward through the stratospheric

Fig. 2 Zonal mean temperature at 90 S (left) and zonal wind field at 40 S (right) during austral
winter. Observations from the COSPAR International Reference Atmosphere (CIRA) are shown as
solid lines. (COSPAR = COmmittee on SPAce Research). The profiles obtained from radiative
equilibrium are shown in dashed curves. Assuming a momentum force that is negative in the
winter hemisphere and positive in the summer hemisphere yields a better fit to observations (dotted
curves). (Reprinted from McLandress (1998) with permission from Elsevier.)
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westerlies where they increase in amplitude as density decreases. Eventually they
break, impart their (negative) momentum to the zonal mean flow, exerting a drag on
the wintertime westerlies. This creates poleward motion through a Coriolis torque
and by continuity, descent (and warming through adiabatic compression) over the
winter pole. Thus, large-scale waves drive this thermally-indirect circulation, called
the Brewer-Dobson circulation. The Brewer-Dobson circulation is important not
only for explaining stratospheric temperature distributions, but also for transporting
constituents, as is apparent in the accumulation of ozone over the winter pole in
Fig. 3. The conditions for vertical propagation of quasi-stationary Rossby waves
(see Andrews et al. 1987, Chap. 4.5 or Vallis 2006, Chap. 13.3) in the case of a
constant wind (U) are that U > 0 (eastward) and U remains below a critical value
(Uc). Thus, these waves cannot propagate into the stratosphere in summer when
zonal winds are easterly. Furthermore, in the winter when they can propagate
vertically, large-scale waves (wavenumbers 1 to 3) are favoured because the critical
wind speed (Uc) decreases rapidly with increasing wavenumber. Thus the winter
stratosphere is dominated by waves having large horizontal scales. Due to the fact
that quasi-stationary Rossby waves are unable to propagate in easterly zonal wind,
the summer stratosphere is characterized by an absence of these waves and so by
temperatures closer to radiative equilibrium.

The stratospheric jets also act to filter much smaller-scale waves (i.e., gravity
waves) which would otherwise propagate up to the mesosphere. In winter when

Fig. 3 Cartoon of the Brewer-Dobson circulation. Meridional circulation is indicated by black
arrows. The tropopause is indicated by a heavy dashed line. The ozone distribution for 15 Feb.–31
March 2004 from OSIRIS is shown in colours with values indicated by a colour bar on the bottom.
After Shaw and Shepherd (2008)
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stratospheric winds are westerly and increasing with height, gravity waves with
eastward phase speeds may reach their critical level (where the zonal phase velocity
equals the zonal wind) in the stratosphere. This removal or “filtering” of eastward
propagating waves at their critical levels leads to predominantly westward propa-
gating gravity waves reaching the mesosphere (assuming a westward-eastward
isotropic launch gravity wave spectrum). When those waves break in the mesosphere
they deposit westward momentum (Lindzen 1981). Similarly, in the summer
hemisphere, easterly winds filter westward propagating gravity waves at their critical
levels, so that gravity waves which break in the mesosphere deposit eastward
momentum. In the mesosphere, this deceleration of the westerlies in the winter
hemisphere and deceleration of the easterlies in the summer hemisphere caused by
gravity wave momentum deposition create a poleward motion in the winter hemi-
sphere, but equatorward motion in the summer hemisphere. By continuity, there is
descent over the winter pole and ascent over the summer pole. Thus small scale
gravity waves are responsible for driving the pole-to-pole Murgatroyd-Singleton
circulation in the mesosphere seen in the upper part of Fig. 3.

Since the spectrum of Rossby waves propagating upward in the winter strato-
sphere is dominated by the largest modes, as synoptic scale waves are filtered in the
lower stratosphere, Rossby waves are expected to be well represented in global
numerical models. On the other hand, gravity waves are small-scale waves which
propagate almost vertically. Therefore, global numerical models are typically not
able to directly represent these waves. In order to incorporate the momentum
forcing produced by small-scale gravity waves in global numerical models, the drag
exerted by the upward propagation and breaking of small-scale gravity waves on
the zonal mean flow is accounted for through “gravity wave drag” parameteriza-
tions. These parameterizations are divided in two groups: parameterizations of
waves of orographic origin and non-orographic gravity wave drag schemes. The
generation characteristics of orographically generated waves are well known and
have been shown to have a large impact in the lower stratosphere and in particular
on the Brewer-Dobson circulation (Li et al. 2008; McLandress and Shepherd 2009).
Gravity waves from other sources such as fronts, convection, and geostrophic
adjustment are modelled through non-orographic gravity wave parameterizations
(e.g. Hines 1997; Scinocca 2003) and are expected to have a large impact on the
upper stratosphere and the mesosphere.

3 Impact of Middle Atmosphere Dynamics on Data
Assimilation

The fact that the middle atmosphere is largely driven by waves propagating up from
the troposphere has implications for data assimilation. The fundamental difference
in stratospheric dynamics between winter and summer also impacts data assimi-
lation results and inputs (such as background error covariances). Finally, the
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importance of gravity waves (that are generated in the troposphere and propagate
upward) to the mesospheric circulation means that these signals (which are fre-
quently treated as noise in the troposphere) might need to be better simulated or
estimated in the troposphere and lower stratosphere. In this section, we explore how
middle atmosphere dynamics impact the inputs and results of data assimilation
systems.

3.1 Upward Propagation of Information

3.1.1 Propagation of Information and Errors Through Resolved
Waves

Figure 4 shows averaged analyzed temperature vertical profiles (over the global
domain) from a set of data assimilation experiments using a 3D-variational
(3D-Var) system for which only the strength of an externally applied filter is varied.
As a result of changing the strength of the filter, a large impact on mesospheric
temperatures is found. Specifically, the stronger the filter, the colder the global
mean mesopause temperature. A difference of 20 K at 90 km is seen between
experiments. These results were surprising because the Canadian Middle Atmo-
sphere Model (CMAM) (Scinocca et al. 2008) which was employed in the data
assimilation system extends to about 95 km but the observations were inserted only
below about 45 km. Thus the filter was targeting imbalance arising from increments
below 45 km. Yet below 45 km, the temperature profile averaged over all coinci-
dent measurement locations was virtually identical regardless of which filter was
employed. This is because the averaging over all profiles smooths whatever degree
of noise is present in the profiles obtained with different filters. However, the waves
defined by the increments in the troposphere (whether real or spurious) propagate
up to the mesosphere where they break and create a drag (momentum forcing)
which impacts the zonal mean flow. If they do not break by 80 km they encounter
the model sponge layer which is designed to absorb such waves thus preventing
their reflection from the model lid at 95 km. The sponge layer is a numerical device
acting on departures from the zonal mean flow (Shepherd et al. 1996) that is
intended to mimic the fact that in the absence of the model lid these waves would
reach higher altitudes where they would break, deposit momentum and create
turbulent dissipation generating heating. Eventually the radiation to space balances
the wave-generated heating resulting in the temperature profiles seen in Fig. 4.
Thus although the heating is artificially created here through the enforced dissi-
pation of these upward propagating waves, the same process would occur in the real
atmosphere though at higher altitudes because of molecular viscosity. Indeed
Lűbken et al. (2002) show that gravity waves are an important source of heating in
the mesopause region. Thus, in Fig. 4, a stronger, more dissipative filter results in
smaller wave momentum flux reaching the mesosphere and less enforced wave
breaking and resultant heating in the sponge layer. This hypothesis was confirmed

436 S. Polavarapu and M. Pulido



by comparing the temperature variance of time series of analyses from the various
experiments (Sankey et al. 2007). The stronger the filter, the smaller the variance.
Thus resolved waves in the troposphere and stratosphere can propagate up to the
mesosphere and impact the zonal mean or even the global mean flow. The impli-
cation is that tropospheric tuning of data assimilation systems can have large
impacts on mesospheric analyses. On the other hand, the sensitivity of the meso-
sphere can also be used to tune assimilation parameters (such as filter strength, as
was done in Sankey et al. 2007).

Nezlin et al. (2009) demonstrated that even without observations above 45 km,
the large scale dynamics (up to wavenumber 10) in the mesosphere could be
improved. They also showed that the quality of mesospheric analyses was sensitive
to the accuracy of observations taken below 45 km. Both of these facts attest to the
vertical propagation of information. (Here we use the term “information” to
describe that part of the true atmospheric signal that a given model can resolve.)
The observations constrain the atmospheric signal at a given height, and then the
dynamics of the model propagates this observational information upward producing
an impact at heights where no observations had been assimilated. Since the middle
atmosphere is largely forced by upward propagating waves, both information and
errors propagate vertically through waves in data assimilation systems. While
Nezlin et al. (2009) demonstrated that the vertical propagation of information in a
3D-Var system (the CMAM-Data Assimilation System (DAS)) is theoretically
possible through the use of simulated observations, Xu et al. (2011a, b)
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Fig. 4 Average of CMAM-DAS temperature profiles sampled at SABER locations over the globe
during 25 January 2002. The temperatures are from analyses obtained from assimilation
experiments which were identical except for the externally applied filter. In all cases, observations
were assimilated below 45 km only. The colours are black (SABER data), cyan (DF with 12-h
cutoff), yellow (DF with 6-h cutoff), green (IAU with 6-h cutoff), blue (IAU with 4-h cutoff), and
red (IAU with constant coefficients). Filter strength increases as follows: yellow-green-cyan-blue-
red. (Reprinted from Sankey et al. (2007) with permission from the Crown.)
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demonstrated that CMAM-DAS mesospheric winds do indeed compare well to
independent measurements on long time scales. This confirms that vertical propa-
gation of information from the troposphere to the mesosphere actually occurs in
assimilation systems since no observations in the mesosphere had been assimilated.
The same effect is seen in the intraseasonal variability of mesospheric zonal-mean
temperature and constituents (carbon monoxide) in a set-up where the CMAM is
nudged towards the ERA-Interim reanalysis in the troposphere and stratosphere,
and the model is seen to agree well with MLS (Microwave Limb Sounder)
observations in the mesosphere (McLandress et al. 2013).

Even without mesospheric observations, the migrating diurnal and semi-diurnal
tidal signals in the mesosphere can be captured (Sankey et al. 2007; Wang et al.
2011; Xu et al. 2011a, b; Hoppel et al. 2013). Since these signals are generated by
the absorption of solar radiation by water vapour in the troposphere and by ozone in
the stratosphere, observations from the troposphere and stratosphere constrain these
signals well. Thus agreement of a model’s mesospheric tidal amplitudes with
observations indicates that the vertical propagation of the signal into the meso-
sphere is at least partially captured by the model. Of course, assimilation of
mesospheric observations, greatly improves agreement with observations (Hoppel
et al. 2013).

3.1.2 Propagation of Information Through Background Error
Covariances

The impact of background error covariances on analysis increments is most easily
illustrated through experiments in which a single observation is assimilated. To
illustrate the vertical structure of analysis increments, a one-dimensional variational
assimilation is performed using only AMSU channel 11. The two orders of mag-
nitude increase with height in forecast error variance seen in the bottom left panel of
Fig. 5 largely reflects the increasing amplitude of gravity waves from the strato-
sphere to the mesosphere. As a result, spurious analysis increments in the meso-
sphere can be produced (top left panel) when the large forecast error variances are
combined with small but nonzero correlations in the wings of the weighting
function. For example, the analysis increment at 0.01 hPa in the top left panel of
Fig. 5 appears at a height where the weighting function for an observation at 10 hPa
is virtually zero (i.e. the wings of the weighting function) (top right panel) because
the correlation function (bottom right panel, black curve) is not exactly zero at
0.01 hPa. Setting such tiny correlations (which are due to statistical noise) to
exactly zero removes much of the spurious mesospheric analysis increments
(dashed lines in top left panel). In fact, removing such spurious increments in the
mesosphere is imperative when an assimilation system assimilates no mesospheric
observations and is therefore unable to damp such errors. In the mesosphere, such
spurious increments may be persistent (because of the presence of model and/or
observation biases) and can actually lead to physically nonsensical results after only
a few weeks of assimilation. Thus information propagated to the mesosphere
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through background error covariances is not necessarily desirable. Similarly,
erroneous small scale vertical structures in background error covariances cannot be
damped by measurements if the observing system is lacking in detailed vertical
information. This is the case in the upper stratosphere where nadir temperature
sounders are the dominant source of information.

Since observations of the middle atmosphere are predominantly from
satellite-based radiance measurements, the problem of vertical localization of
covariances needed for some ensemble-based data assimilation techniques in
radiance space is worth noting. The issue is that these types of measurements are
related to model quantities integrated in space so that the concept of localization is
unclear. Yet the localization of error covariances is important for practical appli-
cation of ensemble Kalman filters to comprehensive and complex meteorological
models. Such localization is frequently done in observation space for computational
expediency. The problem identified by Campbell et al. (2010) is that location and

AMSU ch. 11

Fig. 5 A 1-D assimilation of AMSU channel 11. Top left: Temperature analysis increments
obtained when vertical correlations are unmodified (solid) or modified so that near zero values are
exactly zero (dashed). Top right: weighting function for AMSU-A channel 11. Bottom left: log10
of temperature background error variance used with the CMAM-DAS. Bottom right: A sample
vertical correlation function with peak amplitude near 10 hPa. (Reprinted from Polavarapu et al.
(2005) with permission from the Crown.)
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distance are ill defined quantities in radiance space so that observation-space
localization applied to the usual case of channels with overlapping sensitivities
cannot achieve the correct Kalman gain even when observations are known to be
perfect. Ideally, the vertical localization must therefore be at least as broad as the
weighting functions but not so broad that the suppression of spurious correlations
due to sampling errors become ineffective. On the other hand, localization in model
space does not suffer from this problem.

3.1.3 Propagation of Information Through Gravity Wave Drag
Schemes

Gravity wave drag (GWD) schemes can also propagate information from the tro-
posphere and stratosphere to the mesosphere. GWD schemes parameterize (repre-
sent simplifications of) the processes of gravity wave generation in the troposphere,
vertical propagation and nonlinear saturation. The output of such a scheme is a drag
or forcing term for the momentum equations. GWD schemes are needed in climate
models because the lack of representation of small-scale gravity waves leads to
insufficient forcing of the meridional circulation and insufficient downwelling (and
warming) over the winter pole (as well as insufficient upwelling and cooling over
the summer pole). Thus, without a GWD scheme, climate models can suffer from
the “cold pole” problem, which is particularly evident in the southern hemisphere
where there are fewer forced planetary waves (Austin et al. 2003).

Apart from insufficient horizontal model resolution, there are a number of factors
that contribute to the poor representation of small-scale gravity waves in numerical
models. (a) There is insufficient vertical resolution particularly in the middle
atmosphere where most of the models decrease their vertical resolution. An
exception is the Kanto model which due to its high vertical resolution is able to
represent a large part of the gravity wave spectrum and thus the gravity wave
forcing produced in the middle atmosphere. It is thus is able to represent a rather
realistic meridional circulation (Watanabe et al. 2008). On the other hand, an
inconsistent ratio of vertical to horizontal resolution (i.e. high horizontal resolution
and low vertical resolution) may produce spurius gravity waves (Fox and Lindzen
1993, Iga et al. 2007). (b) In general Eulerian and semi-Lagrangian schemes are
diffusive so that they do not represent well waves that are under-resolved (waves
with wavelengths larger but close to the model resolution). (c) Finally, time update
schemes also affect the resolved waves. Thus, gravity wave drag parameterizations
must represent the unresolved part of the spectrum of gravity waves as well as
compensating for model deficiencies when reproducing the resolved gravity wave
spectrum.

GWD schemes can also propagate information vertically in data assimilation
systems (Ren et al. 2008). The parameterized subgrid-scale gravity waves in GWD
schemes are affected by observations of tropospheric and stratospheric winds,
which in turn affect the forcing produced by the GWD schemes in the mesosphere
(McLandress et al. 2013). The benefit of a GWD scheme on mesospheric analyses
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was demonstrated by Ren et al. (2011). Background or 6-h forecasts were closer to
independent observations of mesospheric temperature (from SABER retrievals)
when a GWD scheme was used (Fig. 6). The benefit was quite large if no meso-
spheric observations were assimilated, but still apparent even if they were assimi-
lated. Since mesospheric analyses obtained with a model using a GWD scheme but
with no mesospheric observations were close to independent measurements, it is
evident that GWD is able to propagate useful information to the mesosphere. At
ECMWF, the same GWD scheme used in Ren et al. (2011) was implemented
operationally, and shown to improve the bias in temperature at the stratopause at the
winter pole in 5-day forecasts (Orr et al. 2010).
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Fig. 6 Fit of 6 h temperature
forecasts to SABER
observations during 1–14
February 2006 using the
CMAM data assimilation
system. Assimilation cycles
were run with parameterized
gravity wave drag scheme
(solid lines) or without it
(dashed lines). Results from
experiments in which SABER
temperatures were assimilated
are shown in bold while those
from experiments that did not
assimilate those
measurements are shown in
thin curves blue. Panel
(a) shows the bias from these
4 experiments while panel
(b) shows the standard
deviation for the northern
hemisphere high latitudes.
(Reprinted from Ren et al.
(2011) with permission from
the Crown.)
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3.2 Understanding Forecast Improvements

The winter polar stratosphere is dominated by westerly winds that increase with
height and define a polar vortex—polar night jet. In the Northern Hemisphere, this
vortex is occasionally disrupted by stratospheric sudden warming (SSW) events
during which temperatures can rise dramatically (by 50 K in one week). Simulta-
neously, the climatological westerly winds weaken and may even become easterly.
Mesospheric coolings can also occur in conjunction with stratospheric warmings.
Since SSW events are primarily driven by planetary waves propagating up from the
troposphere, such events involve vertical coupling from the troposphere to the
mesosphere. Baldwin and Dunkerton (2001) showed that the dominant mode of
slowly varying wintertime variability called the Northern Annular Mode (or NAM)
has a spatial structure which is similar from the surface to over 50 km altitude, thus
indicating a coupling of the troposphere and stratosphere. (At the surface the pattern
is sometimes called the Arctic Oscillation.) The NAM pattern at 10 hPa is a disk of
similarly signed values around the pole with oppositely signed values in a ring or
annulus around this. A projection of the geopotential height onto this pattern
indicates the relative strength of the polar vortex. A strongly positive projection
indicates a stronger than normal polar vortex, while a strongly negative projection
indicates a weaker than normal vortex. Moreover, when time series of strongly
positive or negative NAM events are composited, the vertical coupling becomes
apparent. Specifically, a large stratospheric event, such as an SSW, will appear in
the mid-stratosphere (10 hPa is often used as a reference level) about ten days prior
to its appearance at the surface. Once the NAM signal appears in the troposphere
(300 hPa), the same sign of the NAM index persists in the troposphere for around
60 days. During this time, the troposphere is characterized by a particular clima-
tology. For instance, during a strong vortex event, cool winds would flow over
eastern Canada, North Atlantic storms would bring rain and mild temperatures to
northern Europe and drought conditions would prevail in the Mediterranean
(Thompson and Wallace 2001). Thus, the stratospheric modulation of tropospheric
climate suggests a predictive skill which can be exploited on the week to seasonal
timescales (e.g. Douville 2009). Charlton et al. (2004, 2005b) also showed that
stratospheric initial conditions can impact tropospheric forecast skill on the 10–
15 day timescale. Various mechanisms have been proposed to explain the strato-
spheric modulation of tropospheric climate on the week to seasonal timescale but
there is no consensus yet as to which is the most important one (Charlton et al.
2005a; Tripathi et al. 2014).

On shorter (medium range weather forecasting) time scales, middle atmosphere
dynamics are still useful for understanding forecast improvements. When the
Canadian Meteorological Centre raised the lid of its operational forecast model
from 10 to 0.1 hPa, most (over 80 %) of the improvement in forecast skill (of both
stratosphere and troposphere) was achieved without new measurements in the upper
stratosphere (AMSU-A ch. 11–14 and GPS RO between 30–40 km) (Charron et al.
2012). This means that an improved modeling of the stratosphere is sufficient to
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obtain improved upper stratospheric analysis (where no new data were assimilated).
Moreover, the improvement was greatest in the winter for both hemispheres. Thus
improvement depended more on season (when the stratosphere was dynamically
active) than on hemisphere (or observation distribution). Furthermore, when addi-
tional observations in the upper stratosphere were assimilated, they were beneficial
in winter but not in summer. These results are understandable in the context of
middle atmosphere dynamics. Just as tropospheric observations are most useful
when dynamic activity (such as baroclinic wave development) is occurring,
stratospheric observations are most beneficial when the stratosphere is dynamically
active (in winter).

Because of the prevalence of gravity waves and divergent motions in the
mesosphere (Koshyk et al. 1999), and the sparse observational coverage, the
assimilation of mesospheric observations brings further challenges. By comparing
forecasts started from analyses in the middle atmosphere (100–0.1 hPa) with those
started from climatology in the middle atmosphere, Hoppel et al. (2008) found that
the assimilation of middle atmospheric observations were indeed beneficial for
winter high latitudes up to the 10-day forecast lead time. In the summer, when the
stratosphere is quiescent and dominated by zonal mean flow, persistence or cli-
matology works reasonably well so the benefit of assimilation is not as apparent. On
the other hand, mesospheric observations also help to improve the depiction and
forecasts of certain planetary waves in the mesosphere as well as reducing biases in
zonal mean fields stemming from model errors (Hoppel et al. 2013).

3.3 Model Error

3.3.1 Bias Estimation

Since not all the resolved waves will be correctly analysed because the observing
system can detect only certain spatial scales, and some of the resolved waves are
forced in the models by parameterization schemes which are imperfect (e.g. deep
convection), and the launch spectrum in GWD schemes is largely unknown, we
should expect errors in the meridional circulation. Errors in the forcing of a
meridional circulation should then lead to latitudinally varying biases. Thus, we
should expect bias in zonal mean fields in stratospheric forecasts. Observations
(such as those from nadir sounders) also have biases and require a pre-assimilation
bias-correction procedure, so the challenge is to separate these two sources of
biases. Moreover, observation bias correction schemes often rely on an assumption
of unbiased forecasts—which is clearly invalid in the stratosphere. Dee and Uppala
(2009) noted that improvement in the stratospheric bias of ERA-interim over
ERA-40 was achieved through the introduction of variational bias correction
(Derber and Wu 1998). In this procedure, bias correction parameters are added to
the control vector so that all observations—including those which are not corrected,
such as radiosondes–are used to determine their values. This then forces a
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consistency among observations which are being bias corrected (e.g. the same
instrument on different platforms). Of course, even with variational bias correction,
the bias so-determined could be due to either a bias in observations or observation
operators or to a bias in the model forecast. Since the bias correction is applied to
the observation, only the former type of bias is desired. Thus care must be taken to
ensure that the recovered bias is truly due to the observations. To some extent, the
anchoring of the assimilation system by uncorrected observations (such as
radiosondes) reduces the likelihood that model bias will be detected. However, in
the upper stratosphere and mesosphere where few uncorrected observations exist,
the danger of correcting for model bias is considerable. Thus Dee and Uppala
(2009) chose to leave the top peaking channel (SSU channel 3 or AMSU-A channel
14) uncorrected in the ERA-interim, in order to anchor the system. This resulted in
a reduced warm bias near the model top. Since a warm bias had independently been
attributed to the model forecast (McNally 2004) the results were positive. So
although variational bias correction has proven to be a valuable tool for reanalyses
as well as operational assimilation systems, the problem of separating model and
measurement bias in the upper stratosphere and the mesosphere remains (Hoppel
et al. 2013). Leaving a certain instrument uncorrected still creates difficulty when it
is present on multiple platforms, or when the observing system changes (e.g. when
the top peaking channel changed from SSU ch. 3 to AMSU-A ch. 14). Furthermore,
whatever bias exists in the uncorrected measurement will appear in the analyses.
Several distinct temporal inhomogeneities in global-mean ERA-Interim tempera-
tures were identified by McLandress et al. (2014).

3.3.2 Unresolved Gravity Wave Drag Estimation

The breaking of small-scale gravity waves in the upper stratosphere and meso-
sphere plays an important role in driving the meridional circulation and thus the
impact of these small-scale waves can be detected in large-scale observations such
as nadir or AMSU-A satellite measurements. Therefore, the systematic biases found
in the model compared to observations may be associated to a large extent with
those small-scale gravity wave breaking processes that are not resolved in the
model but have a large global impact. Data assimilation techniques which are used
to produce analyses can also be used to help diagnose this systematic model error.
For example, McLandress et al. (2012) used the time averaged zonal mean zonal
wind analysis increments to identify missing gravity wave drag in the southern
hemisphere, while Pulido (2014) employed systematic differences of potential
vorticity between analyses and forecasts to determine momentum forcing via
potential vorticity inversion. In addition, data assimilation techniques can also be
used to estimate the missing momentum forcing in the model as a product of the
assimilation. Since this missing forcing may be associated to a large extent with
gravity wave drag due to unresolved waves, this information can then be used to
constrain gravity wave drag parameterization schemes. For example, Pulido and
Thuburn (2005) applied a 4D variational assimilation (4D-Var) technique to
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estimate the missing momentum forcing in the model instead of estimating the
model state. The optimal momentum forcing is the one whose model state evolution
is associated with the minimum of the cost function.

One helpful aspect of middle atmosphere data assimilation is that the only two
processes that are parameterized in models at that height range are radiation and the
dissipation of small-scale gravity waves. Since the physics of radiation is well
known and only has a large impact on long (seasonal) time scales, the missing zonal
momentum forcing at these heights on shorter time scales may be mainly attributed
to small-scale gravity waves (Pulido and Thuburn 2006). The optimal momentum
forcing estimated with 4D-Var resembles that expected from the filtering of an
isotropic gravity wave spectrum (Lindzen 1981), with large deceleration centres at
high latitudes during the winter and summer (Pulido and Thuburn 2008). On the
other hand, it is less evident that the estimated forcing at high latitudes during
equinox is associated with an isotropic gravity wave spectrum.

3.3.3 Parameter Estimation

Models have a large number of parameters that are not directly observable. Cur-
rently, climate modelers infer the values of such unknown parameters manually by
comparing the climatology of model integrations with the observed climatology.
These inferred parameters may then change if resolution, parameterizations or other
parameter values are changed in the model. Data assimilation provides an objective
approach to the estimation of unknown model parameters (Ruiz et al. 2013). Online
parameter estimation techniques based on the ensemble Kalman filter or 4DVar
usually define an augmented state which is composed of the model state and also
the parameters to be estimated. However, the parameters are not directly con-
strained by observations as is the model state. Instead, the parameters are con-
strained through background error correlations between the parameters and model
state variables.

Gravity wave drag parameters related to the launch wave spectrum and to the
saturation and breaking properties of the waves (which determine the gravity wave
drag vertical profile) are poorly known from observations. Various techniques have
been employed to estimate reasonable values for such parameters. Watanabe (2008)
used the results of a high resolution global simulation to determine the character-
istics of wave momentum fluxes and to estimate the launch wave spectrum
parameters in the Hines parameterization scheme. Some efforts have also been
devoted to using high resolution satellite observations (e.g. Atmospheric InfraRed
Sounder or AIRS, High Resolution Dynamics Limb Sounder or HIRDLS) to
constrain the launch gravity wave spectrum (Alexander et al. 2010). In addition,
inverse techniques based on data assimilation have been used to estimate gravity
wave parameters. Pulido et al. (2012) proposed an offline data assimilation tech-
nique based on a genetic algorithm that uses the estimated missing momentum
forcing to constrain launch momentum flux and saturation parameters. Tandeo et al.
(2015) proposed an ensemble Kalman filter (EnKF) coupled to an expectation
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maximization algorithm to estimate parameters from an orographic gravity wave
drag scheme and also to estimate initial background error covariances which are
essential for convergence of the filter in a perfect model experiment. They show that
in the presence of model error the filter may converge to different optimal
parameters depending on the choice of the first guess value. In general, the esti-
mation of parameters using data assimilation techniques faces a number of unique
challenges which require further development or refinement. These challenges are
associated with the highly nonlinear nature of the model state response to param-
eters changes in the context of current assimilation techniques (EnKF and 4DVar)
which are based on the linear-Gaussian assumption. To deal with this limitation,
some potential solutions have been proposed such as the combination of an offline
genetic algorithm with a 4DVar technique (Pulido et al. 2012), the use of a hybrid
EnKF-particle filter, with EnKF for the state variables and a particle filter applied to
the parameters (Santitissadeekorn and Jones 2015) and the afore-mentioned EnKF
combined with an Expectation-Maximization algorithm (Tandeo et al. 2015).
A second major challenge is parameter estimation in the presence of model error. In
this regard, a recent study found a positive impact particularly when parameter
estimation was combined with model error treatment approaches (Ruiz and Pulido
2015). A third challenge is the interaction between different parameterizations.
While this issue is particularly important for tropospheric data assimilation (e.g.
interactions between a planetary boundary layer scheme and a convective scheme),
it is not as relevant for middle atmosphere data assimilation, as noted earlier.

4 Discussion

While in Sect. 3, we have already noted some challenges in middle atmosphere data
assimilation in the context of the topics discussed earlier, in this section we focus on
issues that have not yet been raised or fully considered.

A characteristic of the observing system for the middle atmosphere is the dif-
ficulty of obtaining in situ measurements apart from radiosondes and aircraft
observations. Thus, as noted earlier, the vertical structure above the lower strato-
sphere is not well observed from operational satellites since nadir sounders are
sensitive to temperatures over thick layers. On the other hand, GPS radio occul-
tation measurements have been very beneficial not only for their information
content and vertical resolution (e.g. Cardinali and Healy 2014; Healy and Thépaut
2006) but also for their very low bias which allows them to serve as anchors in bias
correction schemes for satellite observations (Cucurull et al. 2014). The constraint
of GPS RO data on analyses, however, diminishes as the data become noisier in the
upper stratosphere, even as their effectiveness for anchoring the bias correction of
satellite data extends throughout the stratosphere (e.g. Cucurull et al. 2014, Charron
et al. 2012). Limb sounders such as MIPAS (Michelson Interferometer for Passive
Atmospheric Sounding) on Envisat (Environmental satellite), Atmospheric Chem-
istry Experiment (ACE) aboard SciSat, Microwave Limb Sounder (MLS) on
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EOS AURA and Sounding of the Atmosphere Using Broadband Emission
Radiometry (SABER) aboard TIMED also provide (or did provide) useful infor-
mation on vertical structure, but these instruments have been on research not
operational satellites. As a result, these observations are useful for reanalyses and
non-operational assimilation systems but not in operational systems unless they are
available in real time (as in the case of MIPAS). It may require the research data
assimilation community to make a case that such observations are important for
middle atmosphere data assimilation in order for them to be considered for oper-
ational delivery. Moreover, concern has been expressed over the lack of plans for
new limb sounders in the future (Errerra et al. 2015). In the tropics where simple
dynamical balances between mass and wind fields are lacking, wind observations
are vital but sparse. The Atmospheric Dynamics Mission (ADM-Aeolus) will
measure winds globally up to 30 km using an active sensor which will help to better
constrain the tropical lower stratosphere but in the mesosphere where unbalanced
motions are important, the absence of wind measurements remains an issue. Fur-
thermore, ADM-Aeolus will only measure line-of-sight winds, not vector winds, so
a reasonable first guess is required in order to use the information. Apart from
ADM-Aeolus, there is a potential for constituent assimilation to improve wind
analyses in the middle atmosphere (e.g. Allen et al. 2014, 2015; Milewski and
Bourqui 2011, 2013; Semane et al. 2009). Particularly noteworthy is the potential
for improving tropical wind analyses using combined ozone and height measure-
ments in an ensemble Kalman filter (Allen et al. 2015). The only real time obser-
vations of the mesosphere are from the SSMIS instrument, however Hoppel et al.
(2013) note that apart from the F19 and F20 deployments of the Defense Meteo-
rological Satellite Program (DMSP), there are no other plans for upper atmospheric
sounding channels on other satellite sensors raising the possibility of an uncon-
strained mesosphere analysis in the future. Given that the mesosphere provides the
upper boundary for the stratosphere, negative impact on the quality of meteoro-
logical forecasts from a paucity of mesospheric measurements is plausible.

The usual filtering of or the imposition of balance constraints on the initial state
in the data assimilation cycle (Daley 1991) to eliminate gravity waves should be
avoided to keep relevant information for the middle atmosphere. On the other hand,
most data assimilation techniques which are intermittent (e.g. EnKF, 3DVar) pro-
duce temporal discontinuities in the state variables when observations are assimi-
lated, therefore the generation of spurious gravity waves is inevitable with these
techniques (e.g. Sankey et al. 2007; Allen et al. 2015). A promising way to avoid
this issue is the use of an incremental analysis update (IAU) approach (Bloom et al.,
1996) or nudging techniques (Lei et al. 2012). The idea behind these approaches is
to distribute the forcing toward observations along the whole assimilation window,
in the first case through a uniform forcing term (i.e. the analysis increment), or in
the second case through a linear damping forcing term (nudging term) that pushes
the model toward the analyses. These approaches give a smooth evolution of the
model state so that they avoid the spurious generation of gravity waves due to
spin-up processes and in turn avoid the need to apply external filters. The smooth
model state evolution then permits cleaner momentum budget studies. The use of
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IAU was also found helpful for capturing mesospheric tides (Sankey et al. 2007;
Wang et al. 2011). Since the migrating diurnal tide is already captured by general
circulation models, its signal in the mesosphere can also be captured even without
mesospheric observations, if care is taken when filtering analysis increments. The
incremental analysis update approach was employed in combination with 3D
variational assimilation to produce Modern-Era Retrospective Analysis for
Research and Applications (MERRA) reanalyses by the NASA-GEOS data
assimilation system (Rienecker et al. 2011). A 4D extension of the IAU procedure
was developed by Lorenc et al. (2015) and is used in the hybrid ensemble varia-
tional assimilation scheme which is used for deterministic medium range weather
forecasts at Environment Canada (Buehner et al. 2015).

Section 3.1.1 highlighted the fact that information propagates vertically with
resolved and unresolved waves, but it is worth remarking that by the same
mechanisms, errors can also propagate vertically. For example, Nezlin et al. (2009)
show that increasing the observation error applied to simulated tropospheric
observations deteriorates the quality of stratospheric and mesospheric analyses.
Thus the tuning of assimilation schemes for tropospheric forecast quality may have
unintended impacts on the analyses of the middle atmosphere (e.g. Sankey et al.
2007). On the other hand, the upscale propagation of errors and concomitant loss of
predictability characteristic of the troposphere is not as severe in the middle
atmosphere (Ngan and Eperon 2012). Moreover, increased resolution and better
resolved gravity waves may actually help to improve predictability on longer time
scales. This may sound counter intuitive given the flat kinetic energy spectrum in
the mesosphere due to large amplitude gravity waves (Koshyk et al. 1999), but the
hypothesis of Ngan and Eperon (2012) is that predictability can be increased if the
gravity waves are better resolved because the upscale error cascade is slower for
these waves than for balanced modes. Whether the results of this theoretical study
are borne out in operational data assimilation systems is yet to be determined.

The impact of the stratosphere on tropospheric forecasts has primarily been
associated with certain “extreme” dynamical events in the stratosphere such as
sudden warmings. However, there remain many questions associated with the
stratospheric influence on tropospheric forecasts, such as whether the influence
extends beyond such extreme events and how far in advance extreme events can be
predicted. These are some of the questions that are being addressed by a new
international collaboration within SPARC called the Stratospheric Network on
Assessment of Predictability (SNAP, http://www.sparc-climate.org/activities/
assessing-predictability/). Operational weather centers have seen improvements in
tropospheric forecasts when raising their model lids (e.g. Charron et al. 2012),
however such changes are made simultaneously with other assimilation system
changes. Thus another goal of SNAP is to try to isolate the extent to which accurate
stratospheric forecasts contribute to tropospheric predictability.
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5 Summary

Information can be propagated vertically in data assimilation systems through
covariances, vertically propagating waves, and gravity wave drag schemes. As a
result, very large scales in the mesosphere can be improved even without assimi-
lating any mesospheric measurements. The fact that the middle atmosphere is
driven by vertically propagating waves has important implications for data assim-
ilation systems. (1) Tropospheric waves (whether correctly simulated or not) impact
zonal mean fields in the stratosphere and mesosphere. This means that apparently
random signals (e.g. waves) can produce nonlocal systematic errors (e.g. a zonal
mean bias). (2) Since not all waves are correctly simulated, and the large
wavenumber part of the spectrum is not resolved, we should expect a model bias
(errors in the zonal mean) in the mesosphere and stratosphere. This has implications
for observation bias correction schemes that assume the background forecast is
unbiased. (3) Mesospheric analyses are sensitive to errors in tropospheric analyses.
On the other hand, perhaps we can use this sensitivity to help choose assimilation
parameters in the troposphere. (4) Information propagates up (through resolved
waves during the forecast step). Some of the large scales in the mesosphere can be
improved even with no mesospheric observations if tropospheric wave forcing is
captured and the middle atmosphere is well modelled. The assimilation of meso-
spheric observations will additionally improve mesospheric analyses on large scales
thus providing a better upper boundary condition with which to constrain forecasts
of the troposphere and lower stratosphere, particularly on longer time scales.

Given the fact that the middle atmosphere is largely driven by vertically prop-
agating waves including gravity waves, and the fact that global climate models
often have coarse resolution, it is necessary to parameterize the impact of the
dissipation of subgrid scale waves on the zonal mean flow thus introducing a
potential source of model error. Data assimilation is useful for estimating the
missing drag attributed to such waves as well as for estimating parameters involved
in gravity wave drag schemes.
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A Coupled Atmosphere-Chemistry Data
Assimilation: Impact of Ozone Observation
on Structure of a Tropical Cyclone

Seon Ki Park, Sujeong Lim and Milija Županski

Abstract Ozone (O3) generally shows lower concentration inside the eyewall and

higher concentration around the eye in tropical cyclones (TCs). In this study, we iden-

tify the impact of O3 observations on TC structure through a coupled atmosphere-

chemistry data assimilation (DA) system. We applied the Weather Research and

Forecasting model coupled with Chemistry (WRF-Chem) and an ensemble-based

DA algorithm—the maximum likelihood ensemble filter (MLEF) to a case TC over

East Asia, Typhoon Nabi (2005). The ensemble forecast with 32 ensembles shows

larger background state uncertainty over the TC. The assimilation of O3 observa-

tions, with a 6 h assimilation window, impacts both O3 itself and wind field in the

vicinity of TC. Several measures for verification, including the cost function, root

mean square (RMS) error with respect to observations and degrees of freedom for

signal (DFS), indicate improvement of the analysis fields through the O3 DA. The

cost function and RMS error have decreased by 17 and 9 %, respectively. The DFS

shows large reduction in uncertainty, indicating a strong positive impact of observa-

tions in the TC area.
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1 Introduction

Data assimilation (DA) is a process to incorporate observational data into a numer-

ical model to obtain an optimal estimate of model states (Županski 1993; Park and

Županski 2003; Reichle 2008; Navon 2009). Since the whole Earth system is com-

posed of several subsystems, e.g., atmosphere, hydrosphere, cryosphere, biosphere

and lithosphere, some weather/climate/environment prediction models combine two

or more subsystem to better represent the phenomena of interest in the coupled model

system (e.g., Johnson et al. 2001; Grell et al. 2005; Betts 2009; Kerkweg and Jockel

2012; Macias et al. 2014; Zhang et al. 2014). DA in a such coupled system is quite

challenged due to differences in time scale and availability of observations among

different subsystems (Zhang et al. 2007; Sugiura et al. 2008; Zhang et al. 2010;

Tardif et al. 2014; Laloyaux et al. 2016).

In coupled DA, the cross-variable components of the forecast error covariances

play a major role in transferring information among different variables in a cou-

pled system (Han et al. 2013; Park et al. 2015; Županski 2016). Borovikov et al.

(2005) investigated the impact of assimilation of ocean temperature profiles on var-

ious model variables such as temperature, salinity, and zonal and meridional veloci-

ties. They found that the multivariate error covariance enabled both the temperature

and entire ocean-state fields to be updated during an assimilation cycle. They also

showed that univariate assimilation scheme made the temperature field fit to obser-

vations, yet the structure of the unobserved salinity and current fields deteriorated

quickly, which was caused by neglect of the correlation between temperature and

salinity when assimilating temperature alone. Park et al. (2015) examined the struc-

ture of forecast error covariance in a coupled system and reported that the cross-

variable components of the coupled error covariance allowed a physically mean-

ingful adjustment of all control variables and a much wider impact of observations

(e.g., atmospheric observation on chemistry analysis, and vice versa). Laloyaux et al.

(2016) showed that a coupled model allowed increments to be propagated in the

other component, implying that observations from one component have the poten-

tial to affect the analysis in the other component within the same assimilation win-

dow. Some important issues in coupled data assimilation, especially in terms of error

covariance, are discussed in Županski (2016).

For the air quality forecast, associated with emissions, transport and predomi-

nant meteorological conditions, the coupled atmosphere-chemistry model is essen-

tial (e.g., Carmichael et al. 2008). Ozone (O3) has a relatively long photochemical

lifetime and is a passive tracer at synoptic scale or mesoscale; thus variations of total

column O3 in space and time are strongly linked to the atmospheric flow and many

meteorological variables, especially in the upper troposphere (Wu and Zou 2008). In

tropical cyclones (TCs), O3 shows a lower concentration just inside the eyewall and

higher concentration around the eye (e.g., Carsey and Willoughby 2005; Zou and

Wu 2005; Wu and Zou 2008), due to updraft in the eyewall and downdraft in the eye

(Zou and Wu 2005). The daily total column O3 from Total Ozone Mapping Spec-

trometer (TOMS) has linear relationship with mean vertically-integrated potential
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vorticity (MPV), and has been used to improve hurricane or winter storm prediction

(e.g., Jang et al. 2003; Zou and Wu 2005; Wu and Zou 2008).

In this study, we investigate the impact of O3 observations on TC structure by

directly assimilating the total column O3 from the Ozone Monitoring Instrument

(OMI), using a coupled atmosphere-chemistry model and an ensemble-based DA

system. Here the cross-correlations between meteorological and chemical variables

are obtained directly from ensemble forecasts (e.g., Park et al. 2015).

2 Description on Model and Observation

2.1 Model

In this study, we employ the Weather Research and Forecasting (WRF) model cou-

pled with Chemistry (WRF-Chem; Grell et al. 2005), which can simulate the emis-

sion, transport, mixing and chemical transformation of aerosols and atmospheric

chemical constituents concurrently with meteorology. Physical options for various

atmospheric processes from WRF include the WRF Single-Moment 6-class (WSM6)

scheme (Hong and Lim 2006) for the microphysics, the Community Atmospheric

Model (CAM) scheme (Collins et al. 2006) for the radiation physics, the Monin-

Obukhov scheme (Monin and Obukhov 1953) for the surface layer, the Noah land

surface model (Chen and Dudhia 2001) for the land surface, the Yonsei Univer-

sity (YSU) scheme (Hong et al. 2006) for the planetary boundary layer, and the

Kain-Fritsch scheme (Kain 2004) for the cumulus convection. For advection, the

monotonic transport scheme (Skamarock 2006) is applied to turbulent kinetic energy

and scalars such as mixing ratios of water vapor, cloud water, rain, snow and ice

and chemical species (see also Wang et al. 2009; Freitas et al. 2011). For gas-phase

chemistry, the Carbon Bond Mechanism version Z (CBMZ) without Dimethylsulfide

scheme is used.

2.2 Data Assimilation Scheme

For the DA system, we use an ensemble-based method called the maximum likeli-

hood ensemble filter (MLEF; Županski 2005; Županski et al. 2008). The MLEF gen-

erates the analysis solution which maximizes the likelihood of the posterior proba-

bility distribution, obtained by minimization of a cost function. It is a hybrid between

variational and ensemble DA methods; thus employing a cost function based on a

Gaussian probability density function and producing both the analysis and the back-

ground error covariance (Županski 2005). The MLEF is well suited for nonlinear

observation operators, with minimization of cost function using the Hessian precon-

ditioning (Županski 2005; Županski et al. 2007, 2008), and has been employed in
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studies of uncertainty analysis and data assimilation (e.g., Županski and Županski

2006; Kim et al. 2010; Apodaca et al. 2014; Tran et al. 2014).

An interface module has been developed to couple MLEF and WRF-Chem, which

transforms the control variables of MLEF into WRF-Chem, and vice versa. For

implementing the interface, WRF-Chem is not modified at all.

2.3 Observational Data

Satellite data often provide estimates of chemical concentration as a total vertical

column through retrieval techniques. They usually cover a wide geographical range

compared to other measurements. For this study, we use the total column O3 from

OMI as an observation. The OMI is a nadir-viewing near-UV/Visible CCD spec-

trometer on board NASA’s Aura satellite (OMI Team 2012). The total column O3 is

Level 2 data (OMTO3) based on the Total Ozone Mapping Spectrometer (TOMS)

v8.5 algorithm, which is obtained from an orbital swath with a resolution of 13 km

× 24 km at nadir (OMI Team 2012). It achieves global coverage in one day. In this

experiment, we employ the OMI data without quality flags because the first appear-

ance of the row anomaly that affects particular viewing directions did not occur in

2005, when Typhoon Nabi occurred.

2.4 Observation Operator and Bias Correction

In our DA problem, it is necessary to develop an observation operator transforming

the O3 forecast of WRF-Chem to the total column O3 observation. The operator con-

tains the calculation of total column O3, unit conversion from ppmv (parts per million

by volume) to Dobson Units (DU) and the bilinear interpolation to the observation

location. The most demanding part of the observation operator is bias correction of

total column O3 observation. Although we use the reference pressure at the model

top as 10 hPa, there are still considerable amounts of O3 in the stratosphere that could

not be included in the calculation of the model guess. Since this creates a negative

bias in the mean observation error, we introduce a multiplicative bias correction 𝜀 to

preserve positive-definiteness of the bias-corrected guess (Apodaca et al. 2014) as

hB(𝐱) = 𝜀 ⋅ h(𝐱). (1)

With the multiplicative bias correction in Eq. (1), we can make a new cost function

in unbiased form as

J(𝐱) = 1
2
(𝐱 − 𝐱b)T𝐏−1

f (𝐱 − 𝐱b) +
1
2
[𝐲 − hB(𝐱)]T𝐑−1[𝐲 − hB(𝐱)] (2)
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where 𝐱 is the model state vector, 𝐱b is the prior (background) state, 𝐲 is the obser-

vation vector. Here, h is the nonlinear observation operator, Pf is the forecast (back-

ground) error covariance matrix in the ensemble subspace, and R is the observation

error covariance matrix. Equation (2) is the cost function used in DA, provided 𝜀 can

be estimated. The optimal value of parameter 𝜀 is obtained by implicitly assuming

lognormal probability density function errors for a multiplicative bias correction in

Eq. (1), similarly to Apodaca et al. (2014)—see Eq. (5) therein. The parameter 𝜀 is

calculated once in every DA cycle.

3 Case Description and Experimental Design

Typhoon Nabi (2005), the case TC in this study, lasted several days from 29 August

2005 to 8 September 2005. Figure 1a shows the best track of Nabi. It moved west-

ward after its formation and passed near Saipan on 31 August as an intensifying TC,

transformed to a super typhoon on 1 September, and reached its peak with winds of

175 km h
−1

(10-min average) on 2 September. It became weak while turning to the

north and striking Kyushu on 6 September. Nabi turned to the northeast after pass-

ing by the Korean Peninsula, and transformed to an extratropical cyclone passing

over Hokkaido on 8 September. Figure 1b shows the total column O3 from OMI at

0405 UTC 3 September 2005. It shows a lower concentration just inside the eyewall

and higher concentration around the eye. This feature is well described when the TC

has the strongest intensity in the intensifying stages (e.g., Carsey and Willoughby

2005). Although Typhoon Nabi (2005) reached the maximum intensity on 2 Sep-

tember, OMI entered in the zoom-in mode (i.e., no ozone data) in our domain on

that date; thus we have alternatively chosen 3 September for the analysis of O3 prop-

erties during the maximum development of the case TC.

We focus on a single DA cycle from 0000 to 0600 UTC 3 September 2005, which

is one of the strongest periods of its lifetime. We conduct the experiment with 32

ensembles and 6 h assimilation window. Note that the OMI observations have an

approximate frequency of once per day over the typhoon and the surrounding geo-

graphical area. Therefore, adding more DA cycles would not be beneficial since no

additional data are available.

The initial and lateral boundary conditions for atmospheric states are provided

by the National Centers for Environmental Prediction (NCEP) Global Forecasting

System (GFS), while those for chemical variables are obtained from the Model for

Ozone and Related chemical Tracers (MOZART; Emmons et al. 2010) chemistry

global model. The WRF-Chem is set up with a horizontal resolution of 30 km and

51 vertical levels with the bottom at the ground and the top at 10 hPa using a terrain-

following hydrostatic pressure coordinate (Skamarock et al. 2008).

The model domain is centered over the Korean Peninsula, covering an area of

approximately 3900 km × 4400 km with 132 × 147 horizontal grid points. The con-

trol variables defined in the coupled atmosphere-chemistry DA are the WRF-Chem

prognostic variables that contain dynamical variables such as winds, perturbation
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Fig. 1 a The best track of Typhoon Nabi (2005) from 29 August to 9 September 2005, and

b total column O3 (in DU) from OMI at 0405 UTC, 3 September 2005. The best track analysis is

provided by Typhoon Research Center (http://www.typhoon.or.kr/) and modified. The OMI image

is modified from Lim et al. (2015)

potential temperature, perturbation geopotential, water vapor mixing ratio and per-

turbation dry air mass in a column, and the chemical variables such as ozone (O3),

nitrates (NO, NO2, NO3), and sulfur dioxide (SO2). The experiments consist of

(i) the forecast (without DA) which is useful to understand the synoptic situation

and background error covariance, and (ii) the analysis (with DA) which is useful to

understand the assimilation impacts.

4 Results

4.1 Background State Uncertainty

The background state uncertainty can be represented by the background error covari-

ance (e.g., Kim et al. 2010). These are estimated by the difference between each of

the 32 ensemble members and the control forecast in the ensemble system (Zhang

et al. 2013). The initial ensemble perturbations are generated by using the lagged

forecast outputs in this experiment, as in Zhang et al. (2013).

http://www.typhoon.or.kr/
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Fig. 2 Standard deviation of background error covariance for a O3 (in ppmv) and b wind

(in m s
−1

) valid on 0600 UTC 3 September 2005 at 850 hPa. Modified from Lim et al. (2015)

The flow-dependent background error covariance, calculated from the WRF-

Chem ensemble forecast and defined for atmospheric and chemical variables, allows

chemistry observations to impact atmospheric variables in DA. Our results identify

the larger background state uncertainty near the TC, similar to Kim et al. (2010)

and Zhang et al. (2013). Figure 2 shows the standard deviation of background error

covariance for O3 and wind at 850 hPa. The O3 fields depict a large background state

uncertainty near the TC (Fig. 2a). The wind fields also show a large background state

uncertainty near the TC, especially in the eye region (Fig. 2b). Provided that total col-

umn O3 observations are available, a larger background state uncertainty potentially

implies a greater analysis correction.

4.2 Impact of O𝟑 Data Assimilation

We assess the impact of the assimilated O3 observations using analysis increments

(𝐱a − 𝐱b), which show the correction of the background state by the observations.

Figure 3 shows the analysis increments (𝐱a − 𝐱b) of O3 and wind at 850 hPa, obtained

by assimilating O3 observations. The O3 analysis increments are in agreement with

background state uncertainties. The O3 analysis increment has an increase near the

TC, but a decrease over China (Fig. 3a). The analysis increments of wind by O3
assimilation are shown in Fig. 3b. Corresponding to background state uncertainties,

the analysis increments of wind show notable impact at the low level. Positive O3
increments correspond to positive wind increments at 850 hPa, especially in the eye

region. Our results illustrate that chemical observations can impact not only the

chemical variables but also the atmospheric variables, due to using the ensemble-

based coupled atmosphere-chemistry background error covariance.



462 S.K. Park et al.

Fig. 3 Same as in Fig. 2 except for analysis increment (𝐱a − 𝐱b) of a O3 (in ppmv) and b wind (in

m s
−1

), in response to total column O3. Modified from Lim et al. (2015)

4.3 Analysis Improvement and Uncertainty Reduction

We verify the impact of O3 assimilation in terms of the cost function and on the root

mean square (RMS) error with respect to O3 observations—the same data used in

the analysis. The cost function of O3 (see Eq. (2)) has decreased from 0.36924 × 104
(background) to 0.30689 × 104 (analysis), i.e., it is reduced by ∼17 %. The RMS

error has also decreased from 0.16684 × 102 DU (background) to 0.15204 × 102 DU

(analysis), i.e., by ∼9 %. Our results suggest that O3 assimilation has produced a

notable improvement in the initial conditions.

In addition, the impact of total column O3 observations is also quantified in terms

of the uncertainty reduction. With the Gaussian probability assumption, the informa-

tion content of observations can be represented as the degrees of freedom for signal

(DFS; ds) (e.g., Rodgers 2000) as

ds =
∑

i

𝜆

2
i

1 + 𝜆

2
i

(3)

where 𝜆i are the eigenvalues of the observation information matrix (e.g., Županski

et al. 2007). Note that ds are strictly a non-negative measure: positive values indicate

a reduction of uncertainty due to assimilation, while zero values indicate no impact of

observations. The DFS generally coincided with the satellite path and the maximum

impact area occurred near the TC location (not shown). This implies that the total

column O3 observation had the strongest impact in the TC area.
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5 Conclusions

In this study, the impact of ozone (O3) data assimilation (DA) on the tropical cyclone

(TC) structure has been investigated for Typhoon Nabi (2005). The total column O3
from the Ozone Monitoring Instrument (OMI) is directly assimilated into a cou-

pled atmosphere-chemistry modelling system—the Weather Research and Forecast-

ing (WRF) model coupled with Chemistry (WRF-Chem). For the DA method, the

maximum likelihood ensemble filter (MLEF) is employed and interfaced with the

WRF-Chem. Because the OMI observations cover the model domain only once per

day, and no other observations were available at the time, only a single DA cycle is

performed. The single DA cycle may limit the robustness of the DA system; how-

ever, it does not impact the performance of the coupled atmosphere-chemistry DA

system.

It turns out that the O3 DA has a significant improvement on the analyses of O3
itself and wind field, especially near the case TC. Lim et al. (2015) showed that

the O3 DA also improves the analysis accuracy of other atmospheric variables such

as temperature and specific humidity, which are closely related to the TC structure

and other properties. Other dynamical and thermodynamical variables of the TC can

be affected by the O3 observations. For example, the TC development is related to

temperature, intensity to wind, and rainfall to specific humidity. Thus, the corrections

of such variables in the initial conditions of atmospheric environment near the TC

areas have a potential to modify the TC structures and eventually improve the the

forecast accuracy of TCs.

In our experiments, several measures related to verification of O3 DA reveal

improvement of the analysis fields compared to the first guess. For instance, the

ensemble forecast error, represented by the background error standard deviation, had

larger uncertainty over the TC area; however, both the cost function and root mean

square error reduced notably after the O3 DA. Such reduction indicates an improve-

ment of the analysis state. The degrees of freedom for signal showed strong positive

values near the TC area, indicating a reduction of the uncertainty of analysis. Based

on our results, with only one available observation product per day for O3, a positive

impact of assimilation can be expected for the TC forecasts
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Adjoint Sensitivity with a Nested Limited
Area Atmospheric Model

Clark Amerault

Abstract A one-way interactive nesting capability was added to the tangent linear

and adjoint models of a limited area atmospheric forecasting system. In the tangent

linear model, perturbation information is passed through the lateral boundaries to

higher resolution nests. Gradient information moves through the lateral boundaries

in the direction of the lower resolution parent domains in the adjoint model. The sys-

tem was demonstrated by forcing the adjoint model over a small volume resolved on

the finest nest and constructing optimal perturbations from the gradient information

on the parent domain. Small perturbations (<1 m s
−1

in wind speed) on the coars-

est domain resulted in relatively large changes in the boundary layer flow over the

localized area on the finest scale nest where the adjoint model was originally forced.

1 Introduction

A primitive equation numerical weather prediction (NWP) model provides an esti-

mate of the future state of the atmosphere based on the initial conditions input to the

model. The atmospheric model’s state is discretized in both space and time. Smaller

grid spacings reduce model error, but also increase the computational expense. Incor-

porating a nest with relatively small grid spacing over an area of interest inside of

a larger domain is a way to balance computing cost with the desire to resolve finer

scale features.

Early nested models were utilized in simulating the mesoscale features of tropi-

cal cyclones Birchfield (1960). Ley and Elsberry (1976) provide a summary of the

pioneering accomplishments in nested modeling. Because of the spectral nature of

global NWP models, nesting is a capability reserved for grid point limited area

models. Current operational forecast quality limited area NWP models incorpo-

rate various nesting capabilities Hodur (1997), Pielke et al. (1992), Dudhia (1993),

Skamarock et al. (2001), Michalakes et al. (2001). Although it is not the focus
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of this chapter, the next generation of NWP models will rely on adaptive mesh

techniques Skamarock (1989), meaning the model will be run on a single domain

(encompassing either the entire globe or a limited area) with varying horizontal grid

spacing.

Adjoint models of NWP systems provide gradients of scalar forecast aspects with

respect to an earlier model state. They have been widely employed for data assimila-

tion and sensitivity studies. On larger scales, global NWP adjoint models are utilized

in creating four dimensional variational (4D-Var) analyses (see Rabier (2005) for a

review) and for targeting observations (see Langland (2005) for a review). Limited

area adjoint models Sun and Crook (1997), Zou et al. (1997), Županski et al. (2005)

have been utilized in experiments to produce analyses of meso and cloud scale struc-

tures like tropical cyclones Zou and Xiao (2000).

As with their corresponding NWP systems, adjoint models require greater com-

puting resources as the horizontal grid spacing decreases. Because of the increased

computing and developmental expenses associated with nesting, adjoint models have

only been developed for single domain configurations. In this study, a nesting capa-

bility was added to the tangent linear and adjoint models of a limited area NWP

system. With this capability, the evolution of perturbations can be tracked in the

tangent linear model across nests down to the smallest grid spacings. In the nested

adjoint model, forcings related to a fine scale feature are integrated backward in time

to reveal sensitivities to larger scales.

This chapter includes an outline of the steps taken to add a nesting capability

to these models and examples of the fields produced by the enhanced system. The

limited area atmospheric model utilized for this work is presented in the next section

along with a discussion on the process of adding nests to the tangent linear and

adjoint models. The new capabilities are tested for coastal atmospheric flow in Sect. 3

and a brief summary is provided in Sect. 4.

2 COAMPS

2.1 COAMPS Atmospheric Model

The atmospheric portion of the Naval Research Laboratory’s (NRL) Coupled Ocean

Atmosphere Mesoscale Prediction System (COAMPS®
1
) is the nested model Hodur

(1997) used in this study. The COAMPS atmospheric model is a limited area, relocat-

able, grid point model. The model is non-hyrdostatic and contains predictive equa-

tions for zonal wind u, meridional wind v, vertical velocity w, the dimensionless

Exner pressure function 𝜋, the potential temperature 𝜃, water vapor qv, and turbu-

lent kinetic energy e. The bulk cloud microphysics scheme calculates the source

and sink terms in the prognostic equations for cloud droplets qc, cloud ice qi, rain

1
COAMPS® registered trademark of the Naval Research Laboratory.



Adjoint Sensitivity with a Nested Limited Area Atmospheric Model 469

water qr, snow qs, and graupel qg. The other major parameterizations in the model

for subgrid-scale processes include turbulent mixing, surface fluxes, cumulus con-

vection, and radiation. The vertical coordinate of the model is a terrain following 𝜎z
defined as

𝜎z =
zt (z − zs)
zt − zs

, (1)

where the constant zt is the depth of the model domain and zs is the terrain height.

Lateral boundary conditions for the coarsest parent domain are provided by fore-

cast fields from NRL’s global atmospheric model. Analysis fields are created with the

three dimensional NRL Atmospheric Variational Data Assimiliation System Daley

and Barker (2001).

2.2 COAMPS Tangent Linear and Adjoint Atmospheric
Models

Adjoint models provide the gradient of some scalar function J of the state vector of

a model 𝐱t at time t with respect to the initial state vector of the model 𝐱0. The state

vector depends on the initial conditions of the model, so

J(𝐱t) = J(M(𝐱0)), (2)

where M is the nonlinear model. In sensitivity studies J is referred to as a response

function. The gradient of J with respect to the initial model state is

𝜕J
𝜕𝐱0

= 𝐌T 𝜕J
𝜕𝐱t

, (3)

where 𝐌 is the tangent linear model and the superscript T denotes the transpose

operation. In real number space, the adjoint model 𝐌T
is formulated by realizing the

transpose of the tangent linear model. The tangent linear model is needed to construct

the adjoint model and can also be used to integrate perturbations fields. The forcing

for the adjoint model,
𝜕J
𝜕𝐱t

is calculated simultaneously with J by differentiating J with

respect to model state at t. The nonlinear and tangent linear models are integrated

with time increasing and will also be referred to as forward models in this chapter.

Conversely, the adjoint model is integrated with time decreasing and will also be

referred to as the backward model.

In addition to the dynamical core, the COAMPS tangent linear and adjoint mod-

els include the respective components of the nonlinear model turbulent mixing, sur-

face flux, moist physics, and cumulus schemes. More information on the adjoint

COAMPS atmospheric model can be found in Amerault et al. (2008). In this study

the moist physics and cumulus schemes are excluded from the tangent linear and

adjoint model integrations.
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Table 1 Weightings for

perturbation calculation
Variable Weight

u 4.0 m
2

s
−2

v 4.0 m
2

s
−2

w 0.04 m
2

s
−2

𝜋 0.0001 (dimensionless)

𝜃 4.0 K
2

qv 4.0 g
2

kg
−2

To showcase the nesting capability, the adjoint model will be used to create opti-

mal perturbations Oortwijn (1995), Rabier et al. (1996), Errico and Raeder (1999).

The jth element of the perturbation vector 𝛿𝐱 is calculated using,

𝛿xj = swj
𝜕J
𝜕xj0

. (4)

The weightings wj only vary by model variable and the values are listed in Table 1

for the variables included in the perturbation vector (the hydrometeors and turbulent

kinetic energy are not perturbed). A constraint on the size of the initial perturbation

is imposed by the choice of the scaling parameter s. The units of s are the inverse

of the units of J ensuring that the elements of 𝛿𝐱 have the proper units. Here, s is

chosen so that the maximum magnitude of the u perturbation is less than or equal

to 1.0 m s
−1

everywhere in the domain. In practice, the adjoint model is integrated

backward in time. The gradient values are multiplied by the proper values of s and wj
to form the initial perturbation. The initial perturbation fields retain the same spatial

structures they had in the final gradient fields. The perturbation is then input to the

tangent linear model to track its evolution.

2.3 Nesting

The COAMPS atmospheric model contains many nesting options. These include

one and two-way interactions between nests, delayed start times and early ending

times for child nests, and the ability to move nests during the model’s integration.

In a one-way nesting configuration, information is only communicated through the

lateral boundaries from the parent domain to its child. For two-way interactions,

there is a feedback of information over the entire area covered by the child domain

onto the parent domain in addition to the lateral boundary exchange. This feedback is

performed at a specified time interval, usually the length of a time step on the parent

domain.

In this study, one-way interactions for telescoping static nests were added to the

COAMPS tangent linear and adjoint models. Information is only communicated

through the lateral boundaries for this type of nest interaction. Figure 1 shows the
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Fig. 1 Area covered by the three domains used for the COAMPS atmospheric model integrations in

this study. The red arrows indicate the direction of information flow from the coarse parent domain

to the finest scale nest across the lateral boundaries in the nonlinear and tangent linear models. The

flow is reversed (blue arrows) in the adjoint model

area covered by the 3 domains used in this study. COAMPS utilizes a 3 to 1 hor-

izontal grid spacing ratio, so the outermost domain is nine times as coarse as the

innermost nest in this three nest example. The vertical grid spacing is identical on

every domain. In the nonlinear and tangent linear models, information flows from

the coarse mesh down to the finest scale nest as indicated by the red arrows in Fig. 1.

In the adjoint model, the flow of information is reversed, going from the finest scale

nest to the outermost domain (blue arrows).

Figure 2 outlines the execution sequence in one coarse model time step for the case

of only 2 domains (parent and child) with one-way interactions. Since the spatial and

temporal flow of information is in the same direction in the nonlinear and tangent

linear models and the process of passing the information through the nest lateral

boundaries is linear, most of the code needed to add the nesting capability to the

tangent linear model was already available. Code was added to pass the perturbation

fields to finer scale nests using the routines already developed for the full nonlinear

fields. However, in the adjoint model the interaction is reversed, so an adjoint routine
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Fig. 2 Schematic of the

forward (nonlinear and

tangent linear models) and

backward (adjoint model)

integrations for one coarse

model time step

that feeds the information on the child nest through the lateral boundaries to the

parent domain was constructed.

In the forward models, the execution sequence begins with the parent domain

advancing forward one time step. The lateral boundaries on the child domain are

updated based on the new parent domain values. The child nest is then integrated

forward on three smaller time steps. The ratio of the length of the time step on the

parent and child domains is equivalent to the horizontal grid spacing ratio, 3 to 1.

In the adjoint model, the child nest is first integrated backward in time on the

three small time steps. The adjoint of the lateral boundary update is then performed

to pass information from the child to the parent nest. Finally, an adjoint model time

step is performed for the parent domain.

A nonlinear model trajectory is required for the tangent linear and adjoint models.

The trajectory is saved for each domain on every time step of the respective domain.

For the 3 domain setup used in this study, the trajectory on the innermost nest is

saved nine times as frequently as the outermost nest. This requires ample storage.

The storage cost can be reduced with less frequent saves and temporal interpolation

of trajectory values. However, this would require more code construction and is not

the focus of this study.

This demonstration of the nested tangent linear and adjoint models is concerned

with creating the optimal perturbations discussed in Sect. 2.2. To initiate the tangent

linear model, the perturbation field is only input to the coarsest domain. This per-

turbation field is interpolated to the child nests before the model integration begins.

In the adjoint model, forcings are only input to the finest scale child nest. At the

end of the adjoint integration, the gradient information on each nest is placed on the

coarsest parent domain using the adjoint version of the code used to interpolate the

perturbations to finer scales in the tangent linear models. Just as with the choice of

trajectory, this setup was chosen for simplicity. In the future, options could be added

to force the adjoint model on multiple nests and create perturbations on each domain,

not just the coarsest.
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In addition to the optimal perturbations presented in this chapter, the nested tan-

gent linear and adjoint models were run through standard tests to ensure the added

code was done correctly. The asymptotic behavior of the following was checked

lim
𝜆→0

M(𝐱 + 𝜆𝛿𝐱) −M(𝐱)
𝐌𝜆𝛿𝐱

= 1 (5)

and displayed the same behavior with and without the nesting capability. The fol-

lowing identity was used to verify the correctness of the adjoint model against the

tangent linear model,

(𝐌𝛿𝐱)T𝐌𝛿𝐱 = 𝛿𝐱T𝐌T𝐌𝛿𝐱. (6)

This identity is checked by running the tangent linear model with a perturbation

and calculating the dot product of the result (left hand side of Eq. 6). The evolved

perturbation is then input to the adjoint model and dot product is computed between

the resulting field and the initial perturbation (right hand side of Eq. 6). The identity

was verified to machine precision with the nesting capability active.

3 Application to Coastal Flow

Optimal perturbations using the nested tangent linear and adjoint models were com-

puted for coastal California atmospheric flow. During the summer months, northerly

flow in the marine atmospheric boundary layer is capped by a strong temperature

inversion and channeled along the California coastline by the accompanying terrain.

The flow becomes supercritical when the Froude number (dimensionless ratio of the

fluid speed to the phase speed of internal gravity waves) is greater than unity. Capes

and points modify the flow so that localized regions of both super and subcritical flow

exist. Downwind of the coastal feature, air accelerates and the boundary layer com-

presses, while on the upwind side of a cape, the flow decelerates and the boundary

layer deepens. Beardsley et al. (1987) were the first to investigate these flow features.

Others Samelson (1992), Haack et al. (2001) have researched various aspects of this

flow usually focusing on the geographic features that influence it. This study will

both demonstrate the nested capabilities of the COAMPS adjoint and tangent linear

models and also highlight how the flow can be sensitive to small perturbations in the

atmospheric state away from the coastal boundary layer.

The configuration for this study uses three telescoping domains covering the area

shown in Fig. 1. The horizontal grid spacings for the outermost (nest 1), middle

(nest 2), and innermost (nest 3) domains are 45, 15, and 5 km, respectively. Each

domain has 45 unequally spaced vertical levels with smaller spacings in the lower

levels of the atmosphere. The time step for nest 1 is 120 s. The experiment was initial-

ized at 1200 UTC Jun 3 2015. The 12 h forecasts of wind speed and stream function

at the lowest and 30th (corresponding to a pressure level of roughly 350 mb over the

ocean) levels are shown on nest 3 in Fig. 3. These forecast are valid at 1700 local

time, corresponding to the late afternoon. Variations in the flow are resolved by the
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Fig. 3 12 h forecast of wind speeds (m s
−1

) and streamlines on nest 3 valid at 0000 UTC Jun 4

2015 at model level a 1 and b 30

innermost nest and two maxima in excess of 10 m s
−1

are present in the flow. The

northern maximum is located north of Point Reyes while the southern maximum is

south of Point Sur. Primarily zonal flow is dominant in the model levels above the

boundary layer.

This study is focused on the strength of the flow over Monterey Bay. The response

function for these experiments is the integrated horizontal kinetic energy u2 + v2 cal-

culated over a small volume using the 12 h forecast fields. The volume comprises 3

grid points on each side (15 km
2
) in the horizontal and the lowest 7 model layers

(roughly 300 m) in the vertical. The horizontal area covered by the volume is indi-
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Fig. 4 Sensitivities of response function with respect to u at a 2000 UTC June 3 2015 on model

level 8 and nest 3 and b 1200 UTC June 3 2015 on model level 21 and nest 2. The units are 104 m

s
−1

km
−3

cated by the black box in Fig. 1a. The largest sensitivities move in opposition to

the primary flow during the adjoint model integration, as can be seen in Fig. 4. As

indicated by Lewis et al. (2001), adjoint sensitivities need to be properly scaled to

account for varying resolution. The sensitivities are divided by the grid cell volume

as was done in Ancell and Mass (2006). In the boundary layer, the sensitivities travel

northward parallel to the coast (Fig. 4a). Above the boundary layer, sensitivities head

in a more westward direction due to the zonal flow (Fig. 4b).
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Fig. 5 Initial u perturbation a on nest 1 at model level 21 and b on a cross section indicated by the

line in (a). The units are m s
−1

and the perturbations are valid at 1200 UTC June 3 2015

After the 12 h backward integration, the largest sensitivities are located at roughly

650 mb and 300 Km from the location of the response function. The initial perturba-

tion (Fig. 5) has the same structure as the sensitivity field and spans a larger volume
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Fig. 6 Magnitude of the

perturbation wind a forecast

by the tangent linear model

and b calculated from the

difference in nonlinear

forecasts run with and

without the optimal

perturbation. The full wind

speed for the optimally

perturbed forecast is shown

in (c). The units are m s
−1

and all fields are at the

lowest model level on nest 3

and valid at 0000 UTC

June 4 2015
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Fig. 7 Same as Fig. 3, but valid at 0000 UTC June 6 2015

than the original forcing input to the adjoint model. Using the process to choose s in

Eq. 4 and set the maximum u perturbation magnitude to 1 m s
−1

results in an initial

v perturbation of roughly the same size and 𝜃 perturbations that are less the 0.5 K.

The perturbation values below 700 mb are almost non existent away from the coast.

The magnitude of the tangent linear model forecast perturbation wind field at

12 h in the lowest model layer on nest 3 is shown in Fig. 6a. The structure of the

perturbation is almost identical to the difference in forecast fields for nonlinear model

runs with and without the optimal perturbation added to the initial state (Fig. 6b). The

tangent linear forecast is about 1 m s
−1

stronger over the response area compared to
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Fig. 8 Perturbation of u a at the initial time 1200 UTC June 5 2015 on model level 9 and b forecast

by the tangent linear model at 0000 UTC June 6 2015 on the lowest model level. The units are ms
−1

the nonlinear model difference. The largest response is localized over Monterey Bay

(the location of the response function). Comparing Figs. 3a and 6c, the addition of

the optimal perturbation increases the lowest model level wind speed over Monterey

Bay to be comparable to the maxima north of Point Reyes and south of Point Sur

(>10 m s
−1

). It is also worth noting that during the first 10 h of the tangent linear

forecast, there is no evidence of perturbation growth and the largest values remain

above the boundary layer. Only in the last 2 h of the forecast period do the wind speed
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perturbation values grow from less than 1 m s
−1

to over 5 m s
−1

and propagate into

the boundary layer (not shown).

An additional experiment was conducted for a weaker surface flow regime. The

model was initialized at 1200 UTC Jun 5 2015. In Fig. 7, the 12 h forecasts of wind

speed and stream function at the lowest and 30th levels are again shown. A trough

is present in the upper levels over southern California, this leads to a weaker tem-

perature inversion at the top of the marine layer (not shown). Therefore, the surface

winds close to the central California coast are not as strong as the previous experi-

ment. The same response function was used and the adjoint model was again forced

at the 12 h forecast time. In this case, the largest sensitivities remain confined to

the boundary layer. Since the advective flow in the trajectory field is not as strong,

the location of the largest initial optimal perturbations are not far removed from the

response function area (Fig. 8a). Also, the response is not nearly as dramatic, the

largest perturbation magnitudes at 12 h are <2 m s
−1

(Fig. 8b).

4 Summary

Nesting capabilities were added to the COAMPS tangent linear and adjoint mod-

els. The system was demonstrated by constructing optimal perturbations for coastal

atmospheric flow. Small perturbations applied over relatively large areas in the upper

levels of the atmosphere increased the surface wind speeds over Monterey Bay by

5 m s
−1

12 h later. This study primarily serves as a demonstration of the nested sys-

tem. There are countless atmospheric phenomena where the relatively high resolu-

tion achievable with this system would be beneficial for both data assimilation and

sensitivity studies. However, nonlinearity and discontinuity increases with resolu-

tion, especially as more physical processes are included in the model integrations.

Therefore, the included processes and the integration times of the tangent linear and

adjoint models must be considered. Nevertheless, the nesting capabilities added to

this system are important tools for elucidating predictability aspects of meso and

finer scale atmospheric flows.
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On the Impact of the Diabatic Component
in the Forecast Sensitivity Observation
Impact Diagnostics

Marta Janisková and Carla Cardinali

Abstract Over the years, a comprehensive set of the linearized physical parame-

trization schemes has been developed at ECMWF. These linearized schemes, oper-

ationally used in data assimilation, parametrize both the dry physical processes

(vertical diffusion, gravity wave drag, shortwave and longwave radiation) and the

moist processes (convection, large-scale condensation and clouds) consistently with

the physical parametrization of the nonlinear model (though some simplifications

are applied). In this work, the representation of the moist physical processes in the

adjoint assimilation model is compared with the representation of humidity in the

energy norm used to compute the forecast sensitivity to observations in the short-

range forecasts. Forecast Sensitivity Observation Impact using the adjoint model

with only dry processes (dry adjoint) but moist energy norm in the sensitivity gradi-

ent calculation is examined in contrast with the observation impact obtained when

moist processes (moist adjoint) and dry energy norm are used. The performed study

indicates that the use of the humidity term in the norm produces unrealistic humidity

and temperature sensitivity gradients, which largely affect the observation forecast

impact results.

1 Introduction

Nowadays sophisticated data assimilation schemes are used for exploiting informa-

tion from irregularly distributed observations in order to provide initial conditions for

a numerical weather prediction (NWP) model. One of them is the four-dimensional

variational (4D-Var) data assimilation, which is the operational system at the Euro-

pean Centre for Medium-Range Weather Forecast (ECMWF) since November 1997

(Rabier et al. 2000). 4D-Var minimizes the distance between the model trajectory

and the observations over a given time interval, using the adjoint equations of the
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model to compute the gradient of the cost function with respect to the model state at

the beginning of the assimilation period. The mismatch between model solution and

observations can remain large if the adiabatic adjoint model would only be used in

the minimization. In addition, many satellite observations, such as radiances, rain-

fall and cloud measurements, cannot be directly assimilated with such overly sim-

ple adjoint model. Therefore representation of physical processes in the assimilating

models is crucial. Initially, adjoint models used only very simple parametrization

schemes, such as Buizza (1994), which aimed at removing very strong increments

produced by the adiabatic adjoint models. Gradually, more complex, but still incom-

plete schemes were developed by Zou et al. (1993), Županski and Mesinger (1995),

Janisková et al. (1999), Mahfouf (1999), Laroche et al. (2002), Mahfouf (2005). More

comprehensive schemes, which can describe the whole set of physical processes

and interactions between them, almost as in the non-linear model, with just a few

simplifications and/or regularizations compared to the reference non-linear model,

were implemented more recently (e.g. Janisková et al. 2002; Tompkins and Janisková

2004; Lopez and Moreau 2005; Janisková and Lopez 2013).

Using sophisticated data assimilation schemes, such as 4D-Var, also requires

effective performance monitoring of such a complex system. A traditional tool for

estimating data impact in a forecasting system is provided by Observing System

Experiments (OSEs). These are usually performed by removing subsets of observa-

tions from the assimilating system and the resulting forecasts are compared against

a control experiment that includes all observations (e.g. Bouttier and Kelly 2001;

English et al. 2004; Kelly and Thépaut 2007; Bauer et al. 2014). Recently, new diag-

nostics in data assimilation and numerical weather prediction provides an assess-

ment of each observation contribution to the analysis. For example, techniques have

been derived to indicate which level of influence is given to observations and which

one to the background during the assimilation procedure (Purser and Huang 1993;

Cardinali et al. 2004; Chapnik et al. 2004; Cardinali 2015), thus allowing some tun-

ing of the weights assigned in the assimilation system. To measure the observation

contribution to the forecast quality, the adjoint methodology can also be used where

the observation impact is evaluated with respect to a scalar function representing the

short-range forecast error, see for example Baker and Daley (2000), Cardinali and

Buizza (2004), Langland and Baker (2004), Xu et al. (2006), Zhu and Gelaro (2008),

Cardinali (2009, 2015) or Lorenc and Marriot (2014).

An advantage of the adjoint-based observation sensitivity compared to OSE is

that it measures the impact of observations when the entire observation dataset is

present in the assimilation system. It provides the response of a single forecast met-

ric to all perturbations of the observing system. However, this technique is influenced

by simplified adjoint model used to carry the forecast error information backwards

and therefore limited by the validity of the tangent-linear assumptions in a different

way from OSE. Generally, experiments performed with adjoint technique for esti-

mating the forecast sensitivity to observations, use a different level of complexity

for simplified adjoint model. Some of them contain only a basic description of phys-

ical processes, mainly dry processes (Zhu and Gelaro 2008; Gelaro and Zhu 2009),

while others use a comprehensive set of physical parametrizations describing both
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moist and dry processes (Cardinali 2009, 2015). Another factor which can have a

significant impact in adjoint-based method is the selection of the total energy (TE)

norm used for the sensitivity gradient computations. Dry energy norm is used by Car-

dinali (2009, 2015), Daescu and Todling (2010), Zhu and Gelaro (2008), Gelaro and

Zhu (2009), while Langland and Baker (2004), Lorenc and Marriot (2014) apply the

moist TE norm for their gradient computations. Which norm is the most appropriate

for these computations is a matter of permanent discussion.

At ECMWF, over the years an extensive set of linearized physical parametriza-

tions (Janisková and Lopez 2013) has been developed for the global data assim-

ilation system and sensitivity studies. It comprises dry parametrization schemes

(radiation, vertical diffusion, orographic gravity wave drag and non-orographic grav-

ity wave activity) and moist parametrizations (moist convection, large-scale con-

densation/precipitation). The current linearized physics package is therefore quite

sophisticated and is believed to be the most comprehensive one currently used in

operational global data assimilation. As mentioned above, the dry TE norm is used in

the adjoint-based observation sensitivity studies at ECMWF (Cardinali 2009, 2015).

Being in position of having a comprehensive description of physical processes in

the adjoint model, different experiments have been performed to compare observa-

tion impacts obtained by using different sets of the physical processes in the adjoint

assimilation model and different representation of energy norms. In this paper, the

Forecast Sensitivity Observation Impact (FSOI) using the adjoint model with only

dry processes (dry adjoint) but moist energy norm in the sensitivity gradient calcula-

tion is examined in contrast with FSOI obtained with moist processes (moist adjoint)

and dry energy norm. This type of study provides information on the use of moist

processes in the adjoint models and some information on the role of the moist com-

ponent in the TE norm. In Sect. 2, the methodology of adjoint-based observation

sensitivity and its relation with the energy norm and the simplified adjoint model

is described. Details of the experimental framework and the results are provided in

Sect. 3. Finally, conclusions are given in Sect. 4.

2 Forecast Sensitivity Impact

2.1 Method

The aim of 4D-Var assimilation is to find the optimal initial atmospheric state (the

analysis, 𝐱a) for numerical weather forecast. Information on short-range model fore-

cast (background, 𝐱b) and observations, 𝐲 (over a given time interval), are combined

accordingly to their weights. Once the cost (objective) function, 𝐽 , measuring the

weighted misfit between the model trajectory and the observations has been defined,

the gradient of the cost function with respect to the model state at the beginning of
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assimilation period can be computed using the adjoint equations of the model. The

analysis 𝐱a can be obtained by providing this gradient to an iterative minimization

algorithm (Courtier et al 1998). The analyses weights are obtained by the Kalman

gain matrix 𝐊.

The forecast sensitivity equation with respect to the observations in the context

of variational data assimilation has been derived by Baker and Daley (2000). The

sensitivity of the objective function, 𝐽E, with respect to the observations can be

written using a simple derivative chain as:

𝜕𝐽E

𝜕𝐲
=

𝜕𝐽E

𝜕𝐱a,b
𝜕𝐱a
𝜕𝐲

(1)

where 𝜕𝐽E∕𝜕𝐱a,b is the mean sensitivity of the forecast error with respect to the

analysis and the background (second order gradients, see for example Errico 2007).

As explained for instance by Cardinali et al. (2004) or Cardinali (2009), 𝜕𝐱a∕𝜕𝐲 is

the sensitivity of the analysis system with respect to observations, that is 𝐊T
.

Once the forecast sensitivity is computed, FSOI, i.e. the variation 𝛿𝐽E of the fore-

cast error due to the assimilated observations can be found by applying the adjoint

property for a linear operator as:

𝛿𝐽E =
⟨
𝜕𝐽E
𝜕𝐱a,b

, 𝛿𝐱a
⟩

=
⟨
𝜕𝐽E
𝜕𝐱a,b

,𝐊(𝐲 − H[𝐱b])
⟩

=
⟨

𝐊T 𝜕𝐽E
𝜕𝐱a,b

, 𝐲 − H[𝐱b]
⟩

=
⟨

𝐊T 𝜕𝐽E
𝜕𝐱a,b

, 𝛿𝐲
⟩

=
⟨
𝜕𝐽E
𝜕𝐲

, 𝛿𝐲
⟩

(2)

where 𝛿𝐱a = 𝐱a − 𝐱b are the analysis increments, 𝛿𝐲 = 𝐲 − H[𝐱b] is the innovation

vector, H is the nonlinear observation operator (moving the background value to the

observation location) and 𝐊 and 𝐊T
are the gain matrix and its adjoint, respectively.

According to Eq. 2, FSOI is then a function of the sensitivity gradient 𝜕𝐽E∕𝜕𝐱a,b,

the adjoint of the gain matrix, 𝐊T
, and the innovation vector, i.e.

𝛿𝐽E = f
(
𝜕𝐽E

𝜕𝐱a,b
,𝐊T

, 𝐲 − H[𝐱b]
)

(3)

For instance, at ECMWF, 𝛿𝐽E is computed for a 12-h window. The second order

sensitivity gradient 𝜕𝐽E∕𝜕𝐱a,b is valid at the starting time of the 4D-Var window,

typically 09 and 21 UTC (Cardinali 2009). The variation of the forecast error due to

a specific measurement can be summed up over time and space in different subsets to

compute the total contribution of the different components of the observing system

towards reduction of the forecast error.

The role of the energy norm objective function and the simplified adjoint model

in FSOI computation will be assessed in this study. The description of the energy

norm is provided in the following subsection.
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2.2 Energy Norm

As explained in Sect. 1 (Introduction), the total energy (TE) norm in sensitivity stud-

ies is used either in the dry form (Cardinali 2009; Daescu and Todling 2010) or with

the moist contribution (Langland and Baker 2004). The only difference between the

dry and moist norms in these studies is in the additional term which explicitly mea-

sures specific humidity q. The TE norm in the moist form can be expressed in a

continuous formulation as follows:

𝐽E = 1
2 ∫

1

0 ∫Σ

(

∇△−1
𝜉𝐱 ⋅ ∇△−1

𝜉𝐱 + ∇△−1 D𝐱 ⋅ ∇△−1 D𝐱 +
cp
Tr

T𝐱T𝐱 + wq
L2c
cpTr

q𝐱q𝐱

)

dΣ
(
𝜕p
𝜕𝜂

)

d𝜂

+ 1
2 ∫Σ

RdTrPr ln𝜋𝐱 ⋅ ln𝜋𝐱dΣ (4)

where cp is the specific heat of dry air at constant pressure, Rd is the dry constant

of dry air, Lc is the latent heat of condensation, Tr is the reference temperature and

Pr is the reference pressure (e.g. Tr = 350 K and Pr = 1000 hPa at ECMWF). The

TE norm (Eq. 4) has contributions from vorticity 𝜉𝐱, divergence D𝐱, temperature T𝐱,

specific humidity q𝐱 with certain weight wq and logarithm of surface pressure ln𝜋𝐱
of the model state 𝐱. In the case of the dry TE norm, the term with specific humidity

is missing, i.e. wq = 0.

Questions were raised on what is more appropriate—to use dry or moist energy

norm. A lot of studies using the moist norm refer to the paper of Ehrendorfer et al.

(1999) about singular-vector perturbation growth in a primitive equation model with

moist physics. They made experiments with both dry and moist norm based on the

fact that a strict theoretical basis for the humidity component does not exist. Unlike

for dry TE norm and dry model, it is not evident that the moist TE norm will be

conserved if other physical processes than condensation occur.

Using the moist TE norm requires a definition of the weight wq. Several studies

(such as Buizza et al. 1996; Mahfouf et al. 1996; Ehrendorfer et al. 1999; Barkmei-

jer et al. 2001) used the moist TE norm with wq = 1 based on condensation physics

and with the aim to ensure significant contribution to the norm in the singular vec-

tor computation by all components of the state vector both at initial and final time.

Barkmeijer et al. (2001) also experimented with q weight derived from background-

error statistics and Ehrendorfer et al. (1999) made some investigations by applying

wq = 0.1 or wq = 10. The different weights would lead to different contributions of

moisture and therefore qualitatively different results. Because of that, for instance,

Ehrendorfer et al. (1999) concluded that further studies are required in order to under-

stand how to specify the appropriate weight and the role of moist physics for a proper

accounting for moist processes in the growth of perturbations (e.g. fast growing com-

ponents of the analysis error).
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2.3 Simplified Adjoint Model

In the adjoint-based technique, a simplified adjoint model is usually used to carry

the forecast error information backwards. This model should have a certain level of

reality, i.e. to be comprehensive enough to ensure that the observations are given a

dynamically realistic, as well as statistically likely response in the analysis. However,

it is important to achieve some trade-off between reality and linearity of the model

since any adjoint-based technique is restricted by the tangent-linear (TL) assumption

and its validity. Therefore one must be very careful with the non-linear nature of

physical processes, especially in the presence of thresholds, which can affect the

range of validity of the TL approximation.

The better the tangent-linear approximation, the more realistic and useful the sen-

sitivity patterns. Results obtained through the adjoint integration when using a too

simplified adjoint model with large inaccuracies or adjoint models without a proper

treatment of nonlinearities and discontinuities can be incorrect. Most of the adjoint

sensitivity experiments (e.g. Baker and Daley 2000; Langland and Baker 2004; Xu

et al. 2006; Zhu and Gelaro 2008) are performed with simplified adjoint models

that only describe dry processes with different levels of complexity. Adjoint mod-

els accounting for both dry and moist processes were only used by Cardinali (2009,

2015) and to some extent by Lorenc and Marriot (2014).

At ECMWF, the current set of physical parametrizations used in the linearized

model describes both dry and moist processes: vertical diffusion, subgrid-scale oro-

graphic effects, radiation (shortwave and longwave), non-orographic gravity wave

activity (not yet used in this study), clouds with large-scale condensation and con-

vection as described by Janisková and Lopez (2013). Therefore, in the context of

operational global data assimilation, this linearized physics package is quite sophis-

ticated and comprehensive.

Validation studies of the ECMWF linearized model clearly demonstrate the

impact and the importance of including physical processes for the validity of the

tangent-linear approximation. For this validation, the accuracy of the linearization

is studied with respect to pairs of non-linear simulations. The difference between

two non-linear integrations (one starting from a background field and the other one

starting from analysis) of the full nonlinear model is used as the standard reference

to which the TL integrations from the analysis increments are compared. For a quan-

titative evaluation of the impact of linearized schemes, their relative importance is

determined by using mean absolute errors between tangent-linear and non-linear

integrations. The absolute mean error of the TL model without physics is usually

taken as a reference for the comparisons. Errors and improvements relative to the

reference can then be computed. Validity tests of the TL approximations are usually

performed over the time period and at the resolution at which adjoint models will

be applied in practice: resolution and time length of 4D-Var inner-loop integration

(e.g. 12 h, T255
1

and 91 vertical levels at ECMWF) or longer time periods for sin-

gular vectors and sensitivity applications (e.g. 24 h at ECMWF).

1
T255 corresponding approximately to 80 km.
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Fig. 1 Zonal mean impact of the different ECMWF linearized parametrization schemes on the

evaluation of temperature increments. Results are presented as the error differences (in terms of

fit to the non-linear model with full physics) between the TL model with physical parametrization

schemes (including a dry processes alone—vertical diffusion, gravity wave drag and radiation or

b in combination with moist processes—convection and cloud with large-scale condensation) and

the purely adiabatic TL model

Examples of results from the TL approximation assessment using the ECMWF

linearized physics are shown in Fig. 1. The impact of the different physical processes

on the TL evolution of temperature increments is presented in Fig. 1 as zonal mean

cross-sections of the error difference (in terms of fit to the nonlinear model with

full physics) between the TL model including different parametrization schemes and

the adiabatic TL model. Negative values are associated with an improvement of the

model using the parametrization schemes with respect to the adiabatic TL model,

since they correspond to a reduction of the errors. The improvement is observed

over most of the atmosphere, and is maximum in the lower troposphere for two sets

of parametrization schemes, one describing dry processes only (vertical diffusion,

gravity wave drag and radiation; Fig. 1a) and the other one with moist processes also

included (clouds with large-scale condensation and convection; Fig. 1b). Results also

clearly show that taking into account moist processes lead to additional significant
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improvement which is, however, not only coming from these schemes, but also from

cloud-radiation interactions. The global relative improvement of the TL approxima-

tion for temperature coming from including physical parametrization schemes into

the linearized model compared to the purely adiabatic TL model is ∼12 % for dry

parametrization schemes alone and close to 18 % when combined with the moist

schemes (Janisková and Lopez 2013). For specific humidity, the relative improve-

ment becomes even larger when including moist processes (improvement of ∼20 %)

on top of the dry ones (improvement of ∼10 %). Thus the TL model with all physical

processes included performs remarkably better than its dry version. The representa-

tion of moist processes in the adjoint model not only provides a better description of

the time evolution of the model state during the assimilation procedure and sensitiv-

ity calculations, but also allows the assimilation of observations sensitive to precip-

itation or clouds.

3 Experiments

Several experiments with the ECMWF assimilation system have been performed in

order to study the impact of using different representations of the objective function

and different representations of physical processes in the adjoint model in the FSOI

computation. Which norm is the most appropriate for this type of computations is a

matter of permanent discussion in the scientific community dealing with sensitivity

studies. Thanks to the comprehensive description of physical processes in the adjoint

model of ECMWF (Janisková and Lopez 2013), experiments with different combi-

nations of norm definition and moist physics directly included in adjoint model could

be performed.

3.1 Experimental Setup

The experiments have been run for the period of 25 August–10 September 2010 using

the ECMWF 4D-Var system at that time operational resolution, i.e. 91 levels in ver-

tical (L91) combined with the horizontal resolution of T1279
2

for the standard fore-

cast model run and a much lower resolution of T159/T255
3

for the minimization in

assimilation computation. Although moist processes in the adjoint model allows the

assimilation of observations related to clouds and precipitation, these observations

have not been assimilated in order to unify observation usage among all performed

experiments.

Adjoint sensitivity computations have then been performed at the resolution

T255L91. Sensitivity calculations have been done using:

2
T1279 corresponding approximately to 16 km.

3
T159/T255 corresponding approximately to 130/80 km, respectively.
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(1) dry parametrization schemes alone: vertical diffusion, gravity wave drag and

radiation;

(2) moist parametrization schemes: convection and cloud with large-scale conden-

sation in combination with dry processes.

These two adjoint model versions have been combined with either the dry or the

moist TE norm as described by Eq. 4. In the case of the moist norm, different weights

for the moisture contribution (wq), such as 1 (results not presented), 0.5 or 0.1, have

been used. Most results presented here have been obtained with wq = 0.5.

The results from experiments using the following combinations of adjoint model

versions and norm specifications will be shown:

∙ dryAD_dryN: dry processes in adjoint (AD) model and dry TE norm;

∙ dryAD_moistN_0.5: dry processes and moist TE norm with the weight for moist

contribution equal to 0.5;

∙ moistAD_dryN: moist processes in combination with the dry ones in AD model

and dry TE norm;

∙ moistAD_moistN_0.5: moist and dry processes in AD model combined with the

moist norm using wq = 0.5;

∙ moistAD_moistN_0.1: moist and dry processes in AD model combined with the

moist norm using wq = 0.1.

3.2 Sensitivity Gradient

Several results from the combination of either dry or moist adjoint model with either

dry or moist energy norm in the sensitivity gradient calculations are presented here.

Figures 2, 4, 5, and 7 display the global horizontal distribution of the second

order sensitivity gradient (SG) for the situation on 28 August 2010 at 21:00 UTC

only. Similar sensitivity structures have been observed for all the other days (not

shown). Zonal mean and vertical profiles of sensitivity gradient averaged over the

whole test period (i.e. 25 August 2010–10 September 2010) are shown in Figs. 6, 8

and 9, respectively.

Figure 2 displays the specific humidity sensitivity gradient at the lowest model

level for four different combinations of the physical processes in adjoint model and

TE norms: dryAD_dryN (Fig. 2a), dryAD_moistN_0.5 (Fig. 2b), moistAD_dryN
(Fig. 2c) and moistAD_moistN_0.5 (Fig. 2d). When using dry physical processes

and dry TE norm, the sensitivity to specific humidity is quite small and mainly local-

ized in areas of intense dynamical activity. Adding moist processes in the adjoint

model (Fig. 2c) brings additional structures in the sensitivity, especially in areas of

condensation and convective development. When using the moist norm in combina-

tion with the dry adjoint (Fig. 2b), no new structures appear, and on the contrary, a

lot of structures are masked by large-scale positive sensitivities. Using all processes

and moist norms (Fig. 2d) leads to overall enhanced sensitivities, with a clear preva-
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Fig. 2 Specific humidity sensitivity gradient (J kg
−1

/(g kg
−1

)) at the lowest model level for the

situation on 28 August 2010 at 21:00 UTC. The results are presented for experiments with dry

parametrization schemes (i.e. vertical diffusion, gravity wave drag and radiation) included in the

adjoint model using a dry or b moist norm, and for experiments with moist processes also added

using c dry or d moist norm. Sensitivities are shown with colour shading. Black isolines represent

mean-sea-level pressure (hPa)

lence of positive values over the globe. However, there are no additional sensitivity

patterns when compared with moistAD_dryN (Fig. 2c).

The described behaviour of the forecast sensitivity with respect to specific humid-

ity is more obvious from the zoom over the tropical cyclone in the Atlantic Ocean

(Fig. 3). Missing moist physical processes clearly lead to underdetermined structures

around the cyclone. Using the moist TE norm does not enhance the humidity struc-

ture (Fig. 3b). When moist processes are added in the adjoint model (Fig. 3c), a lot of

sensitivity structures related to condensation and convection in the area of cyclone

development are observed, as expected. When adding the moist norm, the humidity
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Fig. 2 (continued)

sensitivity pattern around the tropical cyclone remains very similar, but it is some-

how embedded in a constant and larger humidity sensitivity background. This com-

parison indicates that only when moist processes are represented in the adjoint model

the sensitivity gradients realistically depict the expected physical structure pattern,

for example around tropical cyclones, whilst the dry adjoint model is not sufficient

to correctly describe it. Moreover, adding the moisture term in the TE norm, either

in combination of the dry or the moist adjoint model, provides a larger but somehow

physically meaningless humidity pattern spread everywhere.

The temperature sensitivity gradient displayed in Fig. 4 suggests that the impact

of moist processes used in the adjoint model on the sensitivity structures is less dra-

matic (Fig. 4c) than for humidity. In fact, larger sensitivity patterns already appear

in the SG with the dry adjoint model and the dry TE norm (Fig. 4a). On top of the

enhanced patterns around tropical cyclones, few additional ones associated to con-
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Fig. 3 Same as Fig. 2, but for the areas around tropical cyclones over the Atlantic ocean

vective and condensation activities emerge. In general, in moistAD_dryN, both the

specific humidity and the temperature structures are quite consistent. Using the moist

norm has a similar impact on temperature as observed for specific humidity (i.e. posi-

tive sensitivities prevailing), though a lot of structures, which already appeared when

using the dry TE norm, are preserved in contrast with the specific humidity sensitiv-
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Fig. 3 (continued)

ity gradient (Fig. 4b). In the areas with larger specific humidity when the moist TE

norm is used, the sensitivities are enhanced significantly more in the case of moist

adjoint model (Fig. 4d).

In the case of sensitivity to surface pressure, when using moist TE norms

(Fig. 5b, d), significantly enhanced sensitivities are found in the tropics, especially
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Fig. 4 Same as Fig. 2, but for temperature sensitivity gradient (J kg
−1

/K) at the lowest model level

around the whole Inter Tropical Convergence Zone (ITCZ). As indicated by the

isobars (black lines), the surface pressure there is not changing significantly and

therefore one would assume a small overall forecast error sensitivities with some

slightly more pronounced variations in convective regions (as seen in Fig. 5c for

moistAD_dryN). However, when using the moist norm, wherever the humidity is

large the sensitivity to surface pressure is large as well.

Overall, sensitivities with respect to different variables suggest two main pattern

differences between the experiments. When the moist physics is used in the adjoint

model, new structures emerge on top of those which already appeared when the dry

adjoint model is used. Using the moist norm rather than the dry one leads to globally

larger sensitivity patterns, but inconsistent with the physical processes observed.
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Fig. 4 (continued)

Many of the results described for the horizontal structures are confirmed when

assessing zonal means (Fig. 6) and vertical profiles (Figs. 8 and 9) of the set averaged

over the whole test period.

The zonal mean SG with respect to specific humidity confirms that the sensitivity

is very small and located in the mid-low troposphere when using only dry adjoint

model and dry norm (Fig. 6a). Including moist processes in the adjoint model leads

to the appearance of much more structures in the boundary layer (Fig. 6e) and also

to substantial changes in the sensitive regions of Fig. 6a. When the moist norm is

used, the zonal mean of sensitivity reminds more of the structure of the humidity

background error (as will be illustrated later on the vertical profiles of sensitivity),

just modulated by the amount of the available moisture, i.e. decreasing from tropics

towards the poles and from the low to the middle troposphere (Fig. 6c). The moist

TE norm also leads to extensive, mainly positive temperature SGs in the zonal mean
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Fig. 5 Same as Fig. 2, but for the logarithm of surface pressure, ps, sensitivity gradient (J kg
−1

/Pa.)

(Fig. 6b, d, f). This feature is more pronounced when the moist TE norm is combined

with the moist adjoint model (not shown).

Generally, experiments with the moist TE norm indicate that the weight wq = 0.5

of the moisture term is too big. When the experiments were performed with wq = 1

(not shown here) as often used in different studies, the described predominance of

positive sensitivities is even more striking. Decreasing the weight for moisture term

will lead to generally lower sensitivities. This is illustrated in Fig. 7, which compares

specific humidity (Fig. 7a, c) and temperature (Fig. 7b, d) sensitivity gradient using

wq = 0.5 (Fig. 7a, b) and wq = 0.1 (Fig. 7c, d). By reducing the weight not only

sensitivities are reduced, but also some negative sensitivities emerge.

For a quantitative comparison of the different experiments performed in this

study, vertical profiles of mean SGs with respect to specific humidity, q, and tem-
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Fig. 5 (continued)

perature, T , averaged over the whole period together with their standard deviations

are presented in Figs. 8 and 9, respectively. In principle, one would expect that SG

averaged over a long period of time and over the whole globe should be unbiased,

i.e. positive sensitivities should not prevail over negative ones or vice versa. For spe-

cific humidity (Fig. 8) using the dry TE norm, combined with either dry or moist

processes in the adjoint model, leads to very small mean sensitivity values (Fig. 8a).

The standard deviations (Fig. 8b) are also quite small (values are even smaller when

using only dry processes given the generally very small sensitivities to specific

humidity). On the contrary, when the moist TE norm is used, SGs are significantly

positively biased and the standard deviations are also large. Definitely, the standard

deviation shape is similar to the typical standard deviation of the ECMWF back-

ground errors for specific humidity (see Fig. 8c). Decreasing the weighting factor

for moisture contribution in the moist TE norm from 0.5 to 0.1 leads to smaller bias
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Fig. 6 Zonal mean of (a, c, e) specific humidity sensitivity gradient (J kg
−1

/(g kg
−1

)) and (b, d, f)
temperature sensitivity gradient (J kg

−1
/K) for the whole test period (25 August 2010–10 September

2010). The results are presented for experiments with dry parametrization schemes (i.e. vertical

diffusion, gravity wave drag and radiation) included in the adjoint model using a, b dry or c, d moist

norm, and (e, f) for experiments with moist processes also added and using dry norm. Sensitivities

are shown with colour shading
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Fig. 6 (continued)
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Fig. 7 a, c specific humidity (J kg
−1

/(g kg
−1

)) and b, d temperature (J kg
−1

/K) sensitivity gradi-

ents at the lowest model level for the situation on 28 August 2010 at 21:00 UTC. The results are

presented for experiments with dry adjoint model and using moist norm with weighting factor of

a, b 0.5 or c, d 0.1. Black isolines represent mean-sea-level pressure (hPa)

and standard deviation (Fig. 8a, b dotted line). However, even when the moisture

contribution in the TE norm is significantly decreased, the sensitivity with respect to

specific humidity remains biased. Similarly for the sensitivity to temperature (Fig. 9),

mean values and standard deviations are close to zero when using the dry TE norm.

The least biased SGs are determined by the moist adjoint and the dry TE norm. Inter-

estingly when the moist TE norm is combined with the moist adjoint, the mean SGs

with respect to temperature are the most biased. To demonstrate that sensitivities

are indeed biased when the moist TE norm is used, an experiment has been done

in which the mean humidity contribution was extracted from specific humidity SG
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Fig. 7 (continued)

(not shown). Doing that, the overrepresentation of the positive structures disappear,

though a small positive bias remains.

In conclusions, results indicate that the inclusion of moist processes through the

adjoint model compared to accounting for the moisture through the energy norm

leads to substantial differences in the intensity and the structure of the perturbations.

The largest differences are obviously observed for the SGs with respect to specific

humidity. While including moisture information in the adjoint model generate new

structures on top of the already generated by the dry adjoint model, the usage of the

moist TE norm usually globally enhances the sensitivity. Decreasing (respectively

increasing) the weight of moist contribution in the norm (i.e. the weighting factor

wq in Eq. 4) will also decrease (respectively increase) the intensity of the sensitivity.

Thus the different weights lead to qualitatively different results.
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Fig. 8 Vertical profile of a mean specific humidity SG (J kg
−1

/(g kg
−1

)) and b its standard devi-

ation obtained by averaging over the whole test period (25 August 2010–10 September 2010). The

results are presented for experiments with dry parametrization schemes (i.e. vertical diffusion, grav-

ity wave drag and radiation) included in the adjoint model using dry (grey solid line) or moist norm

(grey dashed line), and for experiments with moist processes also added using dry (black solid line)

or moist norm with weighting factor of 0.5 (black dashed line) and 0.1 (black dotted line). Panel
c displays vertical profile of typical values of the standard deviation of the ECMWF background

errors for specific humidity (in g kg
−1

)



On the Impact of the Diabatic Component in the Forecast Sensitivity . . . 505

−4000 0 4000 8000 12000 16000

0

10

20

30

40

50

60

70

80

90

m
od

el
 le

ve
ls

Adjoint sensitivity to T − MEAN

dryAD_dryN
moistAD_dryN
moistAD_moistN_0.5
dryAD_moistN_0.5
dryAD_moistN_0.1

0 10000 20000 30000

0

10

20

30

40

50

60

70

80

90

m
od

el
 le

ve
ls

Adjoint sensitivity to T − STDEV

dryAD_dryN
moistAD_dryN
moistAD_moistN_0.5
dryAD_moistN_0.5
dryAD_moistN_0.1

(a) (b)

Fig. 9 Same as Fig. 8, but for temperature SG (J kg
−1

/K) and over the whole test period

The impact on the FSOI diagnostics coming from different representation of phys-

ical processes in the adjoint model and different norms (dry or moist) used in SG will

be illustrated in the following subsection.

3.3 FSOI

In this section, Forecast sensitivity Observation Impacts, FSOIs, computed using

different sensitivity gradient configurations are compared. To obtain statistically sig-

nificant results, the observation impacts have been averaged over 31 cases. Positive

(negative) values mean forecast error increase (decrease) due to the assimilation of

the observations. In this section, FSOI is shown in percentage, therefore positive val-

ues indicate forecast improvement. The observation types analysed are summarized

in Table 1. Figure 10 compares FSOI computed with dry and moist adjoint model

when the dry norm is used. FSOI differences are in general very small (less than

1 %) and for the majority of the observation types they are within the FSOI error

calculation as shown by the error bars. These small differences reflect the small SG

differences between dryAD_dryN and moistAD_dryN experiments (Figs. 2a and

4a versus Figs. 2c and 4c). The results as shown in Fig. 10 have been validated (by

different FSOI developers and for different cases) by comparison with OSE obser-

vation impact diagnostics and an agreement within 10 % error was found (see for

instance Gelaro and Zhu 2009). Completely different results are obtained when a

moist norm is used to compensate for the lack of moist processes in the model adjoint.
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Table 1 Observation types assimilated in the experiments. Number of observations per assimilated

cycle is ∼ 10
7

Data name Data kind Information

OZONE (O3) Backscattered solar UV radiation,

retrievals

Ozone, stratosphere

GEO-Rad US/Japanese/EUMETSAT geostationary

satellite infrared sounder radiances

Moisture, mid/upper

troposphere

AMSU-B Microwave sounder radiances Moisture, troposphere

MHS Microwave sounder radiances Moisture, troposphere

MERIS Differential reflected solar radiation,

retrievals

Total column water vapour

GPS-RO GPS radio occultation bending angles Temperature, surface pressure

IASI Infrared sounder radiances Temperature, moisture, ozone

AIRS Infrared sounder radiances Temperature, moisture, ozone

AMSU-A Microwave sounder radiances Temperature

HIRS Infrared sounder radiances Temperature, moisture, ozone

SCAT Microwave scatterometer backscatter

coefficients

Surface wind

AMV-WV Atmospheric Motion Vectors, retrievals

from Water Vapour

Wind, troposphere

AMV-VIS Atmospheric Motion Vectors, retrievals

from Visible

Wind, troposphere

AMV-IR Atmospheric Motion Vectors, retrievals

from Infrared

Wind, troposphere

PROFILER American, European and Japanese Wind

profiles

Wind, troposphere

DROP Dropsondes from aircrafts Wind, temperature, moisture,

pressure, troposphere

TEMP Radiosondes from land and ships Wind, temperature, moisture,

pressure, troposphere

DRIBU Drifting and Stationary buoys Surface pressure, temperature,

moisture, wind

Aircraft Aircraft measurements Wind, temperature, troposphere

SYNOP Surface Observations at land stations and

on ships

Surface pressure, temperature,

moisture, wind

Figure 11 shows the observation impact computed by using either the dry adjoint

model and the moist norm or the moist adjoint model and the dry norm. GEO-Rad,

AIRS, HIRS and GPS-RO show a ∼5 % larger impact in dryAD_moistN_0.5 than in

moistAD_dryN whilst SCAT and SYNOP exhibit a detrimental impact of −2 % and

−1 %, respectively. The differences between two configurations are actually −5 %

for SCAT and −7 % for SYNOP. On the contrary, MHS and TEMP have ∼2 % and
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Fig. 10 Comparison of FSOI computed with the dry and the moist adjoint models (grey and black
bars, respectively) using the dry norm. Results were averaged over 31 cases
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Fig. 11 Same as Fig. 10, but using either the dry adjoint model and the moist norm (grey bars) or

the moist adjoint model and the dry norm (black bars)

∼5 % smaller impact, respectively. The observation impact differences are due to the

large mismatch between the forecast error sensitivity pattern with respect to both the

humidity and temperature fields in the two experiments compared (Figs. 2c and 4c

versus Figs. 2b and 4b).

Finally, the impact of using two different humidity weight factors, wq = 0.5 and

wq = 0.1 in the forecast error energy norm is illustrated in Fig. 12. With wq = 0.1, the

negative impact of SCAT and SYNOP is replaced by a small positive one, which is
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Fig. 12 Same as Fig. 11, but using the dry adjoint model and the moist norm with humidity weight

factors wq = 0.5 (grey bars) or wq = 0.1 (black bars)

still 2 % smaller than in moistAD_dryN (Fig. 11). Despite the larger impact reduc-

tion (∼3 %) when wq = 0.1 is used instead of wq = 0.5, GEO-Rad, GPS-RO, AIRS

and HIRS still show at least 2 % more forecast impact than in moistAD_dryN. In

conclusion, by decreasing the weight factors the negative impact of some observa-

tions vanishes and more consistency with the moist adjoint and dry norm experiment

is found. However, the factor cannot be exactly determined but can only be experi-

mentally tuned and the moist norm mainly introduces large-scale positive values in

the sensitivity gradients on which FSOI strongly depends.

4 Conclusions

Forecast sensitivity observation impact experiments have been performed by using

either dry or moist total energy norm combined with either dry or moist (i.e. com-

bining dry and moist physical processes) adjoint model to evaluate the relevance of

the humidity term in the norm.

It has been clearly shown that the use of the humidity term in the norm produces

unrealistic humidity and temperature sensitivity gradients, which largely affect the

observation forecast impact results. When the moist norm is combined with either

dry or moist adjoint model the computed sensitivity gradient shows large scale pos-

itive sensitivity patterns, which are more representative of biases of the model than

realistic forecast error sensitivity with respect to the initial and background condi-

tions.

The forecast sensitivity observation impact tends to be very different when the

moist norm is used as a quite larger impact is found for few observation types that
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measure atmospheric humidity (together with temperature), like the infrared sounder

radiances. Unexpectedly, both surface observations and surface winds retrieved from

satellite over the ocean show degradation. These differences are due to the unrealis-

tic sensitivity patterns mainly with respect to humidity which are generated by the

norm. In fact, with the moist norm the humidity forecast error sensitivity patterns

are artificially inflated, instead of showing the true effect of moist processes.

An appropriate tuning of the humidity weight factor in the norm is necessary to

reduce the large unphysical patterns. Nevertheless, decreasing the humidity contri-

bution up to 90 % still does not solve the problem. It is believed that the extra term

in the norm is only an unnecessary artefact and that the humidity contribution in the

norm is implicitly expressed through the temperature component, which varies to

properly account for condensation and evaporation processes.

A full comprehensive description of the moist physical processes in the adjoint of

the linearized model is necessary to properly propagate backward in time and space

the humidity component of the forecast error. For systems that miss the represen-

tation of such processes the use of the dry adjoint model is recommended together

with the dry norm; this combination provides, in percentage, a similar observation

contribution to forecast error reduction. Moreover, to account for moist processes in

the absence of moist physical parametrization in the adjoint model, the possibility of

using hydrometeors in the energy norm could be explored in the future. This could

provide more localized sensitivity gradients related to physical processes.
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Application of Conditional Nonlinear
Optimal Perturbation to Target
Observations for High-Impact
Ocean-Atmospheric Environmental
Events

Qiang Wang and Mu Mu

Abstract This paper reviews the progresses in the target observation studies for
high-impact ocean-atmospheric environmental events based on the conditional
nonlinear optimal perturbation (CNOP) approach. It is stressed that initial errors
have important effects on the predictions of high-impact events, such as tropical
cyclone (TC), Kuroshio large meander (KLM) and El Niño-Southern Oscillation
(ENSO). To improve the initial conditions, the targeted observation studies of the
above events have been performed. These studies used the spatial structure of the
CNOP perturbation to determine the sensitive areas of the targeted observations. The
validations of the sensitive areas were also investigated through a series of numerical
experiments. The results showed that, for the all three kinds of events, if the targeted
observations are deployed over the sensitive areas identified through the spatial
pattern of the CNOP perturbation, the forecast results will be greatly improved. This
implies that the CNOP method is useful for identifying the sensitive areas of the
targeted observations of high-impact ocean-atmospheric environmental events.

1 Introduction

High-impact ocean-atmospheric environmental events refer to the oceanic, weather
or climate events that cause huge economic and societal losses. Generally, dynamic
and thermodynamic processes of atmosphere and ocean and the air-sea interactions
all play important roles in the processes of occurrence, development and decay of
such events. The tropical cyclone (TC), Kuroshio large meander (KLM) and El
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Niño-Southern Oscillation (ENSO) are the typical examples of such events.
Because of the importantly socioeconomic impacts of these events, it is of signif-
icance to predict these events. However, although some progresses have been made,
there are still considerable uncertainties in the predictions of these events.

Of the events mentioned above, TC, a rapidly rotating atmospheric storm system,
is the cause of severe natural disaster. It can cause huge losses in human and
economic each year. Hence, accurate TC forecasts in areas threatened by such storms
is of great importance. Researchers have considered many ways to obtain a more
accurate forecast of both TC track and strength. Due to the application of advanced
numerical models and observations during the past decade, TC track forecasts have
improved significantly, and errors have been reduced by nearly 50 % over the period
1980–2008 for forecasts in the Atlantic and eastern North Pacific (Franklin 2009).
Notably, some studies have found that the TC track forecast error can be signifi-
cantly reduced due to the improvement of the initial condition of the atmosphere in
numerical model (Wu et al. 2007; Chou et al. 2011). This implies that the initial-
ization of numerical model is very important for the TC track forecasts.

The KLM is an oceanic phenomenon characterized by large fluctuations of the
Kuroshio path south of Japan. The occurrence of the KLM has important impact on
local weather and climate (Xu et al. 2010; Nakamura et al. 2012) and consequently
on fisheries and ship navigation. Although there are a few studies on the mechanism
and predictability of KLM and a forecast system has also been developed in Japan
Agency for Marine-Earth Science and Technology (JAMSTEC; Kagimoto et al.
2008), but the significant uncertainties still exist in the prediction of KLM. The
predictability investigations have indicated that the initial error is an important error
source causing the prediction uncertainties of KLM (Ishikawa et al. 2004; Fujii
et al. 2008; Wang et al. 2012). Hence, to enhance the forecast skill of the KLM, the
initial condition needs to be improved.

ENSO is one of the strongest modes of the climate variability on interannual time
scales. Although it originates from the tropical Pacific, it affects climate, societies in
many regions of the world. Hence, its prediction has attracted the attention of many
scientists and policy makers in recent decades. But our current forecast skill for
ENSO is still far from satisfactory. Similar to the TC and KLM, many researchers
have also found that the initial errors have important effects on the ENSO prediction.
For example, Moore and Kleeman (1996) pointed out that ENSO prediction is
sensitive to the initial condition. Furthermore, Duan and Zhang (2010) and Yu et al.
(2012a) compared the relative importance of the initial and model parameter errors
based on a simple theoretical model and the Zebiak-Cane model, respectively and
concluded that initial error is an important source causing the uncertainties in the
ENSO prediction. Chen et al. (2004) suggested that improving the initialization for
the Zebiak-Cane model (Zebiak and Cane 1987) can greatly overcome the spring
predictability barrier (SPB) of ENSO and improve its forecast skill.

The above discussions indicate that the initial error has significant effects on the
prediction of high-impact ocean-atmospheric environmental events, such as TC,
KLM and ENSO. In fact, during the early development of numerical weather pre-
diction, meteorologists have noticed that the forecast skill in a focused area is limited
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by the initial conditions in a local region (Riehl et al. 1956). That is to say, the
improvement in forecast skill from adding observations in a local area cannot be less
than that induced by the observations in a wide area. This inspires some researchers
to perform additional observations in a limited area rather than wide area, which will
greatly save the cost of field observations. A question naturally arises: how to find
the limited area and design an efficient observation strategy? Fortunately, the idea of
targeted observation (also called adaptive observation) that has been developed since
1990s can be used to address this question. The idea is as follows: to obtain better
prediction results at a future verification time (denoted as tv), in a focused verification
area, additional observations are deployed at a future targeted time (ta), where
ta < tv, in a (local) sensitive area where the observations are expected to have a great
contribution on the improvement of forecast skills in the verification area (e.g. see
Mu 2013; Mu et al. 2015). The additional observations are assimilated by
data-assimilation system to generate a more accurate initial condition for the model.

A key of targeted observations is the determination of sensitive areas. To identify
sensitive area, several methods have been developed. Examples include the
quasi-inverse linear method (Pu et al. 1997), linear singular vector (LSV; Palmer et al.
1998), and the adjoint sensitivity method (Langland et al. 1999). Subsequently,
methods based on “ensemble” were also proposed to identify sensitive areas, such as
the ensemble transform (Bishop and Toth 1999), ensemble Kalman filter (Hamill and
Snyder 2002), ensemble transform Kalman filter (ETKF; Bishop et al. 2001). The
idea of linear approximation is used more or less in the methods mentioned above. To
overcome the limitation of the linear approximation, a nonlinear method, conditional
nonlinear optimal perturbation (CNOP, Mu et al. 2003, 2010), was proposed and has
been successfully applied to determine the sensitive area of targeted observation for
high-impact ocean-atmospheric environmental events. So-called CNOP represents
the mode of the most sensitive initial perturbation in the nonlinear regime. Kerswell
et al. (2014) pointed out that the CNOP approach is a useful tool for analyzing
nonlinear stability. To show the potential of the CNOP method in identifying the
sensitive area of targeted observation, this paper will review the application of CNOP
method to high-impact events such as TC, KLM, and ENSO.

2 Sensitive Area for the Targeted Observation of TC

For TC, Chou et al. (2011) have indicated that the targeted observation is an
important strategy for improving its track forecast. Mu et al. (2009) further showed
that the CNOP method is a valid one for identifying the sensitive area for the
targeted observation of TC. Subsequently, Qin and Mu (2012) used the CNOP
approach to determine the sensitive area. As an example, Fig. 1a shows the sen-
sitive regions identified by CNOP (shaded), which is for typhoon Mirinae (200921)
and calculated by MM5 and its adjoint model. The points form half an annulus
around the typhoon centre at 24 h. Most of the areas with sensitivity are located in
the right-half quadrant with respect to the storm motion. Figure 1b shows the
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streamlines for this case at 24 h and the vertical layer σ = 0.5. The CNOPs sen-
sitive regions coincide well with the regions between south of the two subtropical
highs: one centred over south China (110°E, 23°N) and the other over the western
North Pacific. This finding indicates that the initial perturbations have large effects
on the forecast in the verification region, implying that the steering flow between
south of the two subtropical highs will affect the subsequent changes in Mirinae.

Although CNOP has not been utilized in the real-time field campaign, both
observing system simulation experiments (OSSEs) and observing system experi-
ments (OSEs) have been conducted to evaluate the effects of sensitive regions
identified by CNOP. Chen et al. (2013) performed five experiments to investigate
the usefulness of the sensitive area of targeted observations for each of 20 typhoon
cases. The experiments are as follows: experiment 1 (EXP 1) was the control run
that simulated the typhoon prediction using the NCEP reanalysis data, while
experiments 2–5 (EXP 2–5) assimilated dropwindsonde observational data gathered
from different sites in DOTSTAR at the initial time (0 h). EXP 2 assimilated all
sonde data from each typhoon, but only the observational data from sensitive
regions identified by CNOP (FSV) were used for EXP 3 (EXP 4). Finally,
approximately the same number of dropwindsondes as used in EXP 3 and 4 was
randomly selected, this time taking no account of the sensitive regions, to provide
the data for EXP 5. The results of the experiments were shown in Fig. 2. The figure
showed that using dropwindsonde data based on CNOP sensitivity can lead to
improvements in typhoon track forecasting similar to, and occasionally better than,
those achieved by assimilating all of the available data. Both approaches offered
greater benefits than the other three alternatives averagely. It was proposed that
CNOP provides a suitable approach to determining sensitive regions during tar-
geted observation of typhoons.

(a) (b)

Fig. 1 Sensitive regions (shaded, normalized by respective maximum value) calculated by
CNOPs (a) in the small rectangle over optimization period from ‘3018’ (18UTC 30 October 2009)
to ‘3118’ for typhoon Mirinae. The dots and circles in the figure represent the position of the
typhoon centre at 6-h intervals. The numbers from right to left (near each dot) represent the initial
(0 h), targeting (24 h), and verification (48 h) times, respectively. b the stream lines at ‘3018’ and
σ = 0.5. (From Qin and Mu 2012)
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3 Sensitive Area for the Targeted Observation of KLM

To show an application example of CNOP method to an ocean anomaly event, we
will indicate the determination of sensitive area for the targeted observation of
KLM in this section. As pointed out in the Sect. 1, the initial condition has
important effects on the prediction of KLM. Therefore, Wang et al. (2013) inves-
tigated the impacts of initial perturbations on the predictability of KLM using the
CNOP approach. They first calculated the optimal precursor (OPR) of the

Fig. 2 Ratios of track forecast errors of EXP 2 to 5 (All, CNOP, FSV, and Ran) to EXP 1 at 24- h
(a) and 36- h (b) using MM5 for twenty cases. Positive number means improvement, and negative
number means deterioration. (From Chen et al. 2013)
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occurrence of KLM within a 1.5-layer shallow-water model, where the OPR refers
to the initial anomaly that can easiest develop into some weather or climate event
under specific conditions. Figure 3a indicates the upper-layer thickness component
of the OPR. We can see that the spatial structures of the OPR are very local and its
large amplitude area is mainly located in the upstream region of KLM, namely the
southeast of Kyushu.

Furthermore, Wang et al. (2013) also calculated the OGEs for the forecast of
KLM. Here, the OGE represents the initial error which has the largest nonlinear
evolution. They obtained two types of OGEs: type-1 OGE and type-2 OGE, where
the type-1 OGE would cause the amplitude of the forecasted KLM to be under-
estimated, while the type-2 OGE would induce the forecasted KLM to be overes-
timated. The upper-layer thickness distributions of these two types of OGEs are
shown in Fig. 3b, c. Figure 3 exhibits that the OPR is similar to the two types of
OGEs and the similarity coefficient between the OPR and type-1 (type-2) OGE is
negative (positive). They computed the similarity coefficients and found that their
absolute values exceed 0.9. Besides, Wang et al. (2013) investigated the nonlinear
evolution processes of OPR and OGEs. The results show that the evolution pro-
cesses of the OPR are similar to those of the OGEs, which reflect that the evolutions
of the OPR and the OGEs may share the similar mechanisms.

Fig. 3 The upper-layer thickness component of the OPR a for the Kuroshio large meander and
b the type-1 and c the type-2 OGEs in the prediction of the large meander path (units: m). This
figure is adapted from Wang et al. (2013)
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The revealed similarity and localization features of OPR and OGEs inspire the
authors to perform the targeted observation studies of the KLM forecast, because if
the targeted observation carried out in one local area, it can not only find the
precursor, but also reduce the initial error. This will help to improve the accuracy of
the forecast and save the huge cost caused by the observation. Hence, Wang et al.
(2013) determined the sensitive area for the targeted observation of the KLM
forecast by computing the total energy distributions of type-1 OGE (Fig. 4). Because
the spatial structures of OPR and OGEs are similar, the total energy distributions of
the OPR and type-2 OGE are almost the same as those of the type-1 OGE. Figure 4
illustrates that large amplitude regions of the total energies are located mainly to the
southeast of Kyushu, which is defined as the sensitive area R3.

To examine the validity of the sensitive area, Wang et al. (2013) investigated
whether the targeted observations implemented over the sensitive area R3 can
improve the forecast skill of KLM by a group of ideal experiments. To perform the
experiments, nine local regions with the same size (240 grid points), including the
sensitive area R3 and other eight arbitrarily chosen regions, were chosen (Fig. 4).
These regions mainly cover the south of Japan and the upstream of Kuroshio
extension. The experiment processes are as follows. First, they yielded 40 random
initial errors over the whole model domain with the same amplitude of type-1 OGE.
The nonlinear evolutions of these random errors were investigated. The averaged
kinetic energy (denoted as J1) of the forecast errors caused by these random errors
was calculated. Then, suppose that the targeted observations are deployed in one of
the nine regions, the random errors within this region will be eliminated, without
changing the errors outside of that region. As a result, 40 random initial error fields
were obtained for each region. Correspondingly, the evolutions of these errors were
also examined and the averaged kinetic energy (denoted as J2) of the prediction
errors caused by them was computed. Finally, the relative improvement of the
prediction due to the implementation of targeted observations over each region was
measured by (J2 − J1)/J1. According to the above definition, the minus represents
the decrease of the forecast error. Table 1 shows the relative improvements of the
KLM forecast for different areas. The reduction of the forecast error in the sensitive
area is about 44 %, which is the largest in all regions, implying that the prediction

Fig. 4 The spatial structure
of the total energy for the
type-1 OGE (shaded, units:
m3 s−2). The nine regions
were used for the ideal
targeted observation
experiments, and R3 was the
sensitive area. The positions
of these nine regions are listed
in Table 1. This figure is from
Wang et al. (2013)
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of KLM will be greatly improved if the targeted observations are implemented over
the sensitive area. It is worth noting that the similar results were also obtained by a
recent study (Zou et al. 2015) based on the analyses of the more modeled KLM
events. The above results show that if the observation network are deployed over
the sensitive area determined by CNOP approach, the initial field in this region will
be improved and the precursor signal of the occurrence of the KLM can also be well
captured, which will greatly enhance the forecast skill of KLM.

4 Sensitive Area for the Targeted Observation of ENSO

In this section, we will show the determination of the sensitive area for the targeted
observation of a high-impact climate event (ENSO) based on the CNOP approach.
Similar to the KLM, Mu et al. (2014) calculated the OPR for ENSO onset and OGE
for its forecast using the CNOP method and found the similarity between them.
Specifically, with the Zebiak-Cane model, it was demonstrated that the CNOPs and
local CNOPs can be regarded as the OPRs for El Niño and La Niña events,
respectively (Fig. 5). The OPRs for El Niño/La Niña events exhibit a zonal dipole
pattern for the SSTA component in the equatorial central and eastern Pacific and a

Table 1 The relative differences of the average kinetic energies of the forecast errors with and
without implementing the targeted observations. From Wang et al. (2013)

Region R1 R2 R3 R4 R5 R6 R7 R8 R9

Relative
differences
(%) of
forecast
errors

−15.28 −1.68 −43.59 −11.85 −26.70 −0.04 −1.25 −1.53 0.73

Fig. 5 The OPRs for a El
Niño and b La Niña events
with SST anomalies from Mu
et al. (2014). Six rectangular
domains denoted by Domain i
(i = 1, …, 6) and Domain 5 is
157.5°W–90°W, 5°S–5°N
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basin wide deepening or shoaling along the equator for the thermocline depth
anomaly component. For the El Niño events triggered by the OPRs in the ZC
model, it was found that there are two types of OGEs causing the largest prediction
errors of El Niño events (Fig. 6), and the spatial structures of OGEs share great
similarities to the corresponding El Niño OPRs but with different signs. The large
SSTA values for both OPRs and OGEs are mainly located in the equatorial eastern
Pacific, which was also identified in realistic El Niño predictions with the coupled
FGOALS-g model (Duan and Wei 2012). These regions with large values of initial
perturbations may therefore represent the “sensitive area” for target observation of
El Niño predictions. That is to say, if we implement the additional observation in
these regions and assimilate them to the initial fields, the El Niño forecasting skill
could be greatly improved.

Furthermore, Yu et al. (2012b) divided the tropical Pacific into six subsets
equally and defined the equatorial eastern Pacific (157.5°W–90°W, 5°S–5°N) as the
sensitive areas of target observation for El Niño prediction based on the OGEs,
which is consistent with that identified by the OPRs due to their similarities (see
Domain 5 in Figs. 5 and 6). In order to examine the validity of sensitive areas, Yu
et al. (2012b) demonstrated that when only the initial errors of SSTA in the sen-
sitive area are eliminated, El Niño prediction is more greatly improved compared to
doing so in other regions with the same size (purple line in Fig. 7, Left). Mean-
while, the Niño-3 SSTA has the strongest growth after 1 year by superimposing the

Fig. 6 The composite a type-1 and b type-2 OGE for El Niño events from Yu et al. (2012). Six
rectangular domains denoted by Domain i (i = 1, …, 6). Large values of both types of CNOP
error occur mainly in Domain 5 (157.5°W–90°W, 5°S–5°N)
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initial perturbation in the sensitive area, without adding any perturbation field in the
other regions (purple line in Fig. 7, Right). However, the results from the ZC model
mainly focused on the SSTA component and did not consider the role of subsurface
anomalies due to the simplicity of the model. In fact, subsurface processes play an
important role both in the evolution of the ENSO life cycle and in its predictions.

With the Community Earth System Model (CESM), Duan and Hu (2015) stated
that there are two types of initial sea temperature errors often inducing large pre-
diction errors of Niño-3 SSTA for El Niño events (Fig. 8). Similarly, they also
identified the sensitive areas of target observation for El Niño prediction, which
include the upper layer of the eastern equatorial Pacific and the lower layer of the
western equatorial Pacific (i.e. the A, B and C regions in Fig. 8). Compared to the
sensitive areas identified in the ZC model, the results in the CESM model highlight
the influence of subsurface anomalies especially that in the subsurface layer of the
western equatorial pacific. Using the CMIP5 model outputs, Zhang et al. (2015)
confirmed that the optimal initial errors bear a strong resemblance to the optimal
precursory disturbance for El Niño and La Niña events. It indicated that additional
observations in the identified sensitive areas would be helpful not only to reduce the
initial errors but also in detecting precursory signals for the development of ENSO
events, which may greatly improve the ENSO prediction skill.

It is worth noting that a new type of El Niño events (CP-El Niño), in which
warm SST is mainly concentrated in the central Pacific and different from the
canonical events with maximum variations in the eastern equatorial Pacific (EP-El
Niño), have occurred more and more frequently especially since 1990s (Ashok et al.
2007; Kao and Yu 2009; Kug et al. 2009). Unlike the EP-El Niño, the evolution of
CP-El Niño events is mainly due to the zonal advective feedback rather than the
thermocline feedback. Then, for such events, the sensitive areas of target obser-
vation should be further explored in the future.

Fig. 7 Left Root-mean-square error for Niño-3 SSTA caused by the original initial errors (black
line) and six other sets of initial errors. In Exp5, initial errors in sensitive areas (157.5°W–90°W,
5°S–5°N) from the original initial errors are eliminated. From Yu et al. (2012). Right The Niño-3
SSTA evolution caused by the six subsets of initial perturbations generated by adding in its
components in one particular domain. D5 corresponds to the initial perturbations only in the
sensitive areas (157.5°W–90°W, 5°S–5°N)
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5 Summary and Discussion

We have reviewed the applications of CNOP method to the targeted observations of
three high-impact ocean-atmospheric environmental events, including TC, KLM
and ENSO. We first emphasized that initial conditions play important roles on the
predictions of TC, KLM and ENSO based on the previous studies. As such, the
CNOP method was used to calculate the optimal initial perturbation that can yield
the largest impacts on the prediction of TC, KLM or ENSO, respectively. These
initial perturbations exhibit obvious localization features. This inspired researchers
to identify the sensitive areas of the targeted observations using the CNOP method.

In particular, for TC, the CNOP error was computed. The sensitive area was
defined as the large amplitude area of the CNOP error. Subsequently, the obser-
vation system simulation experiments (OSSEs) and the observation system
experiments (OSEs) were carried out to examine the usefulness of the sensitive
area. The results showed that the additional observations over the sensitive area can
greatly improve the prediction of TC. Similarly, for KLM and ENSO, the sensitive
areas were also determined according to the localization features of the CNOP
perturbations. To investigate the usefulness of the sensitive areas, a series of ideal
experiments have been performed. The experiment results indicated that the fore-
cast skills for KLM and ENSO can be improved if the targeted observations are
deployed over the sensitive areas predetermined by the CNOP method. This implies
that the CNOP method is a valid one for identifying the sensitive areas of the
targeted observations of high-impact ocean-atmospheric environmental events.

Fig. 8 Composite patterns of a type-1 and b type-2 initial errors in the CESM model. Upper
panels show the SSTA component; lower panels show the equatorial (5°S–5°N) subsurface
temperature anomaly (units: °C). Regions A, B and C represent are (5°S–5°N, 150°–85°W;
0–5 m), (5°S–5°N, 150°–85°W; 5–85 m) and (5°S–5°N, 150°E–135°W; 120–165 m), respec-
tively. Dotted areas indicate that the composites of SSTA and subsurface temperature anomaly
errors exceed the 99 % significance level. This figure is from Duan and Hu (2015)
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It is worth noting that the similarity between the OPR and OGE in the prediction
of KLM or ENSO has been revealed. This similarity feature shows that if the
targeted observations are deployed over the only one sensitive area, the initial field
in this region will be improved and the precursor signal of the occurrence of the
KLM or ENSO can also be well captured. This will improve the forecast skill of
KLM or ENSO. But for TC, the only OGE was calculated, so the similarity has not
been revealed. More generally, whether do the similarity features underlie most
high-impact ocean-atmospheric environmental events? To address this question, the
OPR and OGE similarity for different high-impact events should be investigated.

It should point out that the validity of the targeted observation also depends on
numerical model and data assimilation system. Therefore, we need develop the
good enough numerical model and data assimilation system when performing the
targeted observation studies of high-impact ocean-atmospheric environmental
events. This requires the rising capabilities of computers, effective multidisciplinary
study and cooperation of researchers from different fields. With the developments
of numerical model, data assimilation system and targeted observations, it is
expected that the predictions of high-impact ocean-atmospheric environmental
events will be greatly improved.

Acknowledgements This word was supported by the National Natural Scientific Foundation of
China (41230420, 41306023 and 41421005), the Strategic Priority Research Program of the
Chinese Academy of Sciences (XDA11010303), and the NSFC Shandong Joint Fund for Marine
Science Research Centers (U1406401).

References

Ashok K, Behera SK, Rao SA, Weng HY, Yamagata T (2007) El Niño Modoki and its possible
teleconnection. J Geophys Res 112:C11007. doi:10.1029/2006JC003798

Bishop CH, Toth Z (1999) Ensemble transformation and adaptive observations. J Atmos Sci
56:1748–1765

Bishop CH, Etherton BJ, Majumdar SJ (2001) Adaptive sampling with the ensemble transform
Kalman filter. Part I: Theoretical aspects. Mon Weather Rev 129(3):420–436

Chen D, Cane MA, Kaplan A, Zebiak SE, Huang D (2004) Predictability of El Nino over the past
148 years. Nature 428:733–736

Chen BY, Mu M, Qin XH (2013) The impact of assimilating dropwindsonde data deployed at
different sites on typhoon track forecasts. Mon Weather Rev 141:2669–2682

Chou KH, Wu CC, Lin PH, Aberson SD, Weissmann M, Harnisch F, Nakazawa T (2011) The
impact of dropwindsonde observations on typhoon track forecasts in DOTSTAR and T-PARC.
Mon Weather Rev 139(6):1728–1743

Duan WS, Hu J (2015) The initial errors that induce a significant “spring predictability barrier” for
El Niño events and their implications for target observation: results from an earth system
model. Clim Dyn. doi:10.1007/s00382-015-2789-5

Duan WS, Wei C (2012) The ‘spring predictability barrier’ for ENSO predictions and its possible
mechanism: results from a fully coupled model. Int J Climatol 33:1280–1292

Duan WS, Zhang R (2010) Is model parameter error related to a significant spring predictability
barrier for El Niño event? Result from theoretical model. Adv Atmos Sci 27:1003–1013

524 Q. Wang and M. Mu

http://dx.doi.org/10.1029/2006JC003798
http://dx.doi.org/10.1007/s00382-015-2789-5


Franklin JL (2009) 2008 National Hurricane Center forecast verification report. http://www.nhc.
noaa.gov/verification

Fujii Y, Tsujino H, Usui N, Nakano H, Kamachi M (2008) Application of singular vector analysis
to the Kuroshio large meander. J Geophys Res 113:C07026. doi:10.1029/2007JC004476

Hamill TM, Snyder C (2002) Using improved background-error covariances from an ensemble
Kalman filter for adaptive observations. Mon Weather Rev 130(6):1552–1572

Ishikawa Y, Awaji T, Komori N, Toyoda T (2004) Application of sensitivity analysis using an
adjoint model for short-range forecasts of the Kuroshio path south of Japan. J Oceanogr 60
(2):293–301

Kao HY, Yu JY (2009) Contrasting eastern-Pacific and central-Pacific types of ENSO. J Clim
22:615–632

Kagimoto T, Miyazawa Y, Guo X, Kawajiri H (2008) High resolution Kuroshio forecast system:
description and its applications. In: High resolution numerical modelling of the atmosphere and
ocean. Springer, New York, pp 209–239

Kerswell RR, Pringle CCT, Willis AP (2014) An optimization approach for analysing nonlinear
stability with transition to turbulence in fluids as an exemplar. Rep Prog Phys 77:085901

Kug JS, Jin FF, An SI (2009) Two types of El Niño events: cold tongue El Niño and warm pool El
Niño. J Clim 22:1499–1515

Langland RH, Gelaro R, Rohaly GD, Shapiro MA (1999) Targeted observations in FASTEX:
Adjoint-based targeting procedures and data impact experiments in IOP17 and IOP18. Q J R
Meteorol Soc 125:3241–3270

Moore AM, Kleeman R (1996) The dynamics of error growth and predictability in a coupled
model of ENSO. Q J R Meteorol Soc 122:1405–1446

Mu M (2013) Methods, current status, and prospect of targeted observation. Sci China Earth Sci
56:1997–2005

Mu M, Duan WS, Wang B (2003) Conditional nonlinear optimal perturbation and its applications.
Nonlinear Process Geophys 10:493–501

Mu M, Zhou FF, Wang HL (2009) A method for identifying the sensitive areas in targeted
observations for tropical cyclone prediction: conditional nonlinear optimal perturbation. Mon
Weather Rev 137:1623–1639

Mu M, Duan WS, Wang Q, Zhang R (2010) An extension of conditional nonlinear optimal
perturbation approach and its applications. Nonlinear Process Geophys 17(2):211–220

Mu M, Yu YS, Xu H, Gong TT (2014) Similarities between optimal precursors for ENSO events
and optimally growing initial errors in El Niño predictions. Theoret Appl Climatol 115:461–
469

Mu M, Duan WS, Chen DK, Yu WD (2015) Target observations for improving initialization of
high-impact ocean-atmospheric environmental events forecasting. Natl Sci Rev 2:226–236

Nakamura H, Nishina A, Minobe S (2012) Response of storm tracks to bimodal Kuroshio path
states south of Japan. J Clim 25(21):7772–7779

Palmer TN, Gelaro R, Barkmeijer J, Buizza R (1998) Singular vectors, metrics, and adaptive
observations. J Atmos Sci 55:633–653

Pu ZX, Kalnay E, Sela J, Szunyogh I (1997) Sensitivity of forecast errors to initial conditions with
a quasi-inverse linear method. Mon Weather Rev 125(10):2479–2503

Qin XH, Mu M (2012) Influence of conditional nonlinear optimal perturbations sensitivity on
typhoon track forecasts. Q J R Meteorol Soc 138:185–197

Riehl H, Haggard WH, Sanborn RW (1956) On the prediction of 24-hour hurricane motion.
J. Meteor. 13:415–420

Wang Q, Mu M, Dijkstra HA (2012) Application of the conditional nonlinear optimal perturbation
method to the predictability study of the Kuroshio large meander. Adv Atmos Sci 29:118–134

Wang Q, Mu M, Dijkstra HA (2013) The similarity between optimal precursor and optimally
growing initial error in prediction of Kuroshio large meander and its application to targeted
observation. J Geophys Res 118:869–884

Wu CC, Chen JH, Lin PH, Chou KH (2007) Targeted observations of tropical cyclone movement
based on the adjoint-derived sensitivity steering vector. J Atmos Sci 64:2611–2626

Application of Conditional Nonlinear Optimal Perturbation … 525

http://www.nhc.noaa.gov/verification
http://www.nhc.noaa.gov/verification
http://dx.doi.org/10.1029/2007JC004476


Xu H, Tokinaga H, Xie SP (2010) Atmospheric Effects of the Kuroshio Large Meander during
2004-05. J Clim 23(17):4704–4715

Yu YS, Mu M, Duan WS (2012a) Does model parameter error cause a significant spring
predictability barrier for El Niño events in the Zebiak-Cane model? J Clim 25:1263–1277

Yu YS, Mu M, Duan WS, Gong TT (2012b) Contribution of the location and spatial pattern of
initial error to uncertainties in El Niño predictions. J Geophys Res 117:C06018. doi:10.1029/
2011JC007758

Zebiak SE, Cane MA (1987) A model El Niño Southern oscillation. Mon Weather Rev
115:2262–2278

Zhang J, Duan WS, Zhi XF (2015) Using CMIP5 model outputs to investigate the initial errors that
cause the “spring predictability barrier” for El Niño events. Sci China: Earth Sci 58:685–696

Zou GA, Wang Q, Mu M (2015) Identifying the sensitive areas of adaptive observations for the
prediction of Kuroshio large meander in a shallow-water model. Chin J Oceanol Limnol
(Accepted)

526 Q. Wang and M. Mu

http://dx.doi.org/10.1029/2011JC007758
http://dx.doi.org/10.1029/2011JC007758


Responses of Terrestrial Ecosystem
to Climate Change: Results
from Approach of Conditional Nonlinear
Optimal Perturbation of Parameters

Guodong Sun and Mu Mu

Abstract Climate change is an important factor influencing the structure and carbon
cycle of a terrestrial ecosystem. The estimation of a terrestrial ecosystem may be
uncertain due to the unknown change about the climate in the future. In this chapter,
we review the recent progress of the authors on the variations in a terrestrial
ecosystem due to climate change using conditional nonlinear optimal perturbation of
parameters (CNOP-P) approach. The stability of a grassland ecosystem to climate
change is discussed first. A five-variable theoretical model of a grassland ecosystem
is employed. The type of climate change described by the CNOP-P approach is
called the CNOP-P or nonlinear type of climate change. Two linear types of climate
change are used to compare stability of a grassland ecosystem. The results show that
when it is affected by the CNOP-P-type climate change, a grassland ecosystem
abruptly becomes a desert ecosystem. However, the two linear types of climate
change do not lead to this abrupt change within a specific amplitude range. Similar
results are found when a desert ecosystem is used as the reference state. Second, the
maximum impact of climate change on the soil carbon in China is explored using the
CNOP-P approach with the Lund-Potsdam-Jena (LPJ) model. The variations in the
amount of soil carbon due to CNOP-P-type temperature or precipitation perturbation
are compared with those caused by a linear perturbation of temperature or precipi-
tation. The CNOP-P-type temperature or precipitation perturbation could lead to the
variation of variability of temperature or precipitation. However, the linear type of
temperature or precipitation perturbation fails. The numerical results demonstrate
that, in southern China, the amount of soil carbon augments as a result of the
CNOP-P-type temperature perturbation, and the variation in the amount of soil
carbon due to the linear temperature perturbation is minor. The pool of fast
decomposing soil carbon is an important factor to lead to the difference. The above
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numerical results imply that the CNOP-P approach is an available tool to explore the
response of terrestrial ecosystem to climate change.

Keywords Conditional nonlinear optimal perturbation of parameters ⋅ Climate
change ⋅ Grassland ecosystem ⋅ Terrestrial ecosystem

1 Introduction

It is clear that the global climate system will change in the future due to human
activities and fossil fuel use (Gerber et al. 2004). Variations will occur not only in
the climatology but also in the climate variability. The variation in the climate
variability is consequence of extreme heat, heat waves and heavy precipitation
events, and so on. Therefore, in the future, the climate variability will vary with the
increasing of extreme events (Piao et al. 2007).

Climate change plays a key role in influencing the structure of the terrestrial
ecosystem and its carbon cycle (Zeng et al. 2004). Numerous observations show
that the temperature and the precipitation are the primary forces driving variations
in the terrestrial ecosystem (Liu et al. 2006). For example, an important desertifi-
cation mechanism is the positive interaction between vegetation and climate in
Sahel (Claussen et al. 1999). Recently, many studies have found that climate
variability plays an indispensable role in the variation of the terrestrial ecosystem
(Notaro et al. 2006). Mitchell and Csillag (2001) demonstrated that uncertainty in
estimates of the net primary production (NPP) of grasslands is caused by the
climate variability. Botta and Foley (2002) indicated that climate variability results
in changes in an ecosystem’s structure and the amounts of soil and vegetation
carbon. Therefore, these results show that variations in the climatology and climate
variability are the primary forces driving variations in the terrestrial ecosystem.
And, it is necessary to explore the response of the terrestrial ecosystem to variations
in the climatology and climate variability.

A common way of exploring the impact of climate change on the terrestrial
ecosystem is to employ the output of general circulation models (GCMs, Ni et al.
2004; Eglin et al. 2010). However, some studies have indicated that the climate data
simulated by GCMs are uncertain (Kharin et al. 2007). Therefore, the estimations of
climate mean state and climate variability may be uncertain, and the response of the
terrestrial ecosystem to the climate data is uncertain (Trumbore and Czimczik
2008). Although GCMs have produced multiple climate scenarios, the maximum
extent of the uncertainty in the simulated terrestrial ecosystem due to these outputs
could not be measured.

In the studies of Mu et al. (2003), the approach of conditional nonlinear optimal
perturbation related to initial perturbation (CNOP) is proposed. The approach has
been used to investigate the dynamics of the ENSO’s predictability, the prediction
error (Duan and Mu 2006; Mu et al. 2007a), the nonlinear stability of steady states
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of thermohaline circulation (Mu et al. 2004), adaptive observation (Mu et al.
2007b), ensemble prediction (Mu and Jiang 2008), the grassland ecosystem
(Mu and Wang 2007) and the predictability study of the Kuroshio large meander
(Wang et al. 2012). Mu et al. (2010) extended this approach to find the optimum
integrated mode of the initial perturbations with the model parameters. The CNOP
approach relating to initial perturbations is called the CNOP-I approach, and that
relating to perturbations of the model’s parameters is called the CNOP-P approach.
The CNOP-P approach has been used in discussions of the ENSO’s predictability
(Mu et al. 2010). All of these applications show that CNOP approach are useful
tools for studying nonlinear systems and indicate that they may also be effective for
exploring the response of the terrestrial ecosystem to climate change. Therefore,
there are some studies to explore the maximum amount of variation in the terrestrial
ecosystem caused by climate change, including the climate and its variability, using
the CNOP-P approach (Sun and Mu 2011, 2012). In this chapter, our goal is to
review these studies.

2 The Models and Method

2.1 The Theoretical Five-Variable Grassland Ecosystem
Model

Firstly, a simple model (a five-variable grassland ecosystem model) is used to show
the variation of terrestrial ecosystem due to climate change based on the work of
Sun and Mu (2011). The five-variable grassland ecosystem model includes a
three-variable ecosystem model and a three-layer land surface hydrological model
for one species of grass (Zeng et al. 2005) that is native to Inner Mongolia. The
model is as follows:

dMc

dt
= α*ðGðMc,WrÞ−DcðMc,WrÞ−CcðMcÞÞ,

dMd

dt
= α*ðβ′DcðMc,WrÞ−DdðMdÞ−CdðMdÞÞ,

dWc

dt
=PcðMcÞ+ErðMc,WrÞ−EcðMc,WrÞ−RcðMcÞ,

dWs

dt
=PsðMcÞ+EsðMc,Ws,MdÞ+RcðMcÞ−QsrðWs,WrÞ−RsðMc,Ws,MdÞ,

dWr

dt
=PrðMcÞ+ αrRsðMc,Ws,MdÞ+ErðMc,WrÞ+QsrðWs,WrÞ−RrðMc,WrÞ.

The model includes five variables. They are the amount of living biomass (Mc),
the amount of wilted biomass (Md), the water content of the vegetation canopy (Wc),
the water content of the thin surface layer of soil (Ws) and the water content of the
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root layer (Wr). More details of the model’s parameters and their physical expla-
nations can be found in Zeng et al. (2006) and Sun and Mu (2009). Although the
model is simple, it clearly and concisely represents the essential features of the
complex atmosphere-ecosystem-soil system, including multiple equilibria, bifurca-
tions and abrupt changes. The model has also been used to investigate the nonlinear
stability of grassland equilibrium in response to human activity (Sun and Mu 2009).

2.2 The Lund-Potsdam-Jena (LPJ) Model

The simple model could show the essential characters of variation of terrestrial
ecosystem. Meanwhile, the complex model, such as dynamic global vegetation
model (DGVM), provides an effective way to explore the variations of plant
functional type (PFT) and terrestrial cycle due to the climate change (Bonan et al.
2002). The LPJ DGVM is used in the study of Sun and Mu (2012) due to its broad
applicability to the terrestrial carbon and hydrological cycles. This model, which
originates in the biome family of models (Prentice et al. 1992), simulates the
distribution of functional types of plants and combines process-based representa-
tions of terrestrial vegetation dynamics and land-atmosphere carbon and water
exchanges. The LPJ DGVM explicitly includes photosynthesis, mortality, fire
disturbances, soil heterotrophic respiration, and other factors. A detailed description
and evaluation of the model was supplied by Sitch et al. (2003).

The data, which is applied to drive the model, are the monthly precipitation,
temperature, wet frequency and cloud cover from the Climatic Research Unit
(CRU) for the period from 1901 to 1998 (Mitchell and Jones 2005). Data on global
atmospheric CO2 concentration based on the carbon cycle model, ice-core mea-
surements and atmospheric observations (Kicklighter et al. 1999). The soil texture
data come from the FAO soil data set (Zobler 1986).

2.3 Conditional Nonlinear Optimal Perturbation
of Parameters (CNOP-P)

In the study of Mu et al. (2010), the CNOP-P approach is proposed based on types
of predictability. The CNOP-P is the parameter perturbation, which could result in
the maximal cost function at the final time step. In this section, we review the
derivation of this approach for readers’ convenience. The nonlinear differential
equations are as follows:

∂U
∂t =FðU,PÞ U ∈Rn, t∈ ½0, T �
Ujt=0 =U0

�
ð1Þ

530 G. Sun and M. Mu



where F is a continuous nonlinear operator, P is a parameter vector, and U0 is the
initial value. Let Mτ be the propagator of the nonlinear differential equations from
the initial time, 0, to time τ. uτ is a solution to the nonlinear equations at time τ that
satisfies uðτÞ=Mτðu0, pÞ.

Let UðT ;U0,PÞ and UðT ;U0,PÞ+ uðT;U0, pÞ be solutions to the set of non-
linear differential equations Eq. (1) based on P and P+ p, respectively, where P and
p are parameter vectors. uðT ;U0, pÞ describes the departure from the reference state
UðT ;U0,PÞ caused by p. The solutions satisfy

UðT ;U0,PÞ=MTðU0,PÞ
UðT ;U0,PÞ+ uðT;U0, pÞ=MTðU0,P+ pÞ

�
.

For the proper norm, kk, a parameter perturbation pδ is called the CNOP-P if and
only if

JðpδÞ= max
p∈Ω

JðpÞ, ð2Þ

where

JðpÞ= MTðU0,P+ pÞ−MTðU0,PÞk k ð3Þ

P is a reference state, and p is a perturbation of the reference state. p∈Ω is a
constraint.

2.4 Experimental Design

There are different experimental designs for the two models. For the theoretical
grassland ecosystem model, kk is L2 norm. The variations of unknown variables are
constrained by δ (δ = 0.1, 0.2, 0.3 and 0.4). And, two linear stable equilibriums are
considered as the target variables.

However, for the DGVM, the experimental designs are introduced. There are
lots of studies to study the impact of climate change on terrestrial ecosystems (Gao
et al. 2003; Gerber et al. 2004; Matthews et al. 2005). As usually, a fixed pertur-
bation series is added into the reference series as follows:

∑n
i=1 ðXi + δÞ

n
=

∑n
i=1 ðXiÞ
n

+ δ ð4Þ

where fXigi=1, n is the annual temperature or precipitation during the time period
under study. δ represents the fixed perturbation. One character of this approach
considers variations in the climatology of the temperature or the precipitation. This
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above method supplies a type of climate scenario, which is called as the linear
climate change scenario. In fact, the variations of annual perturbation of tempera-
ture or precipitation are different. It is not reasonable to the fixed constant is added
into the temperature or precipitation series. Hence, to consider the annual pertur-
bation, the experiment described below is designed.

In left side of Eq. (4), the fixed constant is replaced by unknown variable xi. xi
represents the unknown annual perturbation, and satisfies

∑n
i=1 ðXi + xiÞ

n
=

∑n
i=1 ðXiÞ
n

+ δ ð5Þ

0≤ xi ≤ σ ð6Þ

From Eq. (5), we find xi not only leads to the variation of the mean of the
temperature or the precipitation that are similar to Eq. (4), but also leads to the
variation of variability of annual temperature or precipitation perturbations labeled
by standard deviation. Moreover, xi should be bounded by σ in Eq. (6). Hence, the
above formulae Eqs. (5) and (6) also show a type of climate scenario, which is
time-dependent and nonlinear. This type of climate scenario is known as the
nonlinear type climate change scenario. In the study of Sun and Mu (2012), the
choices of δ and σ are shown in Table 1.

Soil carbon is an important part in the terrestrial ecosystem carbon cycle. In our
study, the amount of soil carbon is considered as the research subject. Before the
model is applied, the soil carbon pool is absence. It is unjustified to run the model.
So, the LPJ model need be run using CRU data for the period from 1901 to 1930 for
1000 model years so that it reaches an approximate equilibrium in terms of the
number of carbon pools and amount of vegetation cover.

To compute the optimal value of the optimization problem (2), the two opti-
mization algorithms are employed. For the theoretical grassland ecosystem model,
because the information of gradient about the unknown variables could be obtained,
the spectral projected gradients (SPG2) algorithm (Birgin et al. 2000) is applied.
However, since the gradient about the unknown variables may be non-differentiable
for the DGVM, differential evolution (DE; Storn and Price 1997) is employed. The
advantage of DE is that it could discover the optimal value without information of
gradient.

Table 1 The choices of δ
and σ in Eqs. (5) and (6)

Variable δ σ

Temperature 2o 3o

Precipitation P×20 %a Pmax × 20 %b

aP is the mean precipitation
bPmax is the maximum of precipitation in study period
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3 The Numerical Results for a Grassland Ecosystem

3.1 The Response of a Grassland Ecosystem
to CNOP-P-Type Climate Change

Within the theoretical grassland ecosystem model, an important factor is μ, which is
the ratio of precipitation to potential evapotranspiration and represents climate
change. In the study of Sun and Mu (2011), the stability of grassland ecosystems to
climate change or moisture index change (μ = 0.31) is discussed. There are two
linearly stable equilibrium states (grassland and desert) when the moisture index is
0.31. These are considered as the target subjects.

Figure 1 shows the annual variation in the moisture index, μ, during the time
period when the CNOP-P are added into the reference state for the different con-
straint conditions (δ = 0.1, 0.2, 0.3, 0.4) for the grassland ecosystem. The
numerical results show that the moisture index, which could cause the maximal
variation of the grassland ecosystem equilibrium, decreases compared to the ref-
erence state. This means that the drought maybe occur during the study period.
Under the CNOP-P-type climate change, the variation of grassland equilibrium
state is analyzed in Fig. 2. It is found that the living biomasses decrease due to the
drought for the four CNOP-P-type climate changes. However, there are different
results at the final time. When δ = 0.1, 0.2, and 0.3, although the living biomasses
decrease at the initial 20 years, the living biomasses increase due to the relief of
drought. When δ = 0.4, the living biomass will unceasingly decrease despite the
relief of drought. The numerical results indicate that the grassland ecosystem will
evolves into a desert if there is small quantity of living biomass.

When the desert ecosystem is regarded as the target, the moisture index will
increase due to the CNOP-P-type perturbation for four constraint conditions
(δ = 0.1, 0.2, 0.3, 0.4). This means that the warm and humid climate condition
could lead to the maximal variation of the desert ecosystem (Fig. 3). Figure 4
shows the variation of the desert ecosystem under the CNOP-P-type climate
change. The desert ecosystem fails to change into the grassland ecosystem at the
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Fig. 1 Annual variations of
moisture indices caused by
the CNOP-Ps superimposed
upon the reference state
(μ = 0.31) for the different
constraint conditions for the
grassland ecosystem, with an
optimization time of 20 years
(T = 20) (From Sun and Mu
2011)
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final time for slight climate warm and humid. With the increasing of the constrain
condition, the desert ecosystem influenced by the CNOP-P-type climate change will
translate into the grassland equilibrium state when δ = 0.3 or 0.4.
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Fig. 2 The nonlinear evolution of four components of the grassland ecosystem influenced by
CNOP-P-type climate change and their evolution when the moisture index recovers to the
reference state (From Sun and Mu 2011)
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3.2 A Comparison of the Responses to Nonlinear
and Linear Climate Change

As shown above, the CNOP-P-type climate change represents the nonlinear type of
climate change. To show the nonlinear character of the two equilibriums, two linear
climate perturbations, which can be classified by their slopes, are employed. Firstly,
the variations of two ecosystem equilibriums at final time are shown in Tables 2
and 3 for δ = 0.1, 0.2, 0.3 and 0.4. It is shown that the CNOP-P-type climate
change causes greater variations than two type linear climate change for the
grassland and desert ecosystems. Secondly, to discuss the abrupt changes of
grassland and desert ecosystems, the linear types of climate change with the certain
constrain conditions δ = 0.339 for the grassland ecosystem and δ = 0.24 for the
desert ecosystem are applied (Fig. 5). The numerical results show that the grassland
ecosystem or the desert ecosystem will evolve into the desert ecosystem or the
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Fig. 4 Same as Fig. 2, but for the desert ecosystem (From Sun and Mu 2011)
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grassland ecosystem with the CNOP-P-type climate change. However, the grass-
land ecosystem or the desert ecosystem fails with the two linear types of climate
change (Fig. 6).

Table 2 The relative change
of the grassland ecosystem
caused by three kinds of
climate change for T = 20
(From Sun and Mu 2011)

δ CNOP-P-type Linear type 1 Linear type 2

0.1 0.121 0.120 0.111
0.2 0.252 0.249 0.243
0.3 0.402 0.379 0.399
0.4 0.566 0.504 0.557

Table 3 Same as in Table 1,
but for the desert ecosystem
(From Sun and Mu 2011)

δ CNOP-P-type Linear type 1 Linear type 2

0.1 0.141 0.106 0.126
0.2 0.425 0.219 0.368

0.3 1.005 0.423 0.896
0.4 1.556 0.769 1.491
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Fig. 5 The annual variation
in moisture indices for the
different types of climate
change. a the grassland
ecosystem; b the desert
ecosystem (From Sun and Mu
2011)
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4 The Impact of Climate Change on Soil Carbon

4.1 Variations in the Amount of Soil Carbon Due
to Temperature Changes

4.1.1 The Impact of CNOP-P-Type Temperature Changes on the Soil
Carbon

The theoretical studies about the terrestrial ecosystem to climate change are
introduced in the above section. In this section, we review the variations of the
terrestrial ecosystem due to climate change with the DGVM (Figs. 7 and 8).
Figure 8a shows the temporal changes in the temperature based on from 1961 to
1970 using the CNOP-P-type perturbation. The spatial variations of soil carbon are
shown in Fig. 8a. Compared to the reference state, the soil carbon increases in
northeastern China and parts of southern and northern China, whereas the soil
carbon in the arid and semi-arid regions of China decreased. Temperate
broad-leaved evergreen (TeBE), temperate broad-leaved deciduous (TeBS), and
boreal needle-leaved evergreen (BoNE) trees and temperate herbaceous plants
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Fig. 6 The nonlinear
evolution of the living
biomass influenced by
different climate change types
and their evolution when the
moisture index recovers to the
reference state. a the
grassland ecosystem; b the
desert ecosystem (From Sun
and Mu 2011)
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(TeH) are the main PFTs in the study region. The soil carbon increases for the
BoNE trees (by approximately 62 g C m−2 year−1) and decreased for the TeBE,
TeBS, and TeH (Fig. 8).

4.1.2 Variations in the Amount of Soil Carbon Resulting
from Different Types of Temperature Perturbation

In the previous studies, to explore the response of terrestrial ecosystem to climate
change, a linear type climate change scenario, which is 2o applied to the reference
temperature change scenario. The linear type temperature change just considers the
variation of climatology. For the CNOP-P-type temperature, the variations of cli-
matology and climate variability are taken into account. Figure 8 shows that the soil
carbon responds weakly to linear temperature changes, whereas the amount of soil
carbon was intensely augmented as a result of the CNOP-P-type temperature
change. Moreover, in Southern China, the variation of soil carbon due to the
CNOP-P-type temperature change is significant greater than that due to the linear
type temperature change. The augment of soil carbon implies that the carbon sink

Fig. 7 The spatial mean soil carbon density in China from 1981 to 1998 (Kg C m−2 year−1)
(From Sun and Mu 2012)
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could occur in Southern China due to the nonlinear type temperature change and
variability. Furthermore, in Table 4, the absolute variation in comparison with the
reference state as a result of the CNOP-P-type temperature change is greater than
the variation caused by the linear temperature change for the different PFTs.

Within the LPJ model, the soil carbon is calculated using belowground litter and
pools of quickly and slowly decomposing soil carbon. To discuss the variations of
three components due to the different types of temperature change, Fig. 9 is shown.
It is shown that the variation of quickly decomposing soil carbon is main contri-
bution for the variation of soil carbon. The amounts of belowground litter and
slowly decomposing soil carbon are limited for the variation of soil carbon.

(a)

(b)

Fig. 8 The variation in soil
carbon density when
compared to the reference
state (Kg C m−2 year−1). a the
CNOP temperature change;
b the linear temperature
change (From Sun and Mu
2012)
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(a) (b)

(c) (d)

(e) (f)

Fig. 9 Variation in the three components of the soil carbon density when compared with the
reference state (Kg C m−2 year−1). The left column represents the CNOP temperature change, and
the right column is the linear temperature change. a and b belowground litter; c and d the
fast-decomposing soil carbon pool; e and f the slow-decomposing soil carbon pool (From Sun and
Mu 2012)
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4.2 Variations in the Soil Carbon Resulting from Changes
in Precipitation

Similarly, the variation of soil carbon due to the CNOP-P-type precipitation is also
analyzed. Figure 10b shows the temporal precipitation resulting from CNOP-P-type
perturbation. The variation in the soil carbon is minor in China due to the nonlinear
and linear types of precipitation changes (Fig. 11). The numerical results imply that
the response of the soil carbon to variations in the annual precipitation is minor.

Table 4 The absolute variation in the plant functional types (PFTs) because of the different types
of temperature change (g C m−2 year−1). TeBE: temperate broad-leaved evergreen, TeBS:
temperate broad-leaved summergreen, BoNE: boreal needle-leaved evergreen, TeH: temperate
herbaceous (From Sun and Mu 2012)

PFTs CNOP-P-type Linear type

TeBE 247.06 141.74
TeBS 324.58 155.06
BoNE 351.14 187.04
TeH 514.74 455.98
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Fig. 10 The temporal
variations in the climate
conditions because of CNOP
and linear perturbations.
a temperature; b precipitation
(From Sun and Mu 2012)
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(a)

(b)

Fig. 11 The variation in soil
carbon density when
compared to the reference
state (Kg C m−2 year−1). a the
CNOP precipitation change;
b the linear precipitation
change (Kg C m−2 year−1)
(From Sun and Mu 2012)
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5 Summary

In this chapter, we review the progress of the authors’ research on variations in the
terrestrial ecosystem due to climate change. First, the nonlinear response of a
grassland ecosystem to climate change is considered using the CNOP-P approach.
With sufficiently large finite-amplitude perturbations of its parameters, a grassland
(desert) ecosystem with the CNOP-P-type climate change is nonlinearly unstable.
And, the variation of the grassland (desert) ecosystem to nonlinear climate change
is more intense than its response to linear climate change for the same amplitude.
The abrupt change occurs for the grassland (desert) ecosystem with the CNOP-P-
type climate change. During this transition, the moisture content of the soil in the
root zone and the amount of wilted biomass play crucial roles in the grassland
ecosystem (Sun and Mu 2011).

Second, to further examine the response of the soil carbon in China to climate
change using a complex model, the LPJ model is employed. The difference between
the CNOP-P-type and linear perturbations is the variation of the variability. The
variations in the soil carbon density for CNOP-P-type temperature change are
greater than those for the linear temperature change. In the Southern China, the soil
carbon increases due to the CNOP-P-type temperature. The soils maybe play a role
of sink due to the pools of quickly decomposing soil carbon. The intrinsic differ-
ence in the responses to the two types of temperature perturbations in southern
China suggests that quickly decomposing soil carbon is sensitive to changes in the
temperature variability. The sensitivity of the amount of soil carbon to different
types of changes in the amount of precipitation is weak. This may be due to the
absence of extreme precipitation events (Sun and Mu 2012).

6 Future Prospects

In the above reviews, the new climate change scenario called as the CNOP-P-type
climate change scenario by authors is established. The CNOP-P-type climate
change, which supplies a possible climate change scenario based on the reasonable
climate change range, explores the nonlinear stability of the grassland ecosystem
and maximal variations in the terrestrial ecosystem. This type of climate change not
only considers the variation of climatology, but the variation of climate variability.
However, the above studies just employed the representative climate change range,
such as the increasing by 2 °C for the temperature mean state in whole study region.
The regional and seasonal character of the climate change fails to be considered.
The approach also could provide a way to investigate the maximal possible vari-
ations of the terrestrial ecosystem to take into account the regional and seasonal
character of the climate change. The regional and seasonal character of the climate
change could be evaluated in view of the GCMs model output (Pan et al. 2010). So,
the CNOP-P approach could supply the possible climate change based on the
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outputs from the GCMs to discuss the maximal response of terrestrial ecosystem to
climate change.

On the other hand, variations in the amount of soil carbon as part of carbon cycle
in a terrestrial ecosystem are explored. In addition to the amount of soil carbon, the
net primary production (NPP) and the net ecosystem production (NEP) are
important parts of the carbon cycle, particularly for estimating the amount of carbon
sources and sinks. For example, Berthelot et al. (2005) used 14 oceanic and
atmospheric general circulation models (OAGCMs) to estimate the impact of cli-
mate change on terrestrial carbon pools and fluxes. Although there were coinciding
trends in the variation of the net ecosystem production (NEP), the standard devi-
ation of these models was 2.7 Gt C yr−1. And, the uncertainty of the amount of
global carbon was between −73.9 and −6.7 Gt C yr−1. In the future, it will be
interesting to discuss the maximum uncertainty in the NPP and NEP due to
CNOP-P-type climate change. The interaction between climate change and terres-
trial ecosystem is a key issue. Our current studies just analyze the impact of climate
change on the terrestrial ecosystem. More importantly, the feedback from the ter-
restrial ecosystem to atmosphere is worth to being discussed.

Appendix A

A linear dynamical system is introduced to help readers to understand the sensi-
tivity of system to parameter using the CNOP-P approach (Eq. A1):

dx
dt = − 2x− 5y
dy
dt = − x− 3y+ f ðtÞ

�
ðA1Þ

x and y are state variables of the linear dynamical system. f(t) is the parameter of
the linear dynamical system and time-dependent. The Eq. (A1) could be discrete
using the Euler scheme. The discrete scheme is

xk+ 1 − xk
Δt = − 2xk − 5yk

yk+ 1 − yk

Δt = − xk − 3yk + f k
ðA2Þ.

(

The initial values of x and y are respectively 0.3 and 0.2, and the time step is 0.1,
and the integral step number is 10. The parameter f(t) is conveniently chosen as a
constant (f=0.31) in Eq. (A1), and as the reference parameter. To explore the most
sensitive response of system to temporal parameter f(t), the parameter of each time
step in discrete scheme is considered as the study objects with the CNOP-P
approach. 10 unknown parameters (f1, f2,……, f10) according to the integral step
number, which are constrained by L2 norm and whose extent is δ=0.3, need be
computed using the CNOP-P method to discuss the sensitivity of system to
parameters. Figure A.1 shows the reference parameter, and the CNOP-P-type
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parameter that the temporal perturbation (Table A.1) obtained by the CNOP-P
approach is added to the reference parameter. Figure A.2 shows the system
evolvement due to the reference parameter and the CNOP-P-type parameter. The
numerical results show there are larger variations of x and y due to the
CNOP-P-type parameter compared to the reference parameter. This illustrates that
the CNOP-P-type parameter could result in most unstable or maximal variations of
the linear dynamical system. Although the linear dynamical system is applied in the
Appendix, the CNOP-P approach could also be employed to discuss nonlinear
dynamical systems, because the CNOP-P could be calculated without the restric-
tions to the linear or nonlinear dynamical system.
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Fig. A.1 The reference parameter and the CNOP-P-type parameter
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Fig. A.2 The evolvement of system due to the reference parameter and the CNOP-P-type
parameter: a x; b y

Table A.1 The temporal perturbation of parameter using the CNOP-P approach

The parameter f1 f2 f3 f 4 f5 f 6 f7 f8 f 9 f10

The perturbation
value

0.098 0.100 0.101 0.103 0.104 0.104 0.101 0.095 0.080 0.005
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